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Abstract. In this paper, an efficient finite difference approach is introduced to solve the system
of first-order delay differential equations. The method used for this approach is based on integral
identities for the quadrature formula with integral term remainder terms, and using this method a
novel difference scheme is constructed. Then, first-order convergence for the method in the discrete
maximum norm is proved. Finally, a test problem is presented that is solved using both the proposed
and classical Euler methods, which support the theoretical findings. Considering these results, this
scheme has greater efficiency and accuracy than the classical Euler scheme, although it has the same
convergence rate. So, these results show that the proposed method is reliable, efficient and accurate.
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1. Introduction

Systems of Delay Differential Equations (SDDEs) appear in various scientific areas, for instance,
physics, engineering, medicine, biology, and so on. They can model many processes of various
problems, such as marine protected areas, B-cell chronic lymphocytic leukemia dynamics, air-to-
fuel ratio control systems, etc. (Gilsinn et al. [11], Kuang [16], and Rihan [21]]). In particular,
time-delay systems are modelled, such as the dynamic properties of lasers, vehicular traffic
flows, neural networks, mechanisms of biological processes and epidemics, and population
dynamics (Briat [5], Chen et al. [7], Fridman [[10], Nelson and Perelson [[18]]). For instance,
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the model of fuel combustion in small rockets is described by the equations:
x1 () + (A= y)x1 (@) +yx1(t — 1) — 22t — 1) = f1(2),
x5(8) + ax1(t) + akxa(t) = fo(?),

where x1(t) is a pressure in the combustion chamber and x3(¢) is a consumption of the fuel (for
more details, see Kolmanovskii and Myshkis [15]).

In recent years, many approaches to SDDEs have been proposed, which are analytical or
numerical solutions. Researchers studied and improved some methods for getting the exact
solution except for classic methods such as the continuous Runge-Kutta method (Bellen and
Zennaro [3], and Lenz et al. [17]), collocation method with First Boubaker polynomials (Davaeifar
and Rashidinia [9]), optimization iterations (He et al. [12]), Chebyshev-Picard Iteration (CPI)
method (Zhou et al. [23]), spline approximation method [20]. Also, Szczelina and Zgliczynski [22]
developed an algorithm for the approximate solution of SDDEs with several delays, which is
based on a piecewise Taylor representation of the solutions in the phase space. On the other
hand, Amster and Deboli [2]], Berezansky and Braverman [4], Cahlon and Schmidt [[6], Hu and
Wang [13], Huang et al. [|14]], and Pepe et al. [19] investigate the existence, uniqueness, and
stability of solutions to SDDEs.

Motivated by the above works, we are interested in solving the following problem of the linear
system of delay differential equations:

Lui=uj(®)+a1(®ui(®)+b1(Dui(t—r)+ c1(®us(®) +d1(Dust —r) = f1(t), tel, (1.1)
Lusg = uj(t) + ag(®us(t) + ba(Dug(t —r) + ca(®ui(t) + da®ui(t —r) = fot), tel, (1.2)
ui(t) = p1(t); ua(t) = @a(t), tely, (1.3)

m
where I =(0,T]1= U Ip,I,={t:rp_1<t<rp},1<=p=<m andr;=sr, 0=<s=<m (for simplicity,
p=1

it is supposed that T/r is an integer; i.e., T = mr). Moreover, ay(t) = ap >0, bp(t), cp(t), dp(t),
fr(t) and @4(t) are assumed to be continuous in I =[0,7T] and I = [-r,0], respectively, such
that (I.1)-(1.3) has a unique solution u(¢) € C1(I) satisfying the given initial conditions, r is a
constant large delay (k = 1,2) (more details, see Bellen and Zennaro [3]).

This article presents an efficient numerical approach to solve the equation (1.I)-(L.3).
The method is based on a finite difference scheme on a uniform mesh, using appropriate
quadrature formulas with weights whose remainder terms are in integral form. The most
important advantage of this method over the classical method is that the remaining term
contains only the first-order derivative of the unknown function.

The organization of the paper is as follows: In Section [2| some properties for the exact
solution of (1.I)-(1.3) and its derivative are given. The difference scheme is constructed on
a uniform mesh in Section (3| Next, the error bound and stability analysis are discussed in
Section [4] In Section 5| the difference scheme is formulated with an algorithm, and an example
is presented to illustrate the theoretical results. In the last section, the main conclusions are
summarized.

2. The Behavior of the Exact Solution

In this section, we present a few properties of the solutions to (1.1)-(1.3), which are needed in
the following sections for the analysis of appropriate numerical solutions. Moreover, for any
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continuous function w(t), we use
lwlloo = llwllo 7 = Oléltii%lw(t)l and |wloop = lWleo1,, 1<p<=m.

C denotes a generic positive constant throughout the paper. Also, C), C »,Dp and D p indicate
fixed constants for I, subintervals.

Lemma 2.1. Let ay, by, cp,dr, fr € CU), for k=1,2 and
Api=aiay leilloplicallonp <1, 1<p<m.
Then for the solution u(t) of the (1.1)-(1.3), the following estimates hold.:

lwilloop <Cp, 1=p=m, (2.1)

luglloop<Cp, 1<p<m, (2.2)

||u'1lloo,p <D,, 1=<p=m, (2.3)

lubloop <Dp, 1<p<m, (2.4)
where

C1 = {1910+ a7 I f1llco1 + 1B1lloo 1101 ll00,0 + 11 llco, 110210001
+ a7t le1lloo 1 [920)] + a5 (1 falloo1 + 162 ll00.1 102 ll00,0
+ I d2lloo, 111991 l00,0)THL = A1) 7,
C1 = {lp2(0)] + a§1[||f2 loo,1 + 162 l00,1 1P21l00,0 + d21l00, 11191 00,01
+ay lealloo 1 ll@1(0 + a7 (I filloo,t + 161 lloo1 1901 loo,0
+ 1 d1lloo, 11992 1l00,0)THL = A1) 7,
Cp ={lu1(rp-Dl+ a7 I f1lloop + 161llo0,pCp-1+ Id1lloo1Cp-1]
+ a7 et lloopllua -l + a5 (I falloo,p + 162lloopCp-1
+ 11 d2lloopCp-DIHL = Ap) 7,
Cp = {luarp-Dl+ a3 [ f2lloo,p + 162llo0,pCp-1+ Id2lloo1Cp-1]
+ g lealloopllur(rj- Dl + a7 (I filloop + 151llo0,pCp-1
+ 1 d1lloopCp-DIL = Ap) 7,
D1=1f1lloo,1 +lla1llco,1C1+ 1D1ll0o, 11191 ll00,0 + ”01”00,161 + 1 d1lloo,11p2ll00,0,
D1 =lfalloor + ||a2||oo,161 +1152ll00,11¢2ll00,0 + lc21l00,1C1 + 1d2l00,1 1191 00,0,
Dy, =filloo1 + 121ll0,1Cp + 151ll00,1Cp—1+ lle1llo,1Cp + 1 d1lloo,1 Cp1,

D, =lfallco1 + 1a2llo0,1Cp + 1162ll00,1Cp-1 + llc2ll00,1Cp + 1A 1ll00,1C p-1-

Proof. From (1.1), we can write

ui@®)+a1®u1(®) = f1(0) - b1(Ou1(E —r) - c1(Dua(t) — d1(Dust — 1), (2.5)
and from (1.2), we can write
ug(t) +a2(®ua(t) = folt) — ba(Hus(t —r) — ca(®u1(t) — do(®u1(t —r). (2.6)
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For t € I, from (2.5) we have

t
- (r)d
u]_(t): ul(rp—]_)e frp71t11 T) T

t t
+f /1) =b1(Du1(t —r)—c1(Dua(r) —d1()ua(r — r)le”frarmdngy
rp-1

and from here

t
d
u1()] < [uglrp_ple o1 ™4

t t
+f [ 1@+ 151 w1(T =P+ le1(@)] lug(@)] + |d1 (D) [ug(z —r)lle” ) 19147
Tp-1

< luy(rp_1)le” -1

t
+ f A1+ 11D w1 = ) + le1(@)] lue@)] + 1d1(D)] lug(t — r)le" ¥ Ddr. (2.7

p-1
Similarly, for t € I, from (2.6) we have

lug(t)] < lug(r,—q)le” *2¢p-1)

t
+ f [ f2(D)] + 162 lug(T — )| + lea(@)] lu1(D)] + |do(@) w1t —Plle” 2 dr.  (2.8)
p-1

For t € I1, from (2.7) we have
lu1()] < |p1(0)]e**

t
+ fo 1D+ 161D @1t = P +e1(D] lug(@)] + 1d1(0)] g2t — r)le” 1 dr

<1010+ a7 I f1lloo1 + 101 ll00,1 191 ll000 + e 1lloo,1 122001 + 11 00,1 192]l0001(1 — e~ 1)
<110+ a7 Tl f1lloo1 + 181001191 1l00,0 + 100,122 ll00,1 + 1A 1 oo, 1 102]l00,0]- (2.9)
For t € I, from (2.8) the similar relation can be written for (1.2):
luall < p2(0)] + a21[||f2||oo 1+ 1182ll0,1l1921l00,0 + 1€2ll00,1 121 ll00,1 + Id2ll0o,1 11 ll00,0].  (2.10)
Considering (2.9) and (2.10) inequalities together, we obtain
lt1lloo,1 < |(P1(0)| + afl[llfllloo 1+ 1161 llo0,111911l00,0 + 1€1ll00,11992(0)] + |d 1 ll0o,1 |02l 00,0]
+aj 652 Lietlooalllf2lloo1 + 182llc0,1 192 l00.0 + I d2lloo.1 /191 lleo0]
+a; 652 ||01||oo,1||02||oo,1||u1||oo,1
< {|(P1(0)| + @7 I f1lloo1 + 151 lloo, 11101 lloo,0 + 161 lloo,11022(0)] + ld 1 lloo,1 192110, 0]
+aitag letllooll f2lloos + ”b2”oo 1l2lloo0 + 1d21loo,1 191 loo,01}
X[l—al ay ||01||oo,1||02||oo,1]
=Cy,
and
luzlloo1 < {192(0)] + a5 [l f2lloo,1 + 1520, 1 11921l00,0 + [ d2 0,1 191 llo,0]
+az lIe2lloo, 1ll@1(0)] + @ T Filloo1 + 101 llco,1 101 00,0 + 1d1 o1 02llo0011}
x[1- a7 a5 lletlloollezlloo]™

Ci.
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It follows that for p =1, inequalities (2.1) and (2.2) are true. Now assume that the inequalities
(2.1) and (2.2) are true for t €I, (p = j):

lu1lloo < {lu1(rj—DI+ ai I f1llcoj + 161100, Cj-1 + Id1llco i C 1]
+ a7 e lloo, lua(rj- Dl + a5 (U f2lloo, + 102ll00,/C j-1 + Id2lloo, /Ci- DI = 1) 7Y,
lualloo < {ua(rj— DI+ az I f2llooj + 162100, iC i1+ ld2lloo ;Cj-1]
+ a3 lealloo, /w1 (rj- DI+ a7 U filloo, + 101 0l00,iCjm1+ 11 lloo i C-1 A= A7,
Fortelj,1, p=j+1,from and we can write the following inequalities:
lu1@®)] < lu1(r DI+ a7 U Filloo1 + 161ll0,+1C + e lloo j+11e2lloo j+1 + 1 d1llooj+1C;1,  (2.11)

lua(@®)] < lua(r )+ a3 [l fallooj+1+ 162000 j+1Cj + lcalloo j+1 11 lloo j+1 + 1 d2lloo j+1C;1.  (2.12)
Similarly, to substitute (2.12) in (2.11) and (2.11) in (2.12) we get

-1 ~ -1
lu1lloo,j+1 = {lu1(r )l + a7 [l f1llco,j+1 + 101ll0o,j+1Cj + 1A 1lloo,j+1C 1+ a7 lic1lloo,j+1
Jj

x [ua(r D+ a5 (U f2llcoj+1+ 152000 j+1C + ld2llco j+1CHBA = A41) 71

=Cj.1,

luzllooj+1 < {lualr DI+ ag lf2llooj+1+ 152llco,j+1C; + I dallos, j+1C1+ a5 lezlloo j+1
x [u1(r Pl +a7 (Ul filloo 1+ 1010l0,j+1Cj + I d1lloo,j+1C M = A1)~
= 6j+1-
We can rewrite equations and as follows:
ui(®) = f1) —a1(Ou1(t) - b1(Ou1(t —r) — c1(Bus(t) — d1(B)us(t — 1),
uy(t) = fa(t) —as(Bug(t) — ba(Hua(t —r) — co(Bu1(t) — do(Bu1(t —r).
Then, we have
i@ < 1F 1O+ la1@u1 @] + 151 w1 = r) +e1(@)] (@) + 1d1(@D luat — 1)l
lug@®] < |f2@] + laa@ ua@)| + b2 [zt — )|+ lea(@ lu1(E)] + | do (@) lu1(t — 7).
From here, for p =1, we obtain
12 loo,1 < I1f1lloo,1 + 1@t llos,1 121 llo0,1 + 18 1llo0,1 101 l00,0 + e 1lloo,1 %2001 + 110,112 00,0
<IIf1lloo1 + 121llo01C1+ 181 llo0,1 1011000 + e1llo0,1C1+ 11 llo,1 192000
=Dy,
) lloo1 < 1 f2lloo1 + l@2llon1C1 + 1B2lloo 11921000 + lle2lloo, 1C1 + I d2ll oo, 11101 lloo,0
=D;.
We prove and by following similar steps. Thus, the proof is complete. O

3. The Mesh and Difference Scheme

3.1 The Mesh
Let wy, be a uniform mesh on I:

wn, ={t;=1h,1<i<No,h=T/No=r/N},
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which contains N mesh points at each subintervals I, (1<p <m):

WN, ={t;i:(p—1)N+1<i=<pN},

m
wn, = U WN,,
p=1

and
0N, = wN, U{to =0}
For any mesh function g(¢), we use g; = g(¢;) and moreover y;; to denote approximations of
up(t) at t; (for £ =1,2) and
8i—8i-1

i, l&loop = lgll = max lgil, 1<p<m.
8i,i 7 » 18 lloo,p g 00,WN,, (- DN M Si<pN 8il, p

3.2 The Difference Scheme
To obtain an approximation for the problem, we multiply the equations (1.1I) and (1.2) by
the basis functions ®;(¢) (for & = 1,2), respectively, and then integrate over (¢;,_1,%;). We then

obtain the following identity:

t t

A Lup@piddt =" | fu®pi()dt, 1<i<No. 3.1)
ti-1 ti-1
The basis functions
tj
Dpi(t)=e ' ands -y i<y, (3.2)

which are the solutions of the following problems:
{—%d)ki(tﬂak(t)@ki(t):o, ta<t<ti,

Dpi(t;) = 1.
If we rewrite for te(t;_1,¢;) and (k =1,2), we have
t; t; t;
R w,0@pdt+h7 | ar@ur@®@pi(Odt+h7H | br®ug(t - r)@pi(H)dt
ti—1 ti-1 ti-1
t; t;
+h7 [ cpWus PRt + R | dp®us_p(t - r)Op(dE
ti-1 ti-1
ti
=hH | @D ()dt. (3.3)

ti-1
If we consider the formulas (2.1) and (2.2) from [1]] in the interval (¢;_1,¢;) (3.3), we obtain the
following exact relation:

Cup; =Apiugg; +Briu@_pyi; + Crittgii—-n +Dritt3—p)ii-N + Epiliri,

+Grituh-N) + Heites-pyi + Kria-ni-n) = Fri + R, 1<i<No, (3.4)
with
ti ti
Api=h™ 1| @p)dt+h™ | (E—t)ar®)Dp(2)dt,
ti_1 ti—1
t;
Bri=h™'| (¢t—t)er®)Ppi(t)dt,
ti-1

ti
Cri=h™t| (t—t)brt)Dpi(t)dt,

ti-1
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Dp;=h71 tti (t —t;)d (D) Dy (t)dt,
i1
Epi=ht! tti ar(t)Pp;(t)dt,
i1
Gpi=h! tti b (YO0,
i1
Hp;=h™1 tti cp(t)Dp;(t)dt,
i1
Kp;=h! ’ dr()Pp;i()dt,

ti-1

ti
Fp,=h71 [r()Dr;(t)dt,
ti-1
and the remainder terms
t; 137
RP=n™| dtbp®pi(t) | u)(&—rKot,dé
ti1 ti—1
t; ti
ch [ dter®®pie) f ul_ (Kot E)dé
ti—1 ti-1
t; t;
+h7U | dedp()Ppi(2) f ul_, (& —rKo(t,6)dE, (3.5)
ti-1

li-1
Ko(t,&)=To(t—)-h Ht—t;1), To(®)=1, 5=0; To(6)=0, §<0.
Eventually, we propose the following difference scheme for the approximate solution of (L.1)-
(1.3):
Cyri = Arivri,i + Bri¥a-rii + CriYeti-N + DriY3-n)ti-N + EriVki
+GriYei-N + HpiY@3-k)i + KriY@-n)i-N =Fri, 1=1<Ny, (3.6)
CYk0 = Pros (3.7

where y;; (B =1,2) indicate that the solution of (1.1I)-(1.3) system is at mesh point ¢;.
In addition, we come up with the implicit Euler method to the approximate solution of

system (1.1)-(1.3), alternatively [3]:

CYki = Vit + QkiVki + OkiYRi-N + ChiY3-k)i T kiY3-k)i-N = [ri, 1=1=<Nj, (3.8)
Yo = Pro, (3.9)
for k=1,2.

4. Convergence Analysis

To investigate the convergence of the presented method, we define error functions as z;; =
Yri —Upi, 1 <i <Ny, which is the solution of the following discrete problem:

tz;; =R®, 1<i=<N,, (4.1)
2o =0, (4.2)
for k=1,2.

Communications in Mathematics and Applications, Vol. 17, No. 1, pp. , 2026



8 A Novel Numerical Scheme for the Solution of a System of First-Order Delay. .. : S. Uncu and E. Cimen

Lemma 4.1. If a,by,cr,dp fr € C(I), then for the truncation errors, we arrive at
IR® oo < CN T,
for k=1,2.

Proof. From (3.5), we can write

t; 137
RO1<h [ deib@lon® | lufe - niKot de
ti1 ti—1

t

; ti
[ dtlen®) @) f ul_ ©IKo(t, E)de
ti—1

li-1
t

i t;
[ )10 f (€~ PIKo(t,)dE,
ti-1

li-1

and by virtue of Lemma and from (3.2), we obtain
IR™| < Ch. O

Lemma 4.2. Let zp; be the solution (4.1)-(4.2) holds true and

tp = ai a3 (IBilloop + [Hilloop)I1B2lloop + | Hollop) <1, 1<p=m.
Then

2k lloo,p < C{lIR1lloo,p + IR2llc0,p}, for k=1,2.

Proof. can be written as follows:
Czpi = Apizpg; + Briza-nyi,i + Crizrii-N + Driz3-n)t,i-N + Erizri
+Grizri-N) + Hriz@-k)i + Kriz@-r)i-N = Rpi, 1=<i=<Ny.
For £ =1:
AviziitE1210 = Qi
where Q1; = R1; — B1i297; — C1iz15,-N — D1i29z,i-n — G1i21G-N) — H1iz2i —K1i22i-N)-
Applying the maximum principle [8]], we have
z1lp < 1z15-1)l + @7 1Q1 lloo,p
<121p-1| + @1 IR 1lloop + @1 (IC 1 lloop + 1G1llo,p)l21]p-1
+ a7 (IB1lloop + 1H1lloo p)122lloo p + @7 (1D 1 lo,p + 1K 1lloo p)I22] p—1
<C+ai IR1llop + a7 (IB1llop + 1 H1lloop)22llcop-
By writing the same relation for 2 = 2, we have
|221p < C+ a3 IR2lloo,p + @5 ' (I1B2lloo,p + 1 Hzlloo,p) 121 llo,p
If we consider this inequality in |z1|,, we obtain the following inequality:
|21lp < C+ a7 IR1lloo,p + @7 (IB1lloo,p + 1 H1lloo,p)
x (C+ a3 IRzlloop + a3 (1B2lloo,p + [ Halloo,p)l121lo,p)
< C+ a7 IR1lloo,p + a7 a3 (1B1lloo,p + [ H1lloo,p)II R2lloo,p
+ a7 (IB1llop + 1 Hilloo p)5  (1B2lloo p + 1 Hz2lloo p)l121lloo,p-

From here, considering u, < 1, the proof is complete for £ = 1. By following similar steps,
the estimate for z9; is achieved. O

Communications in Mathematics and Applications, Vol. 17, No. 1, pp. , 2026
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Considering Lemma [4.1|and Lemma the following theorem gives the main convergence
result of this paper.

Theorem 4.1. Let uy and vy, (for k = 1,2) be the solution of (1.I)-(1.3) and (3.6)-(3.7), respectively.
Then ||yr—up IIOO,,;,N0 <CN L

5. Numerical Results

In this section, we give some illustrative numerical results to support the theoretical findings
and demonstrate the advantages of the constructed method. To this end, we consider a test

problem solved by the Presented Method (PM) and the classical Euler Method (EM). The results
obtained from solving this problem are given in tables and figures.

Example 5.1. We consider the test problem:
u () +u1(@) +2u1(t—1) —ug@®) +ug(t—1) =21+ 1€(0,2],
u’z(t) +4us(t) —2uo(t—1)+2u1(2)—4u1(t—1) = —4et71 - 2e_t+1, te(0,2],
uit)=e'; ugt)=et, -1<t<o,

whose exact solution is given by

pi(t) = 3e 2t — 273t 0<t<l,
B 7616726 4 557301 4 cosh(t—1), 1<t<2,

2o (t) = —3e 2ty 4¢3t 0<t<l,
27T 6167270 Z 25,e73¢D y 9ginh(t—1), 1<t<2,

51=38(2-1), 63=2(1-e73).

We define the exact error E(ik;N) and the computed maximum pointwise error E*N for any

N as follows: E’Ek;N) = |ypi —upil, E®N) = Om'a)]i]E'(ik;N), kE=1,2.
<1<
The data in Tables [1{4] contain numerical results obtained from Example 5.1 for different

values of N and mesh points. In Figures|1|and |2, we plot the maximum pointwise errors (in log
scale) for this problem. These two figures also demonstrate that these errors are bounded by
O(N~1), which is proved in Theorem Furthermore, in Table |5, we compare the presented
method with the classical Euler method. The numerical data in this table indicate that the
presented method has better numerical accuracy and efficiency than the classical method.

6. Conclusion

In this study, we have attained an effective difference scheme for the numerical solution of the
initial value problem of a linearly coupled differential equation system with a constant large
delay parameter r. We prove that the scheme converges to first order in the discrete maximum
norm. We considered a test problem, which was solved using the presented method and the
classical method (Euler). We presented the comparison of the maximum error values obtained
from both methods in Table |5|and illustrated in Figures Looking at these tables and figures,
it is seen that the presented method is more efficient than the classical method, even though
they have the same order of convergence (O(N~1)). Theoretical results in this paper represent
ongoing studies in further research, such as systems of neutral-type delay differential equations
and systems of delay integro-differential equations.
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Table 1. The numerical results y1; on (0,2] for Example (PM)

£ U1 y1; (N =64) E(il;64) y1; (N =128) E(il;l%)
0.125 0.9618238 0.9618639 4.011E-5 0.9618338 1.003E-5
0.250 0.8748589 0.8749194 6.048E-5 0.8748740 1.512E-5
0.375 0.7677947 0.7678619 6.717E-5 0.7678115 1.679E-5
0.500 0.6573780  0.6574431 6.508E-5 0.6573943 1.627E-5
0.625 0.5528045 0.5528623 5.784E-5 0.5528190 1.446E-5
0.750 0.4585920 0.4586401 4.802E-5 0.4586040 1.200E-5
0.875 0.3764423 0.3764796 3.731E-5 0.3764516 9.328E-6
1.000 0.3064317 0.3064585 2.676E-5 0.3064384 6.689E-6
1.125 0.2937603 0.2937278 3.251E-5 0.2937522 8.130E-6
1.250 0.3557737 0.3557017 7.206E-5 0.3557557 1.802E-5
1.375 0.4628022  0.4627080 9.417E-5 0.4627787 2.355E-5
1.500 0.5973912  0.5972881 1.031E-4 0.5973654 2.577E-5
1.625 0.7500017 0.7498986 1.030E-4 0.7499759 2.576E-5
1.750 0.9161884 0.9160906 9.777E-5 0.9161639 2.444E-5
1.875 1.0947665 1.0946763  9.006E-5 1.0947439 2.251E-5
2.000 1.2866383 1.2865564  8.189E-5 1.2866179 2.047E-5

Table 2. The numerical results y1; on (0,2] for Example (EM)

ti Ui y1i (N =64) E(il;64) y1i (N =128) E(imzs)
0.125 0.9618238 0.9590151  2.808E-3 0.9603837 1.440E-3
0.250 0.8748589  0.8725952  2.264E-3 0.8736958 1.163E-3
0.375 0.7677947  0.7673395  4.552E-4 0.7675528 2.420E-4
0.500 0.6573780  0.6589237 1.546E-3 0.6581533 7.753E-4
0.625 0.5528045  0.5560544  3.250E-3 0.5544440 1.640E-3
0.750 0.4585920  0.4630781  4.486E-3 0.4608564 2.264E-3
0.875 0.3764423  0.3816883  5.246E-3 0.3790889 2.647E-3
1.000 0.3064317 0.3120265  5.595E-3 0.3092518 2.820E-3
1.125 0.2937603  0.3029936  9.233E-3 0.2984362 4.676E-3
1.250 0.3557737  0.3648288  9.055E-3 0.3603536 4.580E-3
1.375 0.4628022 0.4701154  7.313E-3 0.4664904 3.688E-3
1.500 0.5973912 0.6025919  5.201E-3 0.6000022 2.611E-3
1.625 0.7500017  0.7532979  3.296E-3 0.7516444 1.643E-3
1.750 0.9161884  0.9180229  1.835E-3 0.9170902 9.019E-4
1.875 1.0947665 1.0956353  8.689E-4 1.0951806 4.141E-4
2.000 1.2866383 1.2870027  3.643E-4 1.2867992 1.609E-4
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Table 3. The numerical results ys; on (0,2] for Example (PM)

ti Usg; y2i (N =64) E(L-Z;M) y2i (N =128) E(i2;128)
0.125 0.4127548 0.4127805  2.578E-5 0.4127612  6.443E-6
0.250 0.0698742 0.0698999  2.576E-5 0.0698807  6.438E-6
0.375 —0.1184898 —-0.1184725 1.724E-5 -0.1184855  4.308E-6
0.500 -0.2111177 -0.2111094 8.274E-6 -0.2111156 2.067E-6
0.625 -0.2460945 -0.2460925 2.023E-6 —-0.2460940  5.046E-7
0.750 —-0.2477936  —0.2477944  7.739E-7  -0.2477938  1.942E-7
0.875 -0.2315628 -0.2315633 4.496E-7 -0.2315629 1.126E-7
1.000 -0.2068576 —-0.2068553 2.300E-6 —0.2068570  5.752E-7
1.125 -0.2713230 -0.2712894 3.362E-5 —-0.2713146 8.410E-6
1.250 -0.4652925 -0.4652168 7.563E-5 —0.4652735 1.892E-5
1.375 -0.7338209 -0.7337116 1.093E-4 —-0.7337935 2.732E-5
1.500 -1.0454211 -1.0452922 1.289E-4 —-1.0453889  3.223E-5
1.625 -1.3836807 —1.3835454 1.353E-4 -1.3836469  3.383E-5
1.750 -1.7417846 -1.7416531 1.314E-4 -1.7417517  3.286E-5
1.875 —2.1189797 -2.1188589 1.208E-4 —2.1189495 3.019E-5
2.000 -2.5183298 -2.5182234 1.063E-4 -2.5183032 2.658E-5

Table 4. The numerical results ys; on (0,2] for Example (EM)

t; ug; yoi N=64)  EP gy (N=128) EP?
0.125 0.4127548 0.4273300 1.458E-2 0.4201556 7.401E-3
0.250 0.0698742 0.0883813 1.851E-2 0.0792486 9.374E-3
0.375 —-0.1184898 -0.1012170 1.727E-2  -0.1097641 8.726E-3
0.500 -0.2111177 -0.1971859 1.393E-2 —-0.2041018 7.016E-3
0.625 —-0.2460945 —0.2359904 1.010E-2 -0.2410260 5.069E-3
0.750 -0.2477936 —-0.2412186 6.575E-3 —0.2445135 3.280E-3
0.875 -0.2315628 -0.2279013 3.662E-3  —-0.2297539 1.809E-3
1.000 -0.2068576 —0.2054256 1.432E-3 —-0.2061704 6.872E-4
1.125 -0.2713230 —-0.2787097 7.387E-3 —0.2751257 3.803E-3
1.250 —-0.4652925 —-0.4737964 8.504E-3 —-0.4696458 4.353E-3
1.375 -0.7338209 -0.7402019 6.381E-3 -0.7370757 3.255E-3
1.500 -1.0454211 -1.0488038 3.382E-3 —1.0471381 1.717E-3
1.625 —1.3836807 —1.3843399 6.593E-4 —-1.3840061 3.254E-4
1.750 —-1.7417846 —-1.7404680 1.317E-3 —-1.7411032 6.814E-4
1.875 —-2.1189797 -2.1165491 2.431E-3 -2.1177322 1.247E-3
2.000 -2.5183298 -2.5155890 2.741E-3 —2.5169255 1.404E-3
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Table 5. Comparison of E#) for both methods on (0, 2] for Example

N E(l;N)(PM) E(I;N)(EM) E(Z;N)(PM) E(Z;N)(EM)

32 4.156E-4 1.845E-2 5.410E-4 3.618E-2

64 1.039E-4 9.462E-3 1.353E-4 1.855E-2
128 2.598E-5 4.791E-3 3.384E-5 9.395E-3
256 6.495E-6 2.411E-3 8.459E-6 4.728E-3
512 1.624E-6 1.209E-3 2.115E-6 2.372E-3
1024 4.059E-7 6.056E-4 5.287E-7 1.188E-3

0.020 - o) ELN ECN) B

0.010 -

0.005 -

Max—Errors

0.002 -

0.001 -

100 150 200 300 500 700 1000
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Figure 1. Maximum point-wise errors of log-log plot for Example (EM)
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Figure 2. Maximum point-wise errors of log-log plot for Example (PM)
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