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1. Introduction
Let A(n) denote the class of analytic functions f(z) of the form

f@)=z+ Y apzf, neN={2,3,4,..} (1.1)
k=n+1

in the open unit disk U ={z € C : |z| < 1}. For f(2) € A(n), Libera [2]] defined the Libera integral
operator Lf(z) given by

2 z
Lf(z)= ;](; fdt. (1.2)
Using the above Libera integral operator Lf(z), we introduce the following iterative forms:
Lof)=f() =2+ Y az2", (1.3)
k=n+1
Lif(2)=Lf(2) 2fzf(t)dt + f ( 2 ) k (1.4)
Z)= Z)=— =z arz 5 .
' 2 Jo k=n+1 k+1 *
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00 2 2
Laf(2)=L(Lf(2)) =2+ Z (—) arz" (1.5)
k=n+1 k+1
and
Lif(z)=L(L;_1f(2))=z+ Z (—) apz (1.6)
k=n+1 k+1
for j=1,2,3,....
With the above integral operator L ;f(z), we say that f(z) € A (n,a, ) if f(2) € A(n) satisfies
L
Re (d“#’(cg)) > feos,a zeU, (1.7
for some real « (Ja| < %) and § (0<fB<1).
Noting that
Ljaf) 1 1+Z(Ljf(2)) en (1.8)
L;f(z) 2 L;f(z)
we know that
iaLj-1f(2)\ £ 2(Lif(2))
Re (e —Ljf(z) ) —Re{ 7 (1 + —Ljf(z) )} > fcosa, zeU, (1.9)
for f(z) € Aj(n,a, B). Therefore, if we consider a function f(z) € A(n) given by
Lif(z)=2z(1-2") (1.10)
with
t= —é(l—ﬁ)e_i“cosa, (1.11)
n

then we have that

oL f @) _ o fert( 2"
Re(e Lif@ )—Re{ 5 (2 tnl—z”)}

:cosoc+2(1—,3)cosaRe( ° )
1-2n

>cosa—(1—-pB)cosa
=fBcosa, zeU. (1.12)
Thus, we say that f(z) € A (n,a, p) for f(z) € A(n) given by (1.10).

Remark 1.1. Recently, Guney and OwaE| considered the subclass S(n,a,f) and C(n,a, B) of
A(n) consisting of f(z) which satisfies

Re(ei“w)>ﬁcosa, zeU (1.13)
f@
and
Re(ei“(l+w))>ﬁcosa, zeU (1.14)
f'(z)

respectively, for some real a (Ja|<Z) and (0= <1).
A function f(2) in the class S(n,a, ) is said to be a-spirallike of order  in U.

L H. O. Giiney and S. Owa, Some properties for subordinations of a-spirallike functions of order B, Applied
Mathematics E-Notes (accepted for publication).
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2. Conditions for the Class A (n,a, )
Theorem 2.1. If f(z) € A(n) satisfies
2(Lf=) 1
Ljf(2)
for some real a (lal < %) and B (0 < f <1), then the subclass f(z) € Aj(n,a,p).

<2(1-pB)cosa, zeU, 2.1)

Proof. Let us consider a function w(z) given by
2(L;f(2))
Ljf(z)
for f(z) which satisfies (2.1). Then w(z) is analytic in U, w(0) =0, and |w(z)| <1 (z € U). For
such w(z), we know that

=1+2(1-pB)cosaw(z), (2.2)

LIJ;;IT/(CS) :%(1+%) =1+4+(1-p)cosaw(z) (2.3)
and
Re (ei“%) =cosa + (1 - B)cos a Re(e'*w(z))
>cosa — (1 - f)cos ale'®w(z)|
> fBcosa, zeU. (2.4)
This gives us that f(2) € Aj(n,a, p). O

Next, we consider the following theorem.

Theorem 2.2. If f(z) € A(n) satisfies

i LJ(1+ kol seca)la <1 (2.5)
pone1 LR+ 1 2(1-p) s '

for some real a (la| < %) and B (0 < B <1), then the subclass f(z) € A;(n,a, f).

Proof. For f(z) € A(n), we know that

J J
2L;f@) 1‘ | Ea () k- Darz® | ER, 4 () Gk - Diasl 2.6
; oo J ) J ' '
L;f (@) 145592 0 (B et | 1-22 0 (77) el
Therefore, using (2.1), if f(z) satisfies
2% o1 (52) (k= Dlayl
izns1 (527) — * <2(1- B)cosa, 2.7)
1-Y52 1 (757) lar!
then f(2) € A;(n,a, ). Further, we say that the inequality (2.7) is the same as (2.5).
We consider a function f(z) € A(n) given by
o0
fR)=z+ Y A" (2.8)
k=n+1
with
1 10
Ap-—(nrle , 0=0<2n. 2.9)

(%)J (1 + 2(”’%_1& seca) k(k+1)
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For such f(z), we have

Y |— (1+ k seca|lAxl= ) nt
hent1lk+1 2(1-p) piriq k(R +1)
(n+1) i (1 ! ) 1
=(n — — | =1.
k=n+1 kE k+1

Therefore, a function f(z), given by (2.8), satisfies the equality in (2.5).

3. Coefficient Problems for the Class A (n,a, )

(2.10)

We consider coefficient problems of f(z) € A(n) for the class A j(n,a, B). To consider the above

problems, we need the following lemma by Carathéodory [1].
Lemma 3.1. If p(z) given by

o0
p@)=1+)Y cp2
k=1
is analyticin U and Rep(z)>a (zeU) for 0<a <1, then
lerl<2(1-a), k=1,23,....
The equality in (3.2) is given by
1+(1-2a)z
1-z
With Lemma 3.1, we have

p(z) =

Lemma 3.2. If p(z) given by

(e ]
p@)=1+) cp2*, n=1,23,...
k=n

is analyticin U and Rep(z)>a, ze U for 0<a <1, then
lepl<2(1-a), k=n,n+1,n+2,....

The equality in is given by
p(2) = 1+(1—2a)zn.

1-2z7

Using Lemma we show

Theorem 3.1. If f(2) € A;(n,a, ), then
4|et — Bcosal (n +2)j

<
|an+1| = n 9
and
4 ia _ E+1 Jk-2 4 ia _
ay] < le ﬁcosal( + ) 1_[(1+|e—,6c0sa| . k=n+2,n+3,n+4,....
k-1 2 ) U I
Inequalities and (3.8) hold for function f(z) € A(n) such that
z
Lif(z)= m
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with
4(1- mia
g 2L~ Peosae ) (3.10)
n—1
Proof. We define a function p(z) by
Lol peosa
p(2) = (3.11)

el — Bcosa
for f(z2) € Aj(n,a,p). Then p(z) is analytic in U, Re p(z) >0 (z € U), and can be written by

pz)=1+ Z ckzk_l. (3.12)
k=n+1
It follows from (3.11) that
ei“Lj_lf(z) —fBeosaLf(z)= (e'% - Bcos a)p(2)L;f(2). (3.13)

We also note that

. . o0 J :
e'®Lj_1f(2)— PcosaL;jf(z) =(e'"* — fcosa)z + ) (i) (k+1e’“—,3cosa)akzk (3.14)
k=n+1 k+1 2

and

. . 00 00 J
(em—ﬁcosa)p(z)Lj(z):(em—ﬁcosa)(1+ 3 ckzk‘l)(z+ 2 (%) akzk)- (3.15)

k=n+1 k=n+1
Let us consider the coefficients of z* in analytic in (3.14) and (3.15). Then, we have that

2 V(k-1 . 2 2
( ) ( )ak:(ew‘—ﬁcosa){ck+(n—) Ck—nan+1+(n—) Ck-n—-10n+2

kE+1 2 +2 +3

2 \/ 2
+ ;j;z) Ck—n—zan+3+w-v+(k__n) Cn+2Qk—n-1
9 J
+(m cn+1ak_n}. (3.16)
Since
lepl<2, k=n+1,n+2,n+3,... (8.17)

by Lemma (3.2, we obtain that

( 2 )j(k_1)| | <2le'® — Beosal 1+( 2 )j| |+( 2 )j| |
E+1) T2 Jlari=le Tpeosa n+2) T\ g 192

2 \/ 2 \/ 2 )/
e e | — e _ . (3.18
+(n+4)|am£|+ +(k_n)|ak711|+(k_n_l)|akn| ( )

Ifk=n+1, then

2 \/ .
(m) (g) lans1] < 2lei® — Beos al (3.19)

or

(3.20)

lans1l <

2

4le'® - Bcosal (n+2)j
. .
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If R =n+2, then

( 2 )j(n+1)| < 9eia | 1+( 2 )jl |
w3 2 Op+2l = 4le Beosa 2 An+1

and
4le'® — Beosal (n+3) 2\ 4le!®—Beosal (n+2)/
lan ol < 1+
n+1 2 n+2 n 2
_ 4le'® — Bcosa (n+3)j(1+ 4|el® —,Bcosal)' 3.21)
n+1 2 n
Further, if £ =n + 3, then
2 V(n+2 : 2V 2 \/
(—n+4) (—2 )Ian+3|52|e‘“—ﬁcosa|{1+(—n+2) |an+1|+(—n+3) |an+2|} (3.22)
and
s < 4Iei“—,6cosa| (n+4)j{l+ 4|ei“—,6cosa| N 4|ei“—,Bcosa| (1+ 4|ei“—ﬁcosa|)}
n+2 2 n n+1 n
_ 4]e'® — Bcos al (n+4)j(1+ 4|ei“—ﬁcosa|) (1+ 4|ei“—ﬁcosa|)' (3.23)
n+2 2 n n+1

Therefore, the theorem holds for e =n+1,n+2,n+3,.... By applying mathematical induction,
we obtain that

4let® — Beosal (k + l)jk‘z( 4let® — ,Bcosal)
< 1+ —FF— 3.24
lal P 5 l]‘[ + ; : (3.24)
forifk=n+1,n+2,n+3,....
Finally, we consider a function p(z) given by
142771
p(z)= i (3.25)
Then, we see that
Lj1f(2) _ 1+(1—2,6c0s05f'i‘")z”'1 (3.26)
Lif(2) 1-27-
and that
L: ! 1 4(1- —iay,n—2
(L;f(2)) _1, (1-Bcosae %)z (3.27)
Lif(z) =z 1-—2zn"1
by (1.8). Therefore, we have
4(1- i
log(L ;f(2)) = logz (1=feosae )y (1 - on-1y (3.28)
and
z
Ljf(z) = m (3.29)
with
4(1- —ia
p = 22 = peosae ™) (3.30)
n—-1
]
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4. Subordination Problems

Let functions f(z) and g(z) be analytic in U. Then f(z) is said to be subordinate to g(z), written
f(2) < g(z), z€ U, if there exists a function w(z) analytic in U with w(0) =0 and |w(z)|<1,zeU
and such that f(z) = g(w(2)) (see, Miller and Mocanu [3]]).

For subordinations, we have

Theorem 4.1. If f(z) € A(n) satisfies
2(L;f(2)) _1-(1-40 - p)cos ae %)
L;f(z) 1-27 ’
for some real « (Ial < %) and B (0= p<1), then f(z)EA;(n,a,p), j=1,2,3,....

zelU (4.1)

Proof. We note that
iaLj-1f(@)\ | [e'® 2(L;f(z))
Re(e m)—Re{7(1+W)}>ﬁcos,a zelU (4.2)
for f(z) € Aj(n,a,p). Since

el@ (1+ Z(Ljf(Z)),) - % {21—(1—2(1—,B)cosae_i“)z” }

2 L;f(2) 1-27
_ m{1—(1—2(1—ﬁ)cosae‘1“)zn}, 4.3)
1-2z7
we have that
- Li_1f(2) eld 2(Lif(2))
et e )
e(e Lif@ )2 UL
:Re{ei“+2(1—,6)cosa ? }
1-2n
>cosa—(1—-pP)cosa=Pcosa, zeU. (4.4)

This completes the proof of the theorem.
A sequence {b;};; of complex numbers is said to be a subordinating factor sequence if
whenever

f(2)=z+ oiakzk (4.5)
is analytic, uni\]:;fent and convex in U, we have

i brarzt < f(z), zeU (4.6)
with of 1: 1: 1. For such subordinating factor sequences, Wilf [4] gave the following result. O

Lemma 4.1. The sequence {b;};2 is a subordinating factor sequence if and only if

Re(1+ZZbkzk)>0, zeU. (4.7)
k=1
For functions f(z) and g(z) given by
o0
f@=z+ Y apzFeAn) (4.8)
k=n+1
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and
g2)=z+ Y bpZFeA) (4.9)
k=n+1
the convolution (f = g)(z) is given by

(Fre)a)=z+ Y apbp2". (4.10)
k=n+1

By the relation (1.8), we know that
1 .
Liaf@)=5 (2L;f(2)), jeN. (4.11)
We specially consider the case j =0 in (4.11). Then, we have

L_lf(z):l(zf(z))’:z+ f (k+1)akzk. (4.12)
2 k=n+1 2

With (4.12), we introduce the subclass Ay(n,a,f) of A(n) by
i(xL—lf(Z)) _ ( ia M
Re(e Lof ) =Re|e Q)

for some real « (Ial < %) and B (0<B<1).

1+

))>,6cosa, zeU (4.13)

It is clear that Theorem [2.2|gives us the following lemma.
Lemma 4.2. If f(z) € A(n) satisfies
& k-1
> (1 +
el 201=P)
for some real a (la| < %) and B (0<B<1), then f(z)e Ao(n,a, ).

seca) lap] <1 (4.14)

Now, we derive

Theorem 4.2. If f(z) € A(n) be satisfy the coefficient inequality (4.14) and g(z) € A(1) be convex
in U. Then
2(1-B)+nseca

2{4(1-B) +nseca}
In particular

(f xg)z)<g(z), zel. (4.15)

4(1-B)+nseca
2(1-B)+nseca’
The constant in (4.15) can not be replace by any lager one.

Ref(2)>— eU. (4.16)

Proof. Let us consider a function f(z) € A(n) given by (4.8) and a function g(z) € A(n) given by
(4.9). Then, we know

2(1-B)+nseca _ 2(1-p)+nseca & 3
2@(1=p+nsecal’ 89 = 241 py+ nsecal (Z * k:%l“kbkz ) (4.17)
It follows from Lemma [4.1],

S 2(1-p)+nseca k
Re{1+2]§1 2{4(1—ﬂ)+nseca}akz }
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:Re{1+2(1—ﬁ)+nseca(

(o,0] k
E . 4.1
1(1- P+ nseca zZ+ apz )}>O, zelU (4.18)

k=n+1
We see that

2(1-p)+nseca & k
Re{1+ 4(1-B)+nseca (z+k§+1akz )}

:Re{1+2(1—[3)+nseca + 21-p) i (1+ n secoc)akzk}

4(1—ﬁ)+nsecaz 4(1-pB)+nseca , ¢ 2(1-p)
2(1-p)+nseca 2(1-p) > k-1 B
 4(1-B)+nseca ¢ _4(1—,3)+nsecak:n+1( Jr2(1—,6) seca) lallz]
2(1-pB)+nseca 2(1-p) nil
- 4(1-pB)+nseca ‘ _4(1—,3)+nsecoz ¢l
=1-|z|>0, zeU. (4.19)

This implies the subordination (4.15).
Next, we take g(z) given by

g)=——=z+) 2FcA). (4.20)
1 —Z k:2
Then, g(z) satisfies
1 1
Re(1+zg (Z)):Re( +Z)>o, 2eU. (4.21)
g'(2) 1-2z
Thus g(z) is convex in U. Further, we take the function f(z) € A(n) given by
f(2)=z+ Z akzk, zeU (4.22)
k=n+1
with
2(n +1)(1 - Bet?
= <0 <2m. 4.23
T QAP +k-Dsecakb+1) =T (4.23)
Then, f(z) satisfies
°° k-1 X n+l X (1 1
1+ seca |lagp| = =(n+1) (———) =1. (4.24)
k:;+1( 2(1-p) )| ¢ k§+1k(k+1) k:§+1 k. k+1

This function, f(z) € A(n) satisfies (4.15).
Further, we see that

. { 2(1-B)+nseca
|z|<ri ¢ 2{4(1 - B) + nseca}

(f *g)(z)}

—minR{ 2(1-p)+nseca
S ¢ 2{4(1- B) +nseca}

)
. 2(1-B)+nseca S k
- fg};‘iRe{z{4(1_ﬁ)+nseca} e )}

__2(0-p)+nseca <
~ 2{4(1-p)+nseca} (1+k§+1|ak|)

f@}
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_ ) 2(0-p)+nseca N n+DA-p & 1
2{4(1-p)+nsecal 4(1-p)+nseca = k(k+1)
1

with (4.23). Since the function g(z) € A(1) given by (4.2) satisfies Reg(z) > —l, zeU,

the constant % is the best possible. O

Remark 4.1. We tried to get a suitable function g(z) € A(n) in Theorem But we did not get
any good g(z) € A(n) in our paper. Hence, we consider the convex function g(z) € A(1) defined
in (4.20).

5. Appendix
We consider Libera integral operator L ;f(z) for f(2) € A(n). Further, we introduce L_1f(2) by

L_if(2)= —(zf(z)) e+ Y (k+1)akzk. 5.1)
In order to use (5.1)), we 1ntroc]iiu’(l:;1
2f(z)——(zL 1f(@) =z+ i (k;l) apz” (5.2)
. E=n+1
L_j_ 1f(z)——(zL_]f(z)) =z+ i (kgl)ﬁlakzk (5.3)
k=n+1

for j=0,1,2,.... For such L_;f(z), we consider a subclass A_;(n,a, §) of A(n) by
Re (ei“L—_j_lf(Z)
L_;f(2)

for some real « (Ja| < 7—2’) and S (0<pB<1).

) > fcosa, zeU (5.4)

With Theorem we can prove the following result for f(z) € A_;(n,a, p).

Theorem 5.1. If f(z) € A(n) satisfies

X [k+1]/ k-1
— (1 =<1 5.5
k=§+1 5 ( + 21 p) seca) lag| < (5.5)

for some real a (la| <%) and B (0 < < 1), then the subclass f(z) € A_j(n,a, ).
Using Theorem we derive

Theorem 5.2. If f(z) € A(n) be satisfy the coefficient inequality and g(z) € A(1) be convex
in U. Then
2(1-B)+nseca
2{4(1-p) +nseca}
In particular

(fxg)z)<g(z), zelU. (5.6)

4(1-pB)+nseca
2(1-pB)+nseca’
The constant in (5.6) cannot be replaced by any larger one.

Ref(z)> - eU. (5.7)
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The manner of the proof is the same as the proof of Theorem

6. Conclusion

Using Libera integral operator Lf(z), we introduce the new subclass Aj(n,a,p) of A(n).
The coefficient and subordinate problem of class A;(n,a,) has been solved. Some results
obtained by giving detailed proofs of theorems are presented.
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