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1. Introduction
A very fundamental and a centuries-old topic in the field of numerical analysis is to find the zeros
of a single variable polynomial equations. As Galois theorem states that for the polynomial
equation that have a general solution are those of degree less or equal to four. Thus, we turn to
iterative approaches to find zeros of a non-linear polynomial. In the literature of finding the
roots of a higher degree equations, Halley, Chebyshevand Super-Halley method are very effective
third order iterative methods. Osada [10], Neta [8], Chun and Neta [2], Ren and Argyros [13],
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Ivanov [7], Das and Kumar [3] and numerous other researchers have established iteration
procedure to solve a non-linear equation with multiple zeros.

For multiple zeros, Chebyshev method ([1,9,14]) has the following form:

C(s)=
{

s− p2

2
h(s)
h′(s)

(
3−p

p + h(s)
h′(s)

h′′(s)
h′(s)

)
, if h′(s) ̸= 0,

s, otherwise.
(1.1)

For multiple zeros, Halley method ([5,9,14]) has the following form:

H(s)=
s−

(
p+1
2p

h′(s)
h(s) − 1

2
h′′(s)
h′(s)

)−1
, if h(s) ̸= 0,

s, otherwise.
(1.2)

For multiple zeros, Super-Halley method ([4]) has the following form:

S(s)=

s− h(s)
2h′(s)

(
p+ 1

1− h(s)
h′(s)

h′′(s)
h′(s)

)
, if h′(s) ̸= 0,

s, otherwise.
(1.3)

In this article, we have merged the above three third order iterative techniques to form our
CHS Mean Method.

Convergence of the Picard iterative technique

sk+1 = Tsk, k = 0,1,2, . . . , (1.4)

where T : D → M is the function of iteration, has been studied by Proinov [11,12] and thereafter
Ivanov [6]. Also, they have used two kinds of initial conditions in establishing the convergence
theorem. Here in this article we observe convergence of our mean iterative approach with help
of same initial conditions.

This article is constructed as follows: In Section 2, we have structured our CHS Mean
iterative method. In Section 3, we have showed local convergence of our proposed CHS mean
iterative approach for a polynomial which has multiple type zeros using two different kinds of
initial conditions.

2. Construction of the Method
In this section, we have structured our method by using three third order methods Chebyshev,
Halley method and Super-Halley method. We have structured our CHS Mean Methods in
the following form:

T(s)=


s− p2

6
h(s)
h′(s)

(
3−p

p + h(s)
h′(s)

h′′(s)
h′(s)

)
− 1

3

(
p+1
2p

h′(s)
h(s) − 1

2
h′′(s)
h′(s)

)−1

− h(s)
6h′(s)

(
p+ 1

1− h(s)
h′(s)

h′′(s)
h′(s)

)
, if h(s) and h′(s) ̸= 0,

s, otherwise.

(2.1)

The set D is the domain of our mean iterative function T (2.1) and given by following:

D =
{

s ∈ F : h(s) ̸= 0, h′(s) ̸= 0, 1− h(s)
h′(s)

h′′(s)
h′(s)

̸= 0 and
p+1
2p

h′(s)
h(s)

− 1
2

h′′(s)
h′(s)

̸= 0
}

. (2.2)
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3. Local Convergence
Let F be a field, which has the norm | · | and F[s] be the ring of polynomials. Let h(s) be
a non-linear polynomial of degree q. Let F has all the zeros of h(s). Suppose ζ is a zero of h(s)
having multiplicity p. We will use the function of initial conditions I to prove the convergence
of the CHS mean iterative approach (2.1) and is defined as follows:

I(s)= Ih(s)= |(s−ζ)|
d

, (3.1)

where d is the distance from ζ to the closest zero of h, if ζ is the sole zero of h, then we assign
I(s)= 0.

Lemma 3.1. Let F contains all zeros of h, where h ∈ F[s] is a non-linear polynomial of degree
q (≥ 2). Let the zeros of h(s) be ζ1, . . . ,ζs and p1, . . . , ps, respectively be the multiplicities of the
zeros. Then

(i) For any i = 1, . . . , s, we have the following:
h′(s)
h(s)

= pi +αi

s−ζi
,

where αi = (s−ζi)
∑
j ̸=i

p j
s−ζ j

, h(s) ̸= 0, s ∈ F .

(ii) For any i = 1, . . . , s, we have
h′′(s)
h′(s)

= (pi +αi)2 − (pi +βi)
(s−ζi)(pi +αi)

,

where βi = (s−ζi)2 ∑
j ̸=i

p j
(s−ζ j)2

, h(s) ̸= 0 and h′(s) ̸= 0, s ∈ F .

Proof. (i): From
h′(s)
h(s)

=
s∑

j=1

p j

s−ζ j
,

we have
h′(s)
h(s)

=
s∑

j=1

p j

s−ζ j
= pi

s−ζi
+∑

j ̸=i

p j

s−ζ j

= pi +αi

s−ζi
,

where αi = (s−ζi)
∑
j ̸=i

p j
s−ζ j

.

This proves (i).

(ii) We will use the following identities to prove (ii).
h′′(s)
h′(s)

= h′(s)
h(s)

− h(s)
h′(s)

s∑
j=1

p j

(s−ζ j)2 and
s∑

j=1

p j

(s−ζ j)2 = pi +βi

(s−ζi)2 .

Using the above identities and the identity in (i), we get the following:
h′′(s)
h′(s)

= (pi +αi)2 − (pi +βi)
(s−ζi)(pi +αi)

,

where βi = (s−ζi)2 ∑
j ̸=i

p j
(s−ζ j)2

.
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Lemma 3.2. Let s, ζ ∈ F and ζ1, . . . ,ζs ∈ F be the zeros of h which are other than ζ. Then

|s−ζ j| ≥ (1− I(s))d, for any j = 1, . . . , s, (3.2)

where I : F → R+ is given in (3.1).

Proof. Clearly d ≤ |ζ−ζ j|, for all j = 1, . . . , s.
Consequently, following can be obtained by employing the triangle and the aforementioned
inequality.

|s−ζ j| = |ζ−ζ j + s−ζ| ≥ |ζ−ζ j|− |s−ζ| ≥ (1− I(s))d.

3.1 Local Convergence Theorem of First Kind
Let h be a non-linear polynomial of degree q in the ring of polynomial F(s). We use the previously
defined function of initial condition (3.1), I : D → R+ to prove the first kind convergence of
the CHS Mean Iterative approach (2.1).

We now define two functions φc and φh and are defined as following:

φc(u)= 2(q− p)3u+ p(q− p)(3q−2p)(1−u)
2(p− qu)3 u2, (3.3)

φh(u)= q(q− p)
q(3p− q)u2 −2p(p+ q)u+2p2 u2. (3.4)

One can easily show that φc is a second degree quasi-homogeneous on
[
0, p

q
)
. Clearly, φh is a

second degree quasi-homogeneous on the interval
[
0, 2p

q+p+
p

(q−p)(5q−p)

)
.

Here, we will define two functions φsn and φsd and they are define as following:

φsn(u)= (q− p)
(
2(q− p)u

1−u
+ q

)
u2, (3.5)

φsd(u)= 2(p− qu)((2p− q)u2 −2pu+ p)
1−u

. (3.6)

Clearly, the function φsn is positive on [0,1). One can easily show that φsn second degree quasi-
homogeneous function on [0,1). The function φsd is decreasing and positive on the interval [0,τ),
where τ is defined below:

τ=


p
q , if q ≥ 2p,

p
p+
p

p(q−p)
, if q < 2p. (3.7)

With the help of (3.5), (3.6) and (3.7), we have defined a function φs : [0,τ)→ R+ and which is
defined as follows:

φs(u)= φsn

φsd
= (q− p)(q+ (q−2p)u)u2

2(p− qu)((2p− q)u2 −2pu+ p)
. (3.8)

Using the properties of quasi-homogeneous functions mentioned in [12], we can say that φs is a
second degree quasi-homogeneous function on [0,τ).

Using (3.3), (3.4) and (3.8), we have defined a function φ :
[
0, p

p+
p

(q−p)p

) → R+, which is

basically the mean of the three functions φc(u),φh(u) and φs(u) and is defined by

φ(u)= φc(u)
3

+ φh(u)
3

+ φs(u)
3

. (3.9)
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As φc(u), φh(u) and φs(u) all are quasi homogeneous functions of second degree, therefore φ is
also second degree quasi-homogeneous on the interval

[
0, p

p+
p

(q−p)p

)
.

Lemma 3.3. Let F contains all zeros of the polynomial h(s) ∈ F[s] and ζ be one such multiple
type zero, which has the multiplicity p. Let s ∈ F satisfies the following

I(s)< τ1 = p

p+√
p(q− p)

, (3.10)

where I is given by equation (3.1) and the value of τ1 is defined by the above equation (3.10).
Then, the following holds:

(i) s lies in D, where D is the domain set (2.2) of the method.

(ii) |Ts−ζ| ≤φ(I(s))|s−ζ|, the function φ given by equation (3.9).

Proof. Let s ∈ F such that the inequality (3.10) holds. If s = ζ or p = q or both s = ζ and p = q
holds, then Ts = ζ. Therefore, both of the lemma’s claims are true. Now, we will consider
the remaining case, i.e., s ̸= ζ and p ̸= q. Let us suppose that ζ1, . . . ,ζm is the collection of all
different zeros of the non-linear polynomial h and let p1, . . . , pm be the respective multiplicity of
the roots. Let ζ= ζi , p = pi , α=αi and β=βi for some i (1≤ i ≤ m), where αi and βi defined in
Lemma 3.1.

In order to establish (i), we have to show that h(s) ̸= 0 and h′(s) ̸= 0 implies 1− h(s)
h′(s)

h′′(s)
h′(s) ̸= 0

and p+1
2p

h′(s)
h(s) − 1

2
h′′(s)
h′(s) ̸= 0.

Using Lemma 3.2 and (3.10), we get

|s−ζ j| ≥ (1− I(s))d > 0, (3.11)

for all j ̸= i. The above inequality (3.11) guarantees that h(s) ̸= 0. Hence from Lemma 3.1,
we can have

h′(s)
h(s)

= p+α
s−ζ , (3.12)

where α= (s−ζ) ∑
j ̸=i

p j
s−ζ j

.

Consequently, the following can be obtained by employing the triangle and the aforementioned
inequality (3.11),

|α| ≤ |s−ζ|∑
j ̸=i

p j

|s−ζ j|
≤ |s−ζ|

(1− I(s))d

∑
j ̸=i

p j = (q− p)I(s)
1− I(s)

. (3.13)

With the help of triangle inequality and (3.13) and as I(s)< τ1 ≤ p
q , we get the following:

|p+α| ≥ p−|α| ≥ p− (q− p)I(s)
1− I(s)

= p− qI(s)
1− I(s)

> 0. (3.14)

This shows that p+α ̸= 0. Hence h′(s) ̸= 0.
Therefore, Lemma 3.1 gives us

h′′(s)
h′(s)

= (p+α)2 − (p+β)
(s−ζ)(p+α)

, (3.15)

where β= (s−ζ)2 ∑
j ̸=i

p j
(s−ζ j)2

.
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Using the equation (3.12) and equation (3.15), we get

1− h(s)
h′(s)

h′′(s)
h′(s)

= 1− (s−ζ)
p+α

(p+α)2 − (p+β)
(s−ζ)(p+α)

= p+β
(p+α)2 . (3.16)

Following estimate can be obtained with the help of triangle inequality, equation (3.11) and
I(s)< τ1,

|β| ≤ (q− p)I(s)2

(1− I(s))2 and |p+β| ≥ p−|β| ≥ φsd(I(s))
2(p− qI(s))(1− I(s))

> 0. (3.17)

From above, we conclude that∣∣∣∣1− h(s)
h′(s)

h′′(s)
h′(s)

∣∣∣∣> 0.

Now it remains to prove that p+1
2p

h′(s)
h(s) − 1

2
h′′(s)
h′(s) ̸= 0,

p+1
2p

h′(s)
h(s)

− 1
2

h′′(s)
h′(s)

= 1
2

(
p+α

p
+ p+β

p+α
)

1
s−ζ

=
(
1+ α2 + pβ

2p(p+β)

)
1

s−ζ
= 1+σh

s−ζ ,

where

σh = α2 + pβ
2p(p+β)

.

Now,

|σh| =
∣∣∣∣ α2 + pβ
2p(p+β)

∣∣∣∣≤ |α|2 + p|β|
2p|(p+β)| ≤

q(q− p)I(s)2

2p(1− I(s))(p− qI(s))
.

Now,

|1+σh| ≥ 1−|σh| ≥ 1− 1
2p

q(q− p)I(s)2

(1− I(s))(p− qI(s))
= q(3p− q)I(s)2 −2p(p+ q)I(s)+2p2

2p(1− I(s))(p− qI(s))
> 0.

The above inequality assures that 1+σh ̸= 0.
Consequently, s ∈ D. This ensures the proof of the first portion of Lemma 3.3.

To prove (ii), we use the recurrence relation of our method,

Ts−ζ= s−ζ− p2

6
h(s)
h′(s)

(
3− p

p
+ h(s)

h′(s)
h′′(s)
h′(s)

)
− 1

3

(
p+1
2p

h′(s)
h(s)

− 1
2

h′′(s)
h′(s)

)−1

− h(s)
6h′(s)

(
p+ 1

1− h(s)
h′(s)

h′′(s)
h′(s)

)

= s−ζ− (s−ζ)
3

[
1− p

2
3(p+α)2 − p(p+β)

(p+α)3

]
− 1

3
s−ζ

1+σh
− (s−ζ)

6(p+α)

[
p+ (p+α)2

p+β
]

= s−ζ
3

σh

1+σh
+ (s−ζ)

3
2(p+α)3 −3p(p+α)2 + p2(p+β)

2(p+α)3 + (s−ζ)
3

[
1− 2p2 + pβ+2pα+α2

2(p+α)(p+β)

]
= s−ζ

3
σh

1+σh
+ (s−ζ)

3

[
2α3 +3pα2 + p2β

2(p+α)3

]
+ (s−ζ)

3

[
2αβ+ pβ−α2

2(p+α)(p+β)

]
=σ(s−ζ),
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where

σ= 1
3

([
σh

1+σh

]
+

[
2α3 +3pα2 + p2β

2(p+α)3

]
+

[
2αβ+ pβ−α2

2(p+α)(p+β)

])
. (3.18)

To find the estimate of |σ|, we use (3.13) and (3.14),

|σ| ≤ 1
3

(∣∣∣∣[ σh

1+σh

]∣∣∣∣+ ∣∣∣∣[2α3 +3pα2 + p2β

2(p+α)3

]∣∣∣∣+ ∣∣∣∣[ 2αβ+ pβ−α2

2(p+α)(p+β)

]∣∣∣∣)
≤ 1

3

([ |σh|
1−|σh|

]
+

[
2|α|3 +3p|α|2 + p2|β|

2|(p+α)|3
]
+

[
2|α||β|+ p|β|+ |α|2
2|(p+α)||(p+β)|

])

≤ 1
3

q(q− p)I(s)2

q(3p− q)I(s)2 −2p(p+ q)I(s)+2p2 +
2

(
(q−p)I(s)

1−I(s)

)3 +3p
(

(q−p)I(s)
1−I(s)

)2 + p2 (q−p)I(s)2

(1−I(s))2

6
(

p−qI(s)
1−I(s)

)3

+
2 (q−p)I(s)

1−I(s)
(q−p)I(s)2

(1−I(s))2 + p (q−p)I(s)2

(1−I(s))2 +
(

(q−p)I(s)
1−I(s)

)2

6 p−qI(s)
1−I(s)

φsd(I(s))
2(p−qI(s))(1−I(s))

= 1
3

[φh(I(s))+φc(I(s))+φs(I(s))]

=φ(I(s)),

which proves (ii).

Theorem 3.1. Let F contains all zeros of the polynomial h(s) ∈ F[s] and ζ be one such multiple
type zero, which has the multiplicity p. Let s0 ∈ F satisfies the following initial condition

I(s0)< τ1 and φ(I(s0))< 1. (3.19)

Equation (3.1) defines function I : D → R+ and equation (3.9) defines function φ. Then following
holds.

(i) The method is defined, has an order of convergence of three, and converges to ζ.
(ii) The error estimations are as follows:

|sm+1 −ζ| ≤µ3m |sm −ζ| and |sm −ζ| ≤µ(3m−1)/2|s0 −ζ|, for all m ≥ 0, (3.20)

where µ=φ(I(s0)).
(iii) Following provides a posteriori error estimate,

|sm+1 −ζ| < 1
(Rd)2 |sm −ζ|3, for all m ≥ 0, (3.21)

here R is the unique solution of φ(t)= 1 in (0,τ1).

Proof. Lemma 3.3 and [6, Theorem 1] gives the proof.

3.2 Local Convergence Theorem of Second Kind
Let F be a field, which has the norm | · | and F[s] be the ring of polynomials. Let h(s) be
a non-linear polynomial of degree q. Let F has all the zeros of h(s). Suppose ζ is a zero of h(s)
having multiplicity p. We will use the function of initial conditions I to prove the convergence
of the CHS mean iterative approach (2.1) and is defined as follows:

I(s)= Ih(s)= |(s−ζ)|
ρ(s)

, (3.22)
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where ρ(s) is the distance from s to the closest zero of h other than ζ, if ζ is the sole zero of h
then we assign I(s)= 0.

We have defined three real valued functions ϑc, ϑh and ϑs. For q > p ≥ 1, the functions are
defined as follows:

ϑc(u)= 2(q− p)3u3 + p(q− p)(3q−2p)u2

2(p− (q− p)u)3 , (3.23)

ϑh(u)= q(q− p)u2

2p2 −2p(q− p)u− q(q− p)u2 (3.24)

and

ϑs(u)= (q− p)(q+2(q− p)u)u2

2(p− (q− p)u)(p− (q− p)u2)
. (3.25)

Above defined three functions are quasi-homogeneous functions of second degree on [0,τ2),
where τ2 is defined by

τ2 = 2p

q+
√

q2 +4(q− p)2
. (3.26)

Therefore, a real valued function can be defined using the above three real valued functions.
Let ϑ : [0,τ2)→ R+ be the function defined as follows:

ϑ(u)= ϑc(u)
3

+ ϑh(u)
3

+ ϑs(u)
3

. (3.27)

As all the functions ϑc(u), ϑh(u) and ϑs(u) are quasi-homogeneous of second degree, hence ϑ is
also a second degree quasi-homogeneous in [0,τ2).

Lemma 3.4. Let F contains all zeros of the polynomial h(s) ∈ F[s] and ζ be one such multiple
type zero, which has the multiplicity p. Let s ∈ F satisfies the following:

I(s)< τ2, (3.28)

here I is given in (3.22). Then

(i) s ∈ D. Here D is the domain set (2.2) of the method.

(ii) |Ts−ζ| ≤ϑ(I(s))|s−ζ|, where the function ϑ is defined in (3.27).

Proof. Let s ∈ F such that the inequality (3.28) hold. Now if s = ζ or p = q or both s = ζ and
p = q are true, then Ts = ζ. Therefore, both of the lemma’s claims are true. Now, we will consider
the remaining case, i.e., s ̸= ζ and p ̸= q. Suppose ζ1, . . . ,ζm is the collection of all distinct zeros
of the non-linear polynomial h and let p1, . . . , pm be the respective multiplicity of the roots. Let
ζ= ζi , p = pi , α=αi and β=βi for some i (1≤ i ≤ m), where αi and βi defined in Lemma 3.1.

In order to establish (i), we have to show that h(s) ̸= 0 and h′(s) ̸= 0 implies 1− h(s)
h′(s)

h′′(s)
h′(s) ̸= 0

and p+1
2p

h′(s)
h(s) − 1

2
h′′(s)
h′(s) ̸= 0.

For each j ̸= i we have the following

|s−ζ j| ≥ ρ(s)> 0, (3.29)

which shows that h(s) ̸= 0. Hence, Lemma 3.1 gives
h′(s)
h(s)

= p+α
s−ζ , (3.30)
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where α= (s−ζ) ∑
j ̸=i

p j
s−ζ j

.

Applying the triangle inequality and (3.29), we get the following inequality,

|α| ≤ |s−ζ|∑
j ̸=i

p j

|s−ζ j|
≤ |s−ζ|

ρ(s)

∑
j ̸=i

p j = (q− p)I(s). (3.31)

Applying the triangle inequality, inequality (3.31) and I(s)< τ2, we get the following:

|p+α| ≥ p−|α| ≥ p− (q− p)I(s)> 0. (3.32)

This guarantees p+α ̸= 0. Hence h′(s) ̸= 0.
Therefore, Lemma 3.1 gives us the following:

h′′(s)
h′(s)

= (p+α)2 − (p+β)
(s−ζ)(p+α)

, (3.33)

where β= (s−ζ)2 ∑
j ̸=i

p j
(s−ζ j)2

.

Using (3.30) and (3.33), we deduce the following:

1− h(s)
h′(s)

h′′(s)
h′(s)

= 1− (s−ζ)
p+α

(p+α)2 − (p+β)
(s−ζ)(p+α)

= p+β
(p+α)2 . (3.34)

Therefore, by triangle inequality, equation (3.29) and I(s)< τ2, we arrive at the following:

|β| ≤ (q− p)I(s)2 and |p+β| ≥ p−|β| ≥ p− (q− p)I(s)2 ≥ 0. (3.35)

Applying inequality (3.35) in equation (3.34), we get∣∣∣∣1− h(s)
h′(s)

h′′(s)
h′(s)

∣∣∣∣> 0.

Now it remains to prove that p+1
2p

h′(s)
h(s) − 1

2
h′′(s)
h′(s) ̸= 0,

p+1
2p

h′(s)
h(s)

− 1
2

h′′(s)
h′(s)

= 1
2

(
p+α

p
+ p+β

p+α
)

1
s−ζ

=
(
1+ α2 + pβ

2p(p+β)

)
1

s−ζ
= 1+σh

s−ζ ,

where

σh = α2 + pβ
2p(p+β)

.

Now,

|σh| =
∣∣∣∣ α2 + pβ
2p(p+β)

∣∣∣∣≤ |α|2 + p|β|
2p|(p+β)| ≤

q(q− p)I(s)2

2p(1− I(s))(p− qI(s))
.

Now,

|1+σh| ≥ 1−|σh| ≥ 1− q(q− p)I(s)2

2p(1− I(s))(p− qI(s))
= q(3p− q)I(s)2 −2p(p+ q)I(s)+2p2

2p(1− I(s))(p− qI(s))
> 0.

Hence 1+σh ̸= 0.
Consequently, s ∈ D. This conclude the proof of (i).
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To prove the second part we use the recurrence relation of our method,

Ts−ζ= s−ζ− p2

6
h(s)
h′(s)

(
3− p

p
+ h(s)

h′(s)
h′′(s)
h′(s)

)
− 1

3

(
p+1
2p

h′(s)
h(s)

− 1
2

h′′(s)
h′(s)

)−1

− h(s)
6h′(s)

(
p+ 1

1− h(s)
h′(s)

h′′(s)
h′(s)

)

= s−ζ− (s−ζ)
3

[
1− p

2
3(p+α)2 − p(p+β)

(p+α)3

]
− 1

3
s−ζ

1+σh
− (s−ζ)

6(p+α)

[
p+ (p+α)2

p+β
]

= s−ζ
3

σh

1+σh
+ (s−ζ)

3
2(p+α)3 −3p(p+α)2 + p2(p+β)

2(p+α)3 + (s−ζ)
3

[
1− 2p2 + pβ+2pα+α2

2(p+α)(p+β)

]
= s−ζ

3
σh

1+σh
+ (s−ζ)

3

[
2α3 +3pα2 + p2β

2(p+α)3

]
+ (s−ζ)

3

[
2αβ+ pβ−α2

2(p+α)(p+β)

]
=σ(s−ζ),

where σ is given by

σ= 1
3

([
σh

1+σh

]
+

[
2α3 +3pα2 + p2β

2(p+α)3

]
+

[
2αβ+ pβ−α2

2(p+α)(p+β)

])
. (3.36)

To estimate |σ| we use the estimates (3.31), (3.32) and (3.35) and is given below:

|σ| ≤ 1
3

(∣∣∣∣[ σh

1+σh

]∣∣∣∣+ ∣∣∣∣[2α3 +3pα2 + p2β

2(p+α)3

]∣∣∣∣+ ∣∣∣∣[ 2αβ+ pβ−α2

2(p+α)(p+β)

]∣∣∣∣)
≤ 1

3

([ |σh|
1−|σh|

]
+

[
2|α|3 +3p|α|2 + p2|β|

2|(p+α)|3
]
+

[
2|α||β|+ p|β|+ |α|2
2|(p+α)||(p+β)|

])
≤ 2((q−p)I(s))3+3p((q−p)I(s))2 + p2(q−p)I(s)2

6(p−(q−p)I(s))3 + 1
3

q(q−p)I(s)2

2p2−2p(q− p)I(s)− q(q− p)I(s)2

+ 2(q− p)I(s)(q− p)I(s)2 + p(q− p)I(s)2 + ((q− p)I(s))2

6(p− (q− p)I(s))(p− (q− p)I(s)2)

= 2(q− p)3I(s)3 + p(q− p)(3q−2p)I(s)2

6(p− (q− p)I(s))3 + 1
3

q(q− p)I(s)2

2p2 −2p(q− p)I(s)− q(q− p)I(s)2

+ (q− p)(q+2(q− p)I(s))I(s)2

6(p− (q− p)I(s))(p− (q− p)I(s)2)

= ϑc(I(s))
3

+ ϑh(I(s))
3

+ ϑs(I(s))
3

=ϑ(I(s)),

which proves (ii).

Next, we will state the second convergence theorem.

Theorem 3.2. Let F contains all zeros of the polynomial h(s) ∈ F[s] and ζ be one such multiple
type zero, which has the multiplicity p. Let s0 ∈ F satisfies the following conditions

I(s0)< τ2 and ϑ(I(s0))≤ψ(I(s0)), (3.37)

where the function I is defined in equation (3.22) and ψ satisfies the following:

ψ(u)= 1−u(1+ϑ(u)). (3.38)

Then, this CHS Mean Iterative Method is well-defined and converges to ζ and the error estimates
are the following:

|sm+1 −ζ| ≤ θµ3m |sm −ζ| and |sm+1 −ζ| ≤ θmµ(3m−1)/2|s0 −ζ|, for all m ≥ 0, (3.39)
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where θ =ψ(I(s0)) and µ= ϑ(I(s0))
ψ(I(s0)) .

Proof. Proof the theorem can be established using Lemma 3.4 and [6, Theorem 2].

4. Conclusion
The work is done in two parts, firstly, we have constructed a third order iterative method
with the help of three efficient third order iterative approach namely Chebyshev, Halley and
Super-Halley. Secondly, we have established the convergence of the method.
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