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1. Introduction

Fractional calculus (FC) has attracted the attention of engineers and physicists. Also, in some
neural network models, the fractional computation has been applied. For this reason, the study
of fractional neural networks (FNN) is crucial for numerous significant outcomes in chaos
dynamics, practical applications, and stability analysis (Podlubny [17]).


http://doi.org/10.26713/cma.v17i1.3600
https://orcid.org/
https://orcid.org/0000-0002-1467-5426

52 Numerical Technique for the Solution of Fractional-Order Black-Scholes. .. : B. Ismail and S. Ibrahim

In recent years, extensive research has been conducted on the fractional-order Black-Scholes
differential equations (FOBSDESs) across various industries, owing to their broad applicability,
including the use of neural network techniques to address the fractional equations of the Black-
Scholes model (Black and Scholes [|3]) demonstrated the efficacy of a two-layered artificial neural
network in solving both fractional and ordinary Black-Scholes partial differential equations
(PDESs) through the application of Adam optimization (Zhang et al. [21]). In the context of the
time fractional Black-Scholes model, scholars have developed an extreme learning machine
that uses a Legendre wavelet neural network and proved to have better efficiency (Zhang et
al. [21])). To address the Black-Scholes equations, they have applied neural networks to real stock
option data and found that the short-term predictions were more accurate than the traditional
analytical solutions (Maitra et al. [[16]]). It has proposed the Fractional-Order Black-Scholes-
Merton (FOBSM) model which combines neural networks and the use of fractional calculus to
model in more detail the complex dynamics of markets such as tail behavior, memory effects,
and volatility clustering. All these researchers have demonstrated how neural network methods
may be used to increase flexibility and precision of option pricing under different versions of the
Black-Scholes equation (Bajalan and Bajalan [1]]). Nevertheless, these models did not receive so
much attention till 2012 when students demonstrated impressive results in ImageNet Large
Scale Visual Recognition Competition, arousing the interest of people in Neural Networks once
again in the context of Artificial Intelligence (Cartea and del-Castillo-Negrete [[4]]).

Legendre [?] also discovered a second-order differential equation as he was investigating
gravitational attraction and potential theory about 1782. The solutions of this equation were
polynomials, which we today refer to as Legendre polynomials, and they proved fundamental
to the solution of the equation of Laplace in spherical coordinates, and the representation of
the spherical harmonics in physics (Lichtner-Bajjaoui [13]]). Originally, these polynomials were
only defined over [—1,1] but by the middle of the 20th century, applied mathematicians and
engineers required orthogonal basis functions over finite intervals, such as [0, 1], to use in both
boundary-value and spectral methods. To satisfy this, researchers transformed the argument
of the classical polynomials with a simple linear change of variable and resulting in shifted
Legendre polynomials which were written as Ly (x) = Py(2x —1). This transformation preserves
the orthogonality and smoothness of the original polynomials but substitutes domain with [0, 1],
(or [0,X], with an arbitrary length). This normalization renders them particularly convenient
in current computational applications, such as Galerkin and collocation spectral methods, and
more recently in equations of fractional order, and spectral hybrids based on neural networks
(Santos and Ferreira [19]).

Another innovative use of the principle of pricing accuracy is the Fractional Order Black-
Scholes-Merton (FOBSM) model that combines the classical Black-Scholes-Merton model with
neural networks and a new method of accounting (fractional) (Qu and Liu [[18]). This study
presents a novel first-value approach to solving fractional different equations, using neural
networks of cosine functions. We have obtained numerical solutions to both single and integral
fractional differential equations using an iterative training process. The efficiency of such
an approach is demonstrated using computer-generated illustrations and numerical findings
(Biswas et al. [2]). A Legendre wavelet neural network coupled with an extreme learning
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machine is able to solve the time fractional Black-Scholes model successfully (Karniadakis et
al. [12]).

In the current research, a two-layer artificial neural network (ANN) is developed to address
the Black-Scholes partial differential equation (PDE), which is important in both ordinary and
fractional orders. This technique is especially useful in pricing various options and solving
various partial differential equations in various areas, due to its fault tolerance and fine-tuning
features, which enhance its speed, accuracy, and reliability(Yasen [20]).

The research paper is aimed at creating and finding access to a numerical method of solving
the fractional-order Black-Scholes differential equation (FOBSDE) using neural networks. It
uses Caputo derivative fraction and shifted Legendre polynomials to design the neural network
solution. Numerical tests can only be applied within a certain range of fractional orders and
parameters, which cannot be assured to perform beyond these limits (Zhang et al. [22]). It
includes the use of fractional calculus to give a more detailed insight into market memory,
volatility clustering, and heavy-tailed dynamics. Conversely, neural networks introduce a mesh-
free hybrid flexible framework that addresses both the issues of stiffness and complexity in
fractional partial differential equations, and is more accurate and efficient than finite-difference
or spectral approaches (Ibrahim and Koksal [9]]).

Our approch to solve FOBSPDESs using the propose neural network method has not exist
in literature, therefore is presentet for the first time. Ibrahim and Koksal have explored more
recently commutativity in sixth-order LTVSs (Ibrahim [5], Ibrahim and Abbdulnasir [6]). A new
commutative approach was suggested and its properties considered by Ibrahim and Kéksal [8].
In addition, decomposition and realization of fourth-order LTVSs were also described and results
of simulation presented by Ibrahim and Koksal [10], and Lin et al. [14].

This paper is aimed at discussing the solution of the fractional-order Black-Scholes
differential equation (FOBSDE). In this work, Caputo fractional derivatives and shifted
Legendre polynomials are used in the development of the solution in the form of a neural
network (Luo et al. [15]). In recent years, spawning such variations as fractional PINNs
(fPINNSs) and other deep-learning-driven PDE solvers. These techniques are based on neural
network approximation of systems with memory effects, and anomalous diffusion. Indicatively,
space-time fractional PINN frameworks have been created to address space-time fractional
advection-diffusion equations and to determine the unknown fractional parameters at a high
accuracy level. Moreover, a number of enhanced architectures have been introduced to improve
the performance of the training and to achieve better accuracy of the solutions to nonlinear
and fractional PDE models, such as gradient-enhanced PINNs and convolutional-recurrent
neural networks. These findings indicate that recent deep-learning-based PDE solvers offer a
significant alternative to classical numerical schemes and are currently a research line worth
pursuing in solving complex fractional differential equations that occur in finance, physics, and
engineering (Ibrahim and Boulaaras [7]]).

The overview of this paper is described below. The definition and properties of fractional
derivative and integration were presented in Section [2| Section |3|deals with the basic principles
of neural network method. Section [4| presents the findings with examples to support the results.
Section [5| of the paper provides the conclusion.
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2. Mathematical Preliminaries

2.1 Fractional Calculus
Let tg € Ry =[0,00) be the initial time. Let L11°C(J ,R™,-) be the linear space of all locally Lebesgue
integrable functions m :J — R™, J cR. Let || - | be a norm in R”.

Definition 2.1. Riemann-Liouville fractional integral of order p € (0,1) is given by [17]],
1 [t m(s)
I'(p) Jiy (E—s)17P

where m € Llloc([to,oo),lR) and I'(-) is the Gamma function.
This is called by some authors the left Riemann-Liouville fractional integral of order p.

tol? m(¢) = ds, t>tyg, peR, 2.1)

Note sometimes the notation ¢oD, Pm(t) =tol f m(t) is used.

Definition 2.2. Riemann-Liouville derivative of order p € (0, 1) is given by [17],

t
(t-s)""Pm(s)ds, t=to, (2.2)

d _
to DYmit) = o (tol, (b)) = r(l—p)ﬁfto

where m € Lll"c([to,oo), R).
This is sometimes called the left Riemann-Liouville.

Definition 2.3 ([|17]). Caputo fractional derivative of order p €(0,1),

¢
N\ -p,7
Ta—p) s, (t—8)"Pm'(s)ds, t=ty, (2.3)

where m € AC([ty,00),R).
Note that the Caputo fractional derivative exhibits the following characteristics

FDYm(t) =

D*C =0, (C is constant). (2.4)
Note that the operator which defines eq. (2.3) is linear because
DYAf @)+ ug)) = ADYf(t)+ uD%g(¢), (2.5)

where A and p are constants.

2.2 Fractional Black-Scholes

2.2.1 Classical Black-Scholes Equation

The Black-Scholes equation is a specific kind of PDE that describes the price V(S,¢) of a financial
derivative. This price is influenced by the underlying asset price S and the time variable ¢,

oV 1 4 _,0%V oV
— +-0°8*— +rS—-rV=0. 2.6
98 "27 " 552 TTas T 26

2.2.2 Fractional Black-Scholes Equation

The Fractional Black-Scholes (FBS) equation takes the classic Black-Scholes partial differential
equation (PDE) and extends the model by incorporating fractional calculus, which deals
with derivatives that are not just whole numbers. With this upgrade, one can more readily
capture the memory effects and long-range dependence and atypical diffusion patterns that
we frequently observe in financial markets- things that the traditional model simply does not
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exhibit,
0%V oV

1
Df‘V(S,t)+502826—82+r8$—rV:0, O<as<l. (2.7)

2.3 Neural Network

The initial process in the way neurons compute information is whereby inputs are collected,
every input is multiplied by a weight, thereafter, a bias element is included. The entire process is
referred to as the weighted sum or the linear combination. Mathematically it can be formulated
as:

Q = Zwixi+b, (2'8)
i=1

where:
Q is the weighted sum,
w; is the weight of A the i-th input,
x; is the i-th input to the neuron,
b is the term of bias, which is a special parameter that enables the adjustment
of the output and the weighted sum.

The weighted sum is very vital because it is the initial input signal to a neuron prior to non-
linear transformations occurring. The process enables the network to do a linear transformation
of the inputs so that the importance (or weight) of each input in the neuron output is altered.

2.4 Shifted Chebyshev Polynomials
In 1854, the Russian mathematician Pafnuty Chebyshev introduced the nth degree polynomial
with a leading coefficient of one, specifically within the interval [-1,1],

2;_1 cos(m cos™(x)) = %Tm(x). (2.9)
The recurrence formula for the Chebyshev Polynomials (CPs) is generated as

Thi1(x)=2xTh(x) — Th—1(x), Tox)=1, T1(x)=x, m=1,2,3,.... (2.10)
The first four CPs are given by

To(x)=1,

T1(x) =x,

Tox) = 2x° - 1,

Ts(x) = 453 — 3x.

Additionally, the CPs are defined within the interval [0, 1] by transforming the variable x into
the form x = 2¢ — 1. These are known as shifted CPs and have specific definitions that follow:

T, =Tn2t-1), m=0,1,2,....

The first few shifted CP defined in ¢ € [0, 1] are given as
To(t)=1,
T1(t)=2t-1,
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To(t)=1+8t% 8¢,
Ty(x) = 32¢3 — 482 + 18t — 1.

2.5 Shifted Gegenbauer Polynomials
The shifted Gegenbauer polynomials C?*(z) are defined on the finite interval [0,L] as a modified
version of the classical Gegenbauer polynomials C?*(z), which originally apply to the interval

[—1,1]. These polynomials come about through a change of variable,

2t
=—-1. 2.11
z T ( )

Accordingly, the shifted Gegenbauer polynomial is expressed as
2t
Cxt)=Cf (f_l)’ O0<t<L, (2.12)

where o< > —% and iez*.
These polynomials satisfy the recurrence relation,

@T+1C (t):2(%)(o< +i)CT () - 2o +i—1DC (), i=1,2,...

i+1

and the orthogonality condition,
L
fo CYMCT (wr ()dt = AT ;Eij,
where the shifted weight function is given by
_1
w (t) = (Lt — %) 2

and /li‘i is the normalization factor.

2.6 Legendre Polynomial
On the interval [1,1], the Legendre polynomials are defined by the following recursive equations
(Yasen [20]),

lo(x)=1,

[1(x) = x,
20+ 1 3

i@ =2 @) - =1 1), i=1,2,3,....
1+1 1+1

Legendre polynomial is in the form of analytic and is given as

L (=D*G+R) (1 -2

L; =
i) k;, G-k)  2kRDZ’

The explicit analytical form of the shifted Legendre polynomial of degree i on the interval

[0,X]1is

1=0,1,2,.... (2.13)

L (=D +s)! &

Lx ;(x)=

x,1(%) ;O G-s) X5(sh2’

with boundary conditions given as
Lxi(0)=(-1),

Lx;,(X)=1.

i=0,1,2,... (2.14)
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3. Material and Method

3.1 Neural Network Method

The numerical network method was employed to determine approximate solutions for FOBSDEs.
This study included a comparative analysis, contrasting the approximate results with the exact
solutions, which helped in creating an error analysis chart. The MAPLE software was utilized to

simulate both the exact and approximate solutions.
Here, we shall discuss the workings of NNM to FOBSDE,

M; M,
Vit =Y Y ul L (tLx ). (3.1)
i=0,=0

In Section ??, we introduced the shifted Legendre polynomials, L7 ;(¢) and Lx j(x). As a result,
the function V4(¢,x) outlined in eq. is continuous across the domain [0, 1]x [0, 1]. The neural
networks tweak the weights to minimize the loss function using the unknown weights u‘iIJ.,
where i €{0,1,...,M,} and j€{0,1,...,M;} which are initially set randomly. The model described
in eq. optimized by integrating the trial result V9(¢,x) with the unknown weights u?j,
and through a process of iterative training, these unknown weights will be adjusted. The basis
functions L7 ;(¢), and Lx j(x) with spatial derivatives and time derived by (2.14). We will
consider

T@#)=[L1o®),L11(®),...,L1 M 0],
where L7 ;(¢) is defined in (2.14).

Case 1: If « = 1, we have
dT(t) d

T = E[LT,O(t),LT,l(t),- oLy, ()] = [O,L,T’I(t),. .. ’L,T,Mt(t)]’ (3.2)
where
J(-1(G+s) x5 ,
Ly =) J Jj=12,...,M;. (3.3)

S -8 Xs(sh(s-1V
Case 2: For a €(0,1), we have

oDiT@) = [O,L‘},l(t),...,L‘},Mt(t)], (3.4)
where (D is the Caputo derivative and it is defined as

e e GG
thLT,J(t)—LT,J'(t)_S;)(J'—s)!(sf)TsF(S*‘1_“),

Consider the spatial derivatives as,
L(x) = [Lx o(x),Lx 1(x),...,Lx (01" (3.6)

Differentiating L(x) leads to

dL
% = [LY o), Ly 1(x),..., LY 3y @1" (3.7)

with the 2nd derivative of L(x),
d?L(x)
dx?

i=1,2,...,M;. (3.5)

= [L% o), L 1 (x),...,LY 3 )17 (3.8)
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Regarding g€ (1, 2) we obtain
SDEL(0) =Lk o), Ly (@), L 3y ()], (3.9)

where ng is Caputo derivative and it is defined by

Lo (=1 +s)las P
DPLy i(x)= : 3.10
0Dzl i) ;0 (i —s)UsHXT(s +1— p) (8.10)
The parameter for the training dataset is randomly selected,
(m-1)T _(n-1DX
tm n ’
(M, - 1) (M, -1)
Substituting (2:2) into the model 2.1I) and using eq. (2:3), the errors er}, , at sample point
(tm,Sn) for non-initial states me{1,2,...,M,,— 1}, n€{1,2,...,M,, — 1} are calculated as
M, M;

€{1,2,...,.Mp}, ne{1,2,...,M,}.

Z Zx uq LO( (tm)LxJ(xn) - Z Z u(lIJL?( l(xm)LT J(tn)

1=0;=0 i=0,=0
M, M; M, M,

-V (Z Z uLJLT](tm)LX L(xn)) (Z Z ulJLT](tm)L (xn))
1=0,=0 i=0,=0

M, M, M, M, n+111
_/1(2 Z uLJLT,](tm)LX z(xn)) +/1(Z Z uLJLT,](tm)LX L(xn)) . (3.11)

1=0;=0 1=0,=0
While for in1t1al condltlon @2.3), m=1and ne{l,2,...,M,} and we have

Z Z u; LT l(tl)LX,J(xn) (Pl(xn) 3.12)
1=07=0
for boundary condition (2.2) n = 1s and m € {2,...,M,,} so that
M, M,
ermn =) Z ul L7i(tn)Ly,j(x1) = @2(tn), (3.13)
1=0;=0

and boundary condition (2.3) n =M, and m€{2,...,M,,} so that

el =y qu Litm)Ly o®a,) — 93(tn). (3.14)
1=0;=0

The gth error matrix is defined by E? = (er‘,]n,n)Mm N, - The norm is given by
M m Mp

IE?|% = Z Z(erm )2 (3.15)
1=0j=0
Next, the Weight adjustment formula (2.1) given by
it =ud +Auf (3.16)
i.j ij
For ¢ =0, 1,2,. ,IN, with
JIET|2 der?
Au?j:_p—__pzzermn -t
’ ou? i=0,=0 ou? .
i.j i.j
Case 1: When me{2,3,...,M,, -1}, and n€{2,3,...,M,,}, we have
derl, n

ou q —LX,i(xn)L (tm) L (xn)LTJ(tm)
i,J
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M, M, n
~v (Z > uf jLX,i<xn>LT,,-<tm)) (LY ;)L T, j(tm))

i=0;=0
M, M, n-1 M, M,

—un (ZO ZO ul Lx (o)L j(tn)|  (LxiGen)Lr,j(tm) (ZO ZO u! L'y ;(xn)Lr j(tm)
1=V j= 1=0y=

M, M, n
—MLx j(xp)L7 j(tp))+ Mn+1) (Z Y u?, ALxi(xn)Lr, j(tm)) (Lx,i(xp)L j(t)).

Case 2: When m =1, and n€{2,3,..., M,}, we obtain

der]
u‘?’. :LT,i(tl)Lx,j(xn)-
i,
Case 3: Whenn=1,and me{2,3,...,M,,}, we have
der?
m,1
— =L i(tm)Lx i(x1).
Ou?j T S
Case 4: When n=M,,, and me{2,3,...,M,,}, we have
derl
o = L7 i(tm)Ly j(xp,)-
ou! .
l’]
Hence,
M, -1M,
Au . =-p 22 Zzer?n,n{Lx,j(xwL%,i(tm)—L; L)Ly i)
m=2 n=

M, M; n
—v (Z 2 uf jLXj<xn)LT,i<tm>) (Ly ;@)L 7))
i=0;=0
M, M, n-1
- (z Sl L oLt
i=0,=0

M, M,
(LX,j(xn)LT,i(tm)) (Z Z ullI’JLiX',J(xn)LT,L(tm))
1=07=0

M, M,

n
— MLx j(xp)Lr i (tp))+ An+1) (Z > u?’jLX,j(xn)LT,i(tm)) (LX,j(xn)LT,i(tm))}
i=0,7=0

M, M,
—p ) ert (Lx )Ly i(t))—p ) er] (Lx j(x0LT,i(tn))
m=1

n=2

My
-p ) eryy (L (xm,)L1,i(tm)).

n=2
Initial values of weight, u?j fori=0,1,...,M; and j=0,1,2,...,M, The upper limit for training
sessions with the neural network’s learning rate are represented as is N and g, respectively

4. Numerical Results
This section aims to validate the proposed method by applying the NNM.

Example 4.1. Consider the FOBSPDE as
oDV (x,t) = Vg, 8) + (ko — DVy(x,8) —koV (x,t), ¢>0,0x€(0,1] (4.1)
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with IC

V(x,0) =max(e*-1,0), (4.2)
where

ko= % (4.3)
and BCs

V(0,t) = max(e’ - 1,0) -0 + max(e’,0)- (1 - 0),

V(0,t) = max(e’,0), (4.4)

V(l,t) = max(e’ — 1,0)E o (=kot™) +max(e’,0- (1 — Eo (=kot™), (4.5)
where

E“(—kotc"):g%, 0<t<1l,0<x<1, (4.6)
and

Eo (ko) = i Cro® ot (4.7)

£=0 r(o( k+ 1) ’
By using the neural network method to the example (2.4) of (4.1) with the means of (3.1), we get

Mt Mx Mt Mx d2V t
> Y ulLr DLy =Y. 3 ul Ly e
1=0,=0 1=0;=0
M, dVv(t
+(ko—1) Z Y ul Ly (¢, )
1=07=0 dx
koYY ul L) (4.8)
1=0j=0

By using the neural network method to the example (2.4) of (4.1) with the means of (2.14)-(3.8),
we get the next equation

M, ( 1)L+S(L+s)1 xS i (_1)i+5(i+s)|ts—o<
;}JX;,) Szb —s)  Xs(s!)?2 2 Z 0 (@ +)Ns!ITST(s +1-ox)
> Y u i< DG DTG te e
= u?
i=0;=0 e -s)! Ts(s')2 (J+s) " X552(s — 1)2[(s — 2)!]2
MMy L (DG +s) 5 L (=1 +s)! x5
+(ko—1 1 . .
(ko =1) ; ; u”;‘) (i-s)! Tss)2 o (G+9) Xss[(s— D2
M; M, (- 1)1+S(L+S) £ (- 1)l+S x5
-k 4.9)
oZOJZO Uszo —9) TS Z 5 G—8) X3(s)?
The estimate of the numerical solutions obtained by using NNM is provided by
V(x,t) = max(exp(x) — 1,0)E o (—kot>) + max(exp(x),0)(1 — E o (—kot>). (4.10)

It may be observed from Table [1| and Figure |3| that increasing the number of training sets
minimizes the error, thereby demonstrating the higher accuracy of the NNM. Furthermore,
Figures|l|and [2| present the exact and numerical solutions, respectively, approximated using
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the NNM. The graph is a perfect illustration base on the fact that there is a good agreement
between the exact and numerical solutions.

Table 1. Numerical results of the proposed method, when r = 0.05; sigma = 0.2

a Max Error Relative L2 Error
0.50 1.23x1073 2.87x107%
0.75 9.87x 1074 2.35x1074
0.90 7.12x 1074 1.80 x 104

Figure 1. Exact solution of V(¢,x) over the domain 0 <x<1,0<t<1, and r =0.05; sigma =0.2, a = 0.5

Figure 2. Approximate solution (Vgpa)) of V(¢,x) over the domain 0 <x <1, 0<¢<1, and r = 0.05; sigma

=02,a=05
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Figure 3. Absolute Error [Exact — Vgnal of V(¢,x) over the domain 0 <x <1, 0<¢< 1, and r = 0.05;
sigma =0.2, a =0.5

5. Discussion

The suggested numerical algorithm is a combination of neural network-based approximation
and shifted Legendre wavelet spectral representation to the Black-Scholes differential equation
of fractional order. The computational complexity of the approach is largely determined from a
computational standpoint by how the neural network is trained and how many functioned shifts
Legendre wavelet basis of the approximation. The spectral representation allows to reduce
the dimensionality of the problem, i.e., the differential equation is mapped into an algebraic
optimization problem, hence, the computational cost is less than the grid based numerical
schemes, e.g. finite difference or finite element schemes. Nevertheless, the neural network in
the training phase still could entail considerable amounts of computation, especially with an
increase in the count of hidden neurons, training samples, or the number of training steps.
Neural-network-based numerical solvers are also limited by a number of limitations, although
they have the benefits. Slow convergence, local minimum of the optimization landscape, and
reliance on the quality of initial weights may be problems of the training process. Moreover,
the approach is sensitive to multiple hyperparameters, such as the learning rate, network
architecture, and the number of hidden layers, and the number of terms in the approximation
that are shifted Legendre wavelets. The lack of the correct choice of the parameters can cause
the decrease in the accuracy or stability of the solution received. These parameters thus must
be carefully tuned in order to attain maximum performance. The comparison with modern
machine-learning-based PDE solvers, especially (PINNs) and other deep-learning models is
another significant consideration point. Whereas PINNSs directly treat the governing differential
equations as a loss function and can deal with complex boundary conditions mesh-free, the
current approach has the advantage of the spectral accuracy of shifted Legendre wavelets,
which enhances smooth solution representations and minimizes the error in approximation.
The hybrid neural-network spectral method offers better numerical stability and precision
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to the fractional Black-Scholes model as compared to purely data-driven neural networks.
However, recent progress in deep-learning-driven PDE solvers might present an opportunity to
high-dimensional or highly nonlinear financial models, implying that future research might
consider hybrid models.

6. Conclusion

The given study has managed to elaborate and put into practice a neural net approach to
addressing the fractional-order Black-Scholes differential equation. The approach employed
made use of altered Legendre polynomials as the basis functions and modified the weights
in the network via training it on the basis of gradient-based training and succeeded in
the acquisition of the non-local attributes of the fractional derivatives and the boundary
conditions. The numbers showed high accuracy of the numerical computation of various
fractional orders (—0.5,—0.75,—-0.9) and financial variables, and the error margin of the
differences was never more than 1073. The utility of the method was against the precise
solutions that reveal its dependability and high quality as opposed to the traditional techniques.
This article signals the paradigm shift of how neural networks can transform the field of using
fractions of calculus especially in improving quantitative finance modelling whose application
can have literally no restriction in terms of control systems (Ibrahim et al. [11]).
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