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1. Introduction

Over recent decades, continuous efforts by scientists and engineers have aimed at addressing
complex analytical and computational problems. Within this context, the concepts of fixed points
and fixed point theorems occupy a central position in nonlinear analysis.

These theorems establish essential results ensuring the existence and stability of solutions
across diverse mathematical frameworks, underpinning a wide range of scientific and
engineering applications. The Banach contraction principle [[1] stands as one of the cornerstone
results in this domain. Throughout the twentieth century, significant research has concentrated
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on expanding Banach’s classical theorem, either by generalizing the underlying metric
structures (Czerwik [3]) or by introducing broader classes of contraction mappings (see, for
instance, Beniwal et al. [2]], Mani et al. [8]], and Pingale et al. [13]]).

In 2008, Suzuki [22] introduced a weakened C-contractive condition that defines a
contraction mapping, now known as the Suzuki contraction, and established related FPT
in MS.

Subsequent studies have thoroughly examined the existence and uniqueness of FP for these
mappings (Mani [7]], Somal et al. [19], Suzuki [21]], Zhang et al. [25]]). Samet et al. [17] introduced
a-admissible mappings, enabling generalizations through a-¢-contractions; building on this,
Prakasam et al. [14] proved FPT for O-a-w-Geraghty-type mappings, while Monfared et al. [9]]
developed a-admissible F(y,®)-contractions in M-metric spaces. These developments have
spurred extensive research on FPs of diverse contractions involving a-admissible mappings by
numerous authors.

In 2014, Ma et al. [6] first proposed C*-algebra-valued metric spaces, later generalizing
them to C*-algebra-valued b-metric spaces in 2015 with associated FPT (Ma and Jiang [5]]).
Razavi and Masiha [16]] further explored these b-metric variants to derive common FPT. Sedghi
et al. [18] merged S-metric and b-metric concepts to define S;-metric spaces, proving common
FPT therein. Building on Souayah and Mlaiki’s framework [20]], Razavi and Masiha [15,|16]]
introduced C*-algebra-valued Sj-metric spaces in 2023, securing initial common FP outcomes,
which spurred additional investigations (see, Haritha et al. [4], Narsimha et al. [[11,12], and
Ushabhavani et al. [23]).

In this work, we first define a generalized Suzuki type contraction using auxiliary functions,
called the Suzuki C(a(p’w)-contraction and then utilized it to prove FPT on complete C*-AV-S;, MS.
At last, some consequences of applications to integral equations, homotopy and examples
are presented to demonstrate the validity of the proved result. The results presented herein
generalize, extend, and enhance various existing findings in the literature.

First we recall some basic results.

2. Preliminaries
This section briefly introduces some fundamental aspects of the theory of C*-algebras
(Murphy [10]).

Consider a unital C*-algebra .o/ with unit element 1,. Define the set of self-adjoint
elements as @, = {s € & : s = s*}. An element s € .&7 is called positive, denoted by s = 0./,
if it is self-adjoint and its spectrum satisfies o(s) €[0,00). Here, 0., is the zero element of </
and o(s) is the spectrum of s. A natural partial order on .27, is given by ¢ < ¢ if and only if
®— ¢ >=0,. We denote the positive cone by &7, ={s€ .o/ : s = 0} and the commutant of </ by
' ={se€ .l :st=ts, forall te o}.

Definition 2.1 ([15]). Let G be a non-empty set and x € &/’ with ||x|| = 1. A mapping ¢y : G3 - o,
defines a C*-algebra valued Sj-metric structure if it satisfies:

(1) ¢x(s,e,8)=0,,for all 5,¢,£€ G,
(i1) ¢x(s,e,8)=0, if and only if s =¢ = ¢,
(111) ¢x(s,e,8) =< K(CK(E,E,Q) + (e, e,0)+ cK(E,{%,H)), for all 5,¢,£,0 € G.

The triple (G, %7, ¢, ) constitutes a C*-AV-S; MS with coefficient «.
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Definition 2.2 ([15])). Let (G, .97, ¢x) be a C*-AV-S; MS and {y,} a sequence in G. Then

(i) {xn} forms a Cauchy sequence whenever [|¢x(Yn+p, Xn+p>Xn)l—0 as n—oo, for every peN;

(i1) {xn} converges to y € G if llcx(xn, xn, ¥)| — 0 as n — oo, denoted lim y, = y;

(ii1) the space (9, %7, cy) is complete if all Cauchy sequences converge in §.
Definition 2.3 ([15]). Consider C*-AV-S,;MSs (91,94,¢x1) and (Ge,9%,¢x9). A mapping
t : (91,9,6x1) — (92,9,¢x9) is continuous at y € G; if whenever {y,} < G; satisfies
6x, (Xns Xn> Yl — 0 @as n — oo, then [I6x, (8(x ), €(xr), €(x))Il — 0. The mapping € is continuous on
G1 precisely when it is continuous at every point of G.
Lemma 2.1 ([15]]). In an C*-AV-S; MS, we have

cx(s,5,¢) <kcy(e,e,5) and ci(e,e,5) <kcx(s,s,¢), foralls,ee§.

Lemma 2.2 ([15]]). In an C*-AV-Sy MS, we have

cx(5,5,8) < 2kcy(5,5,0) +k2c(e,¢,8), forall s,¢,t€ .
Lemma 2.3 ([24]). Let < be a unital C*-algebra with unit 1,,. Then

() for any sequence {s,}32 , < &/ with }H&ﬁa =04, we have C}Lrglos*sas =0y, forall s€ of;
(i) if s,e€ o and s€ o/, N, then s < ¢ implies ss < s¢;
(iii) whenever s € .7, satisfies |s| < %, the element 1, —s is invertible with |s(1 ., —s) 1 <1;

(iv) for commuting positive elements s,¢ € 7,, their product satisfies se = 0,.

3. Main Results

This section first defines the Cgp’w)-Suzuki contraction and subsequently establishes the primary
fixed point theorem.

Let us denote the classes of functions ® = {p/p : &/, — <7, is a monotone increasing and
continuous function with p(¥) =0, < £=041}.

Definition 3.1. Let (G, .97, ¢c,) be a C*-AV-S; MS with mappings : G — G and a: G — o7,.
The mapping 1) is a-adm if a(s,s,2) > 1, = a(Qs,Qs,Qae) > 1./, holds for all s, € G.

Definition 3.2. Let (G,.7,¢,) be a C*-AV-S;MS, @ : G — G be a mapping and a : 3% — o7 be
functions then () is called a triangular a-admissible, if

(i) @ is a-admissible (a@-adm);

(ii) a(s,s,ce)>=1, and a(oe,ce, ) > 1, implies a(s,s,a) =1, for all 5,2, € G.

Definition 3.3. Let G be a nonempty set and () be an a@-adm map on G. Then Q) is a*-adm if for
all s,t € Fix(Q) # @, we have a(s,s,t) = 1. If Fix(QQ) = ¢, we say that () is vacuously a*-adm.

Definition 3.4. Let ) be a self map on C*-AV-S;MS (G,.%7,¢,), which is known as orbitally
continuous on G with respect to <7 if 5llm ¥ (e)=( = 5li)m Q3+ (ae) = L.

Let @Q is self map on G # @. We denote Fix(QQ) = {&e: Qee = e, for all & € G}.
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Definition 3.5. Consider a C*-AV-S,;MS (G,.<,¢,) with |x|| > 1, together with mappings
Q):5— G and a:3% — &7 . The mapping () constitutes a C(a(p’w)-Suzuki type weak contraction if
there exist ¢,y € ® and a € & with |a| <1 satisfying the contraction condition for all s,¢,c€ G
and i =3,4,5.

1

1 .
—ch(s,e,Qs)«K(s,e,%) = @(a(s, ¢, 2)6x(Qs,Qe, Q) =y 4K7[a*M‘(s,e,%)a]), (3.1)

2
where

1 1
M3(5,€,%) = maX{CK(}s’e’ %)’ _7[CK(5’55Q5)+ CK(%’ , Q%)]’ _7[CK(5’51 Q%) + CK(%’ , QS)]} )
2x 4x

1
M4(5’ ¢, J'f) =max {CK(57 ¢, %)> CK(5757 QE)’ CK(%’ >, Q%)’ W[CK(E’57 Q%) + CK(%7 , QE)]} >
M5(5,€,%) = maX{CK(sye’%)’ CK(E,E’ Qﬁ)’CK(%y %7 Q%)’CK(syﬁ’ Q%)’ CK(%’ %’ Qﬁ)}
We begin by proving the following crucial lemma.

Lemma 3.1. Let (G, %7,6x) be a C*-AV-Sp MS with (x|l = 1. Further assume that sequence {€;} < G
satisfies 'flim G (€e, 8, e01) = 0. If {8} is not Cauchy sequence in G with respect to </ then there
—00

exists an € > 0,/ and sequences of positive integers {ny} and {{p} with {ny} > {&y} > b such that
¢ty by By ) > € and ¢ (&, , €, €, ) < €. Then, the following holds:

(i) e =<liminfg, (e, €, 8, ) <limsupcy(y, , by, b)) < K2€;
b—oo b—oo
>i1) KE—Q =< libminfc,(({%nbﬂ,E%H,Egb) <limsupg¢y(y, ,,, .., 8,) = ex?;
-0 b—oo
(iii) 57 = lilblllglfc,((égbil,éfbil,énbﬂ) =< ligl sup ¢ (be,, 1,8, 1, Enp, ) S €K°.
—00

Proof. Since {£:} < G is not Cauchy with respect to o7, there exist € > 0., and strictly increasing
sequences {ny}, {{p} of positive integers with 1y, > ¢y, > b such that

CK(En[baET][b:Ef[b) > 67 CK(Enb—l’Enb—l’Efb) <e. (32)
From the first inequality in (3.2) and definition of liminf, taking b — oo yields
€= libminfcx(?%,?nb,ﬁgb). (3.3)

Using Lemma 2.2) with triple (¢, ,%,, ,€; ) and intermediate point €,, ,, we get
CK(E%’E%’E%) =2k CK(Enb’En[b’énﬂ)—l) + chK(Eﬂb—vE%—vEfb)' 3.4)
By flim ¢x(€e, €, €:41) = 0,7 and the second inequality of (3.2), taking limsup in (3.4) gives
—00

limsup ¢, (ty, , 8y, ,8e,) = K2e. (3.5)

b—oo

Combining (3.3)—(3.5) yields (i).
For (ii), apply Lemma [2.2]to ¢,(€;, ,,, , €, ) with intermediate ¢

Mh+1+
€< CK(I&%’E%’E%) =2x CK(E%’E%’E%H) + KZCK(E%H?E%H’E%)' (3.6)
Taking liminf in (3.6) yields
€ ..
p = huon_l)g}fCK(EnmvEﬂmvEfb)' 3.7
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Applying Lemma [2.2| with intermediate ¢, gives

Gx By By Ber) S 2K Gl By By )+ K2 Ga (B, By By, (3.8)
Taking limsup in (3.8) using the limit assumption and (i) yields
limsup ¢y (8, 1 Eny,p» o) < €K2 (3.9)
b—oo

Combining (3.7)—(3.9) gives (ii).
For (iii), apply Lemma [2.2| twice to estimate ¢, (£, ,¢,, ,€ ) via &, | and then &, :

€ <Gx(ty,, by, 8.

= 4K2CK(E% et ) + 2K2CK(E§&>71 ey 1oty )+ KzCK(E‘fﬂo—l e, 1o te) (3.10)
Taking liminf in (3.10) yields
€ .
ﬁ =< thnilor.glfCK(Efb—l’Efﬂo—l’énbﬂ)' (3.11)
Finally, apply Lemma to ¢k (s, .t 1, Ey,,,) With intermediate £, :
CrCey,_ 1oy, ps B ) <20 Gulley, B, s 8 )) Gy, 0 by, By (3.12)
Taking limsup in (3.12) using the limit assumption and (ii) gives
limsupcx(Es, .t 1 Ep,,) < €x>. (3.13)
b—oo
Combining (3.11)—(3.13) yields (iii). O

Theorem 3.1. Let (G,.97,¢x) be a complete C*-AV-SpMS and Q:G— G be an Cgp’w)-suzuki type
weak contraction with i =5 or 4 or 3 such that the given hypotheses hold:

(1) Qisa a-adm;
(i1) 3 €9 € G such that a(ty,ty, Qty) =1,;
(iii) For sequences {&:} < G, if a(Qt:,Qe:, Q1) = 14, for all ¢, and (51112101'35 =teg then
alt:, e, 8 >=1y;

(iv) @ is continuous or orbitally continuous on G with respect to <7 .

Then » € G constitutes a fixed point (FP) of 1. Moreover, if () is a*-admissible, then »x € §
serves as the unique fixed point (UFP) of (). Furthermore, for any initial point ¥, € G satisfying
b1 = Q (k) # Q&) for all { =0, the iterates converge: flim Q(tg) = .

—00

Proof. Let £y € G be such that a(£, €y, Q€)= 1, and construct a sequence {t} by €:,1 = Q¥ =
Q4TLEy for all & > 0. If € = £ 1, it follows that €, = £, for some ¢ > 0, then &, is a FP of Q.
Now, suppose £ # €., for all £ =2 0. Then ¢, (€,8,8:1) > 0, for all { = 0. Since, Q) is a
a-admissible, then a(ty, g, 1) = a(y, €y, Q) = 1., implies a(ty, 1, ) = a(Qy, Ry, Q%Ey) = 1.,.
By repeating similar process, we obtain inductively that a(f:,€:,€:1) = 1/, for all ¢ = 0.
Therefore,
ate, b, b 1) = a(Q4E, Qto, Q4T e0) = 1,,, forall £=0.

Since,

1 1
ﬂCK(EE,E& Q) = ﬂCK(E€>E£’E€+1) < (B, e, Eei1).
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Now, by eq. with i =5, we get
P(Gx(Bes1,Be 41, Be42)) = (G (QE:, QE:, QE11))
= (p(a(kfy EE’ Eif+1)CK((]Q€f7 Qkf7 QE5+1))

« 1 1
Sll/(a max{4 7CK(E57E95E5+1) 7CK(35+1,95+1,{3£+2)

1
HCK(Efyécf’Ef-FZ)}a)' (3.14)
But
1
4 7CK(Eg7Efa g+2)< [ZKCK(E,’EE7E(S+1)+K CK(E5+17E5+17€E+2)]

1 1
=< maX{FCK(EE;EE:EE+1): ﬁCK(EE+1,{2{+1,EE+2)} .

Hence, from (3.14), we get

. 1 1
Pt b o) =y [0 max | oo to b gttt fa). (35)

Since ¢ and ¥ are continuous functions, thus
. 1 1
Gx(Bei1,8e11,8e42) <a max{ 5 CK(?g,?f,?m) CK(E£+1,?5+1,35+2)}

If %CK(QH,QH,&;”) is maximum, since |a| <1 and | x| > 1, then, we have

lall®
2([x 5
< ll¢xBer1,te41, Eer2)ll
which is contradiction. Hence, [|¢x(€s11, 841, Ee2)ll < ll6k (e, Ee, Ecs1)Il.
Similarly, by proceeding as above, we get ||, (€, 8, €1l < lI6x(Be—1,8-1,€)]. Thus, we
get a sequence of strictly non-increasing functions such that for any 6 > 0., we have
51320 Gk (B, €s,8:41) = 5. Suppose § > 0./, then on taking 611:210 in eq. (3.15), we get

lGk(Ber1,tevt, bera)ll < llox(Ber1,Bert, Lera)ll

0
(p(6)5u/(a*—6a)
K
implies
lall”
161l = —= 61 < 1I6l

1116

which is a contradiction and hence,
Elim CK(E,{,E{,E,{+1) = Owgy.
Next, we will show that {¢} is a Cauchy Sequence (CS) in G with regard to /. Assume

on contrary that the sequence {£} is not CS, then for an ¢ > 0., there exists sub-sequences of
positive integers 71y, > {1, > b such that

Gy, . te) =€ and G (8, &, 8 ) <e.

Also for this € > 0./, the convergence of sequence {¢,(£s,%,€:;1)} implies that there exists
some Ny € N such that ¢, (,8,8.1) <e. For all { = Ny, let N1 = max{n;, No}. Thus, for all
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My > ¢p = N1, we have
Sx (s b, By y) <€ <Gl by, By
=< 2x¢x(ty,,, tny, o ey, )+ kG By, By, )
< 2xGy(ty, . by, by ) +xE

since € > 0, is arbitrary, and thus %CK(P%,E%,E%H) <&y, 85 By 1)
Since, a(t;, ,t,, .t ) = 1.. Now, by eq. (3.1) with i =5, we get

(p(CK(Enb+1,Enb+l,E.§b)) = (p(CK(Q%nb;Qenb’QEfuo 1
=< glalty,,ty,, b, 1)CK(QE%’QE%’QE% 1

o1
advre

a* maX{CK(E%’E%’ &1 SxEny By By ),
Siey, 158, 1, te,), Gl By By,

Gty 158y, oo E’?Um—l)}a )

Taking lim , and on using Lemma in above equality, we obtain
b—oo

(p(%) <w(4—17[a max{e, 0,0,ex e1<5}a])

5w(a*ﬁa).

< 4||1<||2 <|[|-%| which is again a contradiction.
Thus our assumption is wrong. Hence, {Eg} is a CS. Since G is a complete C*-AV-S; MS so
the sequence {£;} converges along with all its sub-sequences to some point say s, i.e.,

é’llm QE{ == flim E§+1
and
Elim Ci(Be, €e,50) = Gy (32,52, 3¢) = lélm Gr(te, te,8,) = 0. (3.16)
—00 n,{—o00

Now, we prove that (Q has a FP s in G. Now, we claim that

1 1
o St b, Qe < gl by, 50) or ﬂcK(QEe,QEe,QZQ) <6x(Qg, Qs 50, forall{eNN.
(3.17)
Again, suppose that n€ N such that
1
CK(ETPE?]’QE )>CK(E171?T],%) and CK(QET]’QETszE )>CK(QEU7QET]7 %) (318)
On usmg property (iii) of Definition [2.1 we have
CK(ET), Eﬂ) QET)) 5 ZKCK(ETP En, J'f) + KCK(QEU’ Qﬂ]? J'f)
1
= Gy, by, Qp) + = x(Qy, Qly, Qty)

3
= 56l by, Qty).

This is a contradiction, and hence we have our claim, and thus inequality (3.17) is true, for all
¢ € N. Inequality (3.17) implies that (from eq. (3.1)) with i =5 and condition (iii) in hypothesis
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of theorem, we have

P (QEr, Q:, Q) < plalle, b, 3)6 (QE:, s, Q50))

1 .
5w(m[a*M‘({?g,35,%)a])

4x7

a* maX{CK(Ef7Ef7 %)7 CK(E57Efa Qef)7 CK(%7 , Q%)’ (319)

CK(EE’E57 Q%)’ CK(%7 %7 Qkf)}a )

Taking ’flim in above inequality, and using the fact that the maps ¢ and y are continuous, we
—00

(1
<y|-—

have
1
P(6x(5e,50,050) <y (H [a® ¢k (5, %,Q%)a])
since |la|| <1 and x| > 1. It follows that
la®
16k (52,52, Q)| = ——= i (3¢, 3¢, Q30|
4 x|l
<llgk (e, 3¢, Q)|
which is a contradiction and only possible ¢,(sz,¢,0)2) = 0,/. Hence, > is a FP of (). Now,
assume (@) is orbitally continuous on § with respect to <7, then €, = Q¢ = QR ) — Qs
as ¢ — oco. By completeness property, we obtain (sr = s. Therefore, Fix(1Q) # @. Since, @ is
a*-adm, so that, for all s, s € Fix(QQ), we have a(sr,s,') = 1.
Assume, ¢, (Qse, Qse, Q') = ¢ (¢, 22, 5¢') > 0,7. Then, we have

%CK(%, 5,Q2) = 07 < §x(3¢, 32, ).
Then from eq. with i =5, we have
P(cx (52, 72, 5)) = P (Qre, Q3¢, Q<))
< p(alse, 7, 7)) (Qre, Qe, Q"))

L. /
=4 H[a Gk (o2, 5¢,5¢)al|.
Using the fact that |la|| < 1 and the maps ¢ and ¥ are continuous, we have
la])?
4% |18

< lgx (5, 22, 5|

Gk (52, 3¢, 5 < i (52, 3¢, 5|

which is a contradiction. Hence, s in G is a UFP of ().
By substituting i = 3 or i =4 into eq. (3.1) and proceeding along similar lines as in the
previous part of the proof, we conclude that () possesses the UFP. O

Corollary 3.2. Let (G,.97,¢x) be a complete C*-AV-SpMS, and let (3 : G — G be a self-map
satisfying

1
ﬂck(s,e,Qs)«K(s,e,%) = p(2x* 1 (Qs, Qe, Q30) = wla* (s, e, 3)a),

where @,y € ® and a € of with ||la|| < 1. Then, QQ has a UFP in G.
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Proof. The result follows along similar lines as Theorem by taking ¢x(s,e¢, ) in place of
M'(s,e, ) and setting a(s,e,2) =1, in Theorem O

Corollary 3.3. Let (G, .97 ,¢x) be a complete C*-AV-Sp MS, and let (: G — G be a self-map such
that

1 *
ﬂCK(5’27Q5)<CK(5761%) == CK(Qﬁ,Qe,Q%)fa CK(sye’%)a’

where a € &/ and |a| < 1. Then, the mapping () possesses a UFP in G.

Proof. The conclusion is obtained by following arguments similar to those in Corollary
using the choices ¢(£) = w(£) = £ for simplification. O

Example 3.6. Let .&/ = R with usual addition and multiplication, regarded as a trivial C*-
algebra, and let G = {1,2, 3}, a finite non-empty set. Define the function ¢, : 32 — R, by

ci(s,e,®)=|s—el+|e—Fk|+|k—s].
This satisfies the properties of a C*-AV-S; MS with coefficient ||x| =2 > 1. Define the mapping
©Q:5— G by Q(s)=1, for all s€ §. Define a: 3% — R, by a(s,e, ) =1.
Define ¢,v : Ry — Ry by ¢(x) =x, w(x)= %x Take a = %, which satisfies |a| = 0.5 < 1.
Hence, by Theorem @Q has a UFP » =1, and for any &€ G, ,}Lm Q"ey = 1.

Example 3.7. Let § =[0,00), o = M3(R), the algebra of 2 x 2 real matrices, with the operator
norm || - ||. Define the metric function d : G2 — [0,00) as d(s, ») = (s — »)?, making (G,d) a b-MS
with constant x = 2.

d(s,e)+d(e,)+d(,5) 0
.e3 _, _ ; ; )
Define ¢, : § M5(R) by c¢i(s,e, ) 0 d(s,¢)+d(e, 50 +d(,8)|"
This makes (G, .97,¢x) a complete C*-AV-S; MS with |x|| =2 = 1. Define ) :§— G as Q(s) = —3[’fs,

where b € (0,1/6]. Define ¢,y € ® entry-wise by ¢(£) = m, w(k) = %{%. Choose a = %Iz, with
lall = 1/2 < 1. Hence, by Corollary[3.2] ©Q has a UFP at s =0.

4. Applications

4.1 Application to Nonlinear Integral Equations
Let € =[0,1] be a measurable set with finite measure and G = L°°(€). Consider the space
B(L?(&)) of bounded linear operators on the Hilbert space L2(€). Equip G with the C*-algebra-
valued Sp-metric ¢ : GxGx G — B(L2(E)) defined by ¢,(3, ¢, ) = Mi(j3- 5|+ [e—I)» » Where My, denotes
the multiplication operator by the function 4 € L%(€) on L2(€), p > 1, and x = 22?1 Consider
the nonlinear integral equation 3(s) = fol w(s,t)(¢,3(t))dt, s € €, subject to these conditions:

(i) The kernel w : € x £ — R, is measurable with W = sup fol w(s,t)dt < oco.

seé
(ii) The function §: € x R — R satisfies the Lipschitz condition |f(¢,a)— (¢,b)| < L|a — b|, for all
teé&, a,beR, where L €(0,1/W).
Define the operator 1 : G — G by Q3(s) := fol w(s,t)f(t,3(t)dt.
We explicitly choose the control functions ¢,y € ® as linear scalings on B(L2(€)), as
pX)=c1X, w(X)=coX,where0<ci<ca<l. Leta=VLW: lggsey,so llal=vILW<1.
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Theorem 4.1. Under the above conditions, the operator () satisfies the contractive condition of

Corollary [3.2}

1
52 6x(6,3, Q) <6x(3,3,2) = P(2x* ¢, (3, 03, Q) < yla* kG, 3, 7)a).

Consequently, Q has a unique fixed point 3* € G, which solves the integral equation.
Proof. For any 3,c€ G, and s € &, apply the Lipschitz condition and kernel bound:

1
Q3(s) - Q)| < L fo w(s, )l3(s) — s<(s)|dt.

Using the C*-algebra valued Sj;-metric definition, ¢, (Q3,Q3,120) = M(Q;-Qs+Q3-Qs) -
Then, we have [l¢x(Q3,Q3, Q) < (LW)P gk (3, ¢, ).

Multiplying by 2x* and applying ¢: [p(2x%c,(Q3,Qe, Q)| = c12x LW)Pllg,G, e, 50l
On the right side, ly(a*c«(3,¢,20a)l = callal®lciG,e, 591 = c2LW)lck(,¢,5)ll. Choosing
c1,¢9,p, and « such that ¢12x*(LW)? < co(LW) guarantees the contractive inequality.

Thus, all conditions of Corollary 3.2 hold, and () has a unique fixed point. O

4.2 Application to Homotopy

In this section, we investigate whether homotopy could have a unique solution.

Theorem 4.2. Let (G,.97 ,¢y) be a complete C*-AV-SbM§ with ||x|| > 1. Suppose U cU where U
is open and U is closed in G. Consider a homotopy T : U x[0,1] — G satisfying:

(o) T(v,s)#w, for all veodl, se[0,1],

(r1) Av,x€U, be .o with |6l <1 such that

1
Z—CK(V,V,T(V,S)) <cx(v,v,2) = 2k (T(v,s),T(v,s),T(s¢,5)) <v*ci(v,v, 2)v,
K

(t2) 3 M =0, such that ¢, (T(v,s),T(v,s),T(v,t)) < |M]|s—¢|, for all ve @, s,t€[0,1].
Then T(-,0) has a FP if and only if T(-,1) does.

Proof. Consider the set ¢ ={t€[0,1]:3 v € U such that v =T(v, £)}.

Since T(-,0) admits a FP in U, it follows that 0 € ¢4, so ¥ # @. We establish ¢ =[0,1] by
showing ¥ is both open and closed in [0, 1], implying T(:,1) has a FP in U.

First, verify ¢ is closed. Let {{’g}?;l c ¥ with ¢ — £ €[0,1]. For each ¢, there exists v¢ € U
satisfying vey1 = T(ve, €r). The proof succeeds if some ¢ € N exists such that ¢, (ve,ve, T(ve, &) =
0.

Since %CK(VE,Vf,T(Vf,Ef)) < Gx(ve,ve,veqr1) implies that

Cr(T(ve, 8:), T(ve, 86), T(Ver1,8e41)) = 2k6(T(ve, 8e), T(ve, £6), T(Ves1, 8))
+ K (T(Ver1,8e41), T(Ver1, 8o 1), T(ver1, €)).
< 2k6x (T(ve, ), T(ve, 8e), T(vey1,8)) + | M€ 1 — Ee .
Letting ¢ — oo, we get

}im Cx(Ver1,Ver1,Ver) < élim 2k (T(ve, 8e), T(ve, 8e), T(ver1,86)) + 0
{—o00 —00

< lim 0" ¢y (v, Ve, ver1)0
¢{—o00
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< gim (0*) g, (v, vo, v)(0)* T+t
—00

which, together with the property, if &, e € <%, and & < ce implies u*&eu < u*ceu, yields that for
each (eNU {O}, put Ag = CK(V5+1,V§+1,V§+2), we have
0. < lim Ag = im ¢ (Ver1, Vert, verz) < lim (0 1 A(0)¢ L
{—o00 {—o00 é{—o00
Since ||| < 1, it follows that Elim Cx(Ver1,Ver1,Ves2) = 0.
—00

Next, we show that {v¢} is a CS with respect to 7. Now for any { € N and ¢ € N using
condition (iii) of Definition [2.1, we have

Cx(Verts VertsVe) = 2KG(Verr, Verts Verr—1) + 2506 (Verr—1, Verr—1, Verr—2)

+ 2K G (Vergo9, Verr-2,Verg-3) + 2K G(Ver1, Vo1, ve)

E+(-1
<2k Y kTG (v, Vi, Vis).
i=¢
Letting ¢{ — oo, we get
-1
lim ¢, (Veyg, Vesg,ve) < lim 2 ) KT (Vi Vi, Vie)
6_’00 G—00 l:é‘
¢+(-1 1,
< lim 2« Z K& (p* )LA 3(U)l
f—»oo i=¢
Lokl )2
< lim 2« ||AZ|P———1,,=0,,.
{00 o0kl =lvll

Hence, the sequence {v;} is a C*-AV-S;-CS with respect to «7. The sequence {v:} — v €(5, .o, ¢)

comes from the completeness of (9, .27, cy). grlim Ver1 =V = flim v¢. We can prove T(v,£) = v. Now,
—00 —00

we claim that
1 1
2_CK(’V5),V§aT(,Vf>E )<CK(Vfa V) or 2_CK(,V6+1’Vf+1>T(’Vé‘+17Ef+1)<CK(,V6+17 +17V)-

Suppose above inequality is not true for every ¢ € N. Therefore for some ¢ = 1, we have

1 1
§CK(V¢'7V57T(V€aEE)zCK(Vfavfyv) or gCK(Vf+1aVf+1>T(V§+1aEE+1)ZCK(VE+].’V§+1>V)-
On using property (iii) of Definition 2.1, we have
SV, ve, T(ve, 8e)) < 2x6(Ve, v, V) + K G (T(ve, 8e), T(ve, 8),v)

1
<Gx(ve,ve, T(ve, 8e) + §CK(V§+1,V<§+1,V§+2)~
Letting ¢ — oo, we get
lo|?
hm IICK(Vg,Vg,T(Vg,Eg))II =< hm IICK(V:,V:,T(Vg,Pg))II + hm —IICK(Vg,Vg,T(Vg,Eg))II

. ||U||2
< lim [1+ 5 lgx(Ve,ve, T(ve, €l

{—o0
which is a contradiction, and hence we have our claim, and so above inequality is true, for all
¢ € N. Since, %ck(v,g,vsr,T(vf,Er) <¢x(ve,ve,v), from (1), we have

G (v, v, T(v, 8) = lim 2k¢x(T(vg, &), T(vg, &), T(v, &)

§—oo
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< lim 0" ¢y (v, ve, V)0 =0,
&{—o00

Accordingly, T(v,£) = v indicates that ¢,(v,v,T(v,£) =0,. So, £ in ¥. It is obvious that ¥ is
closed in [0,1]. Let ¢ be £y. Then, v exists in U such that vy = T(vg,$y). Because U is open,

6 > 0 must exist for B, (v,0) € U. Select the value of £ € (£y —¢, € +¢€) such that [£€—£| < ||1v}||f <e.

Consequently, for By(v,6) ={ve G:lgx(v,v,vo)ll <6 + lIgx(vo,vo,vo)l}.
Since, %CK(V,V,T(V(),E())) < ¢x(v,v,vq) then from (71), we have

kSx(T(v,£9), T(v,£9), T(vo,£0)) = 2k¢(T(v, ), T(v,€), T(vo,En))
< 0" c (v, v,vp)V.
Now from above inequality, we see that
¢ (T(v,8),T(v,8),vp)) = ¢, (T(v, ), T(v, ), T(vg, o))
< 2k6(T(v,£), T(v, ), T(v,£)) + k¢ (T(v,£y), T(v, ), T(vo, o))
< 2k|[| M|l € — ol + 0" ¢ic(v,Vv,vo)D
< ﬁ + 0" ¢ (v, v, vo)b.
Taking the limit as { — oo yields
I (T(v, £), T(v, £),vo)ll < 011% g (v, v, vo)ll.
Since ||v] <1, it follows that
I¢x(T(v, ©), T(v,£), vo)ll < llgx (v, v, vo)ll
<6 + llgx(vo,vo,vo)ll.
Therefore, for each fixed £ € (¢g — €,y +¢€), the operator T(-,0) maps the closed ball m into
itself. Hence, all conditions of Theorem are satisfied, guaranteeing the existence of a FP

of T(-,0) in U. Since this FP must lie in U, it follows that (¢, —¢, £y +¢) =¥, showing that ¥ is
open in [0,1]. A parallel argument can establish that ¢ is closed. O

5. Conclusion

This paper presents UFPT for a-admissible self-mappings in C*-AV-S; MS by introducing
Cff’w)-Suzuki contractions with two control functions ¢ and w. The results provide sufficient
conditions guaranteeing existence and uniqueness of FPs, extending known theorems in these
settings. Applications to nonlinear integral equations and homotopy problems demonstrate the
robustness and versatility of the approach, highlighting potential uses in nonlinear analysis
and operator theory.

Nomenclature
C*-AV-S;MS : C*-Algebra-Valued S;-Metric Spaces
UFP : Unique Fixed Point
UFPT : Unique Fixed Point Theorem
FPs : Fixed Points
FP : Fixed Point
CS : Cauchy Sequence
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