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1. Introduction and Preliminaries
Suppose o7 represent the class of the functions of the form
NT)=1+) ast’, (1.1)
5=2

where the functions are analytic in the open unit disc i = {r € € : |7| < 1}, which satisfies the
normalization conditions 7(0) = 0 and 7'(0) = 1. Suppose S be the family of all subclasses of .o/
that exhibit univalence in il.
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Let P[X,Q)] represents a family of functions *3(r) = 1+c¢17 + -+, which are analytic in { and
satisfy the subordination condition

1+Xt
P < 1+’

That family, referred to as the Janowski [8] class of functions, includes numerous other sets.

-1<Y<X=1l

The g-gamma function, denoted as I'y, it is defined through the following recurrence relation:
[a(t+1) =[tly Ty (1),

where [t]; = 1— representing the g-analogue of t and I'y(1) =
Jacksons [9] g-derivative and g-integral of a function 7, deﬁned on a subset of €, are
expressed as (see also, Gasper and Rahman [6]):
n(y)-n(qy)
DOny)=———"
YT A gy
and

fo N0y =1-a)y Y. a"n(@" ),
n=0

where y #0, ¢ #1 and 0 < ¢ <1, note that ©,1(0) =7'(0) and @217(1) =D(Dyn(7)).
The g-derivative for the function given by (1.1)) is

Dyn(r) =1+ [s]gast®?
5=2

We readily observe that [s]; - sasqg—1".

Definition 1.1 ([11]). The definition of the fractional g-differintegral operator Q7 ; is presented
as follows. For a function 7(7) of the form given in equation (1.1)), we define
Qon(1) =T (2 - )1’ D7 1(1),

where Dy ; represents the fractional g-integral of order o, when —oco <o <0, and the fractional
q-derivative of order o, when 0 <o < 2.

The expression for Qgn(7) in terms of the coefficients a; from the power series expansion of
n(r) is given by

X Ty(s+1DIMy(2-0)

"(T)_”;z T 6+1-0)

asT”.

Definition 1.2 ([12]). A linear multiplier fractional g-differintegral operator is defined as
follows:

0 (T):n(r)
Z;n(r)—(l B n(7) + BT Ly (Qgn(7)),

q, ﬁn(r) ~~q, ﬁ(gq ﬁn(r))

and, more generally,
q '577(7) Z,TBL 177(1')) (1.2)
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If n e &7 is expressed as in equation (L.I), then according to equation (1.2), we obtain
(e,0)
Lo =1 +£§2f)(5,0,q,n,ﬁ)asrs,

where
(Tyls+DIy(2-0) B n
h(s,0,q,n,B)= T or1-0) (sl - DB+11|

and 0<0<2,neNyg=NU{0}, >0,0<qg<1.

Definition 1.3. Let R(s,0,q,n,p,6,X,%)) denotes the subclass of .o/ consisting of functions 7(r)
of the form given in equation and satisfying the following analytic criterion:
20’,71, (T)
Zap TV +8D (L7 5n(D) < ;:—; (1.3)
where —-1<X <% <1,neNu{0}, qe(0,1),0<0<2, 7€, >0, and 6 =0. Several notable
subclasses have been established through specific parameter selections of 5,0,q,n,8,0,X, and ).
These specialized cases have been extensively investigated by various researchers in the field.
The following significant subclasses emerge:
(1) For 0 =0, =1, and ¢ — 17, the class R(s,0,q,n,B,0,%,2)), reduces to class was
investigated by Aoufet al. [1].
(2) For =0, =1, and q — 17, the class i(s,0,q,n,p,6,X,2)), reduces to class studied by
Sivasubramanian et al. [15], with b =1.
3) Forc=0,8=1,g—1", X=2a—-1, and Q) =1, the class i(s,0,q,n,5,6,X,2), reduces to
the class studied by Aouf et al. [2], under the conditions b =1 and § = 0.
(4) For0c=0,=1,g—1",X=2a-1, 2 =1 and n =0, we have the class presented by
Chunyi and Owa [5], under the conditions 0 <6 < 1.
(5) Forc=0,8=1,9g—1",X=2a-1,9 =1, n=0 and § =0 the class R(s,0,q,n,B,9,X,2)),
reduces to the classes studied by Chen [3,4] and Goel [7].
(6) Foro=0,p=1,q—1",X=2a-1,2 =1,n=1and § =0 the class N(s,0,q,n,p,0,X,2),
reduces to the class studied by Srivastava and Owa [|14].

(1-90)

Definition 1.4 ([[13]). A function 7(7), defined by equation (1.1), is said to belong to the class
T(0;) if n(r) € o and arg(as) =0, for all s = 2. Furthermore, if there exists a real number y
such that

05 + (s — 1)y = n(mod 27),

then the function 7(7) is considered to be in the class T(6;;y). The union of ¥(8s;y) over all
possible sequences {0;} and all real numbers y is denoted by <.

Suppose ¥(s,0,q,n,p,0,X,%)) represents the subclass of ¥ that consists of functions n(r)
with the class i(s,0,q,n,8,6,X,2).

2. Coefficient Estimates
Theorem 2.1. Let the function 1(t) € o/ be represented in the form given by equation (1.1). If

Y b(s,0,q,n,8)[8(s]ly; — 1+ 1] + Dlas| < (Y - %), (2.1)
5=2
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then n(t) belongs to the class R(s,0,q,n,p,6,X,2), where -1<X <Y <1, neNuU{0}, g€ (0,1),
0<o<2, f>0,and 6 =0.

Proof. A function 7n(7) of the form given in equation (1.1) be in the class i(s,0,q,n,B,6,X,2) if
and only if there is a function w, where |w(r)| < 7, such that

Lo pn@ on 1+Xw(r)
1-6)——+96 ’ =—"\ 2.2
( ) — ¥ Dq(L, (1) 1T Dw) (2.2)
Alternatively,
20,n ( )
1-0) (322 459,25 mn -1
I <1. (2.3)
9 |(1- 0L +5D4(L0 ()| - X
Therefore, it suffices to establish that
o,n o,n 1
£q,ﬂn(r) o,n £q,ﬁn(‘[) o,n
(1 —6)f + 5©q(£q,ﬁn(r)) -1|-19 (1 —6)f + 6©q(£q,ﬁn(r)) -X|<0. (2.4)
By setting |7| =t, where 0 <t < 1, yields the following A
Lo7pn(1) Lo7pn(o)
(1=0)————+0D(£5n() = 1| =Y |(1 = 0)———+D(£5n(D) | - X

Z b(5’07 q,n, ﬁ)[a([s]q - ]-) + 1](15'[5_1
5=2

— |-+ Vh(s,0,q,n,P6(s]; — 1)+ 1lasz" "
5=2

<

Y b(s,0,q,n,AI6(s]y — 1)+ Llaslt® = (Y - X)
5=2

+Y Dhis,0,q,n, HI6s], 1+ 1]|a5|t5-1]

5=2
<) b(s,0,q,n,P6(sly — 1)+ 11(1+Ylas| - (Y - X).
5=2

In light of equation (2.1), the preceding inequality is less than zero, which consequently implies
that n(r) e R(s,0,q,n,p,6,X,2). O

Theorem 2.2. Let the function 1(t) € o/ be represented in the form given by equation (1.1). Then,
1(t) belongs to the class %(s,0,q,n,B,0,X,2) if and only if

Y b(s,0,9,n,BI8(s]y — 1)+ 11Q) + Dlas| < (Y - X), (2.5)
s5=2
where -1<X <P <1, neNu{0}, q€(0,1),0<0<2, >0,and 6§ =0.

Proof. Given Theorem it suffices to show that each function 7n(7) from the class
%(s,0,q,n,B,06,X,Y)) satisfies the inequality given in equation (2.1).
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Consider 7(1) € <(s,0,q,n,B,6,%,2))). Then, according to equations and (1.1), we obtain
22 h(sa o,q,n, ﬁ)[5([§]q - ]-) + l]ag‘rﬁ_l
5=

- <1. (2.6)
Q-+ Zzifjh(s,a,q,n,ﬁ)[&[ﬁ]q —1)+1las7s 1
5=

Since n(7) € T, it follows that 7n(7) belongs to the class T(0;,y) for some sequence {65} and a real
number Y, such that 0; + (s — 1)y = 7(mod 27) for s = 2. By setting 7 = te/Y into the inequality
(2.6), and noting that Re{w(7)} < |w(7)| <1, we have

§2h(s,a,q,n, B8 (Is], — 1)+ Lllagles
= <1.

@ -%)- ¥ Do(s,0,q.n. P55l ~ 1)+ Lllash®"!

Obviously,

(2) - %)—93 Z h(syo-, q,n9 ﬁ)[é([s]q - 1) + 1]|a5|t5_1 ;é 0, 0 <t< ]_
5=2

Furthermore,
Q-%-9 i b(s,o,q,n,BI6(sl, — 1D+ 1llaslt® >0, ©=0.
Therefore, we dec‘ljl_lze
i b(s,o,q,n,BI1+06(s]ly — DI+ Mlaslt® <@ -%), telo,1).
Settilfg,; 2t — 17 directly establishes the assertion presented in equation (2.5). O

Corollary 2.3. Suppose the function 1(t) € <7, defined by equation (1.1), belongs to the class
%(s,0,q,n,B,6,X,2). Then
Q) -%)
his,0,q,n,Pl6([s]y — 1 +11Y +1)’
This result is optimal for the function given by
Q) -%)
b(s,o,q,n,Pl6(sly -1+ 11(Y+1)

las| <

/0515, 5>2. 2.7

nr)=1+

3. Distortion Theorems
Theorem 38.1. Let the function 1n(t) € <7, defined by equation (1.1), belongs to the class
%(s,0,q9,n,B,0,X,2). Then
Il - S I/
h2,0,q,n,P)I6(2], -1 +11(Y +1)
1) I/
h2,0,q,n,PI6(2], - +11Y+1)

<In@=|7|+
where
(T3
b(zaaa Qanaﬂ) - ([2 _ U]q

This result is considered sharp.

) [1+(21, - 1B]".
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Proof. Given that
() =h(s,0,q,n,P)6(s,]1 -1+ 11 +1),

this expression is a non-decreasing function of s for s = 2. According to Theorem[2.1] the following
result is achieved:

0(2,0,q,n,PI6(2]; - D+11Y+1) ) las| < D _b(s,0,q,n,PI6(s]; — 1)+ 11D + Das|
5=2 5=2
<(Q-X).
In other words,
2 Q) -%)
5;2 a5l = h2,0,q,n,06(2], -1 +11Y +1)
This latter inequality, in combination with the following inequality,

[0 @]
@I <zl +17% Y lasl
s5=2

(3.1)

implies

@1 |72
h(2,0,q9,n,Pl6(2];-1)+11(Y +1)
Likewise, we achieve

N =71 =171% Y lasl
5=2

In(T)l < |7|+

94 712
h(2,0,q,n,Pl6(2] - 1)+11(Y +1)

>|7|—

Therefore,
7 — Q) -%)
b(2,0,q9,n,P16(12], - 1) +11(Y +1)
91 72
H(2,0,q,n,P)6(12]; - 1) +11(Y +1)
The result is precise for the function

2
7]

<[n@I=<I7rl+

@ -X 022
b@2,0,0,n, P02, - D+ NQ+D° (3.2)

atrzilrle‘jgz. O

nT)=1+

Corollary 3.2. Under the assumptions of Theorem the function 1n(t) contained within a disk
centered at the origin, with a radius tq given by

tu=1+ @ -3
h2,0,q,n,B)6(2];-1)+11(Y +1)

Theorem 3.3. Suppose that 1(t)e€ o/, be of the form (1L.1)), belongs to the class %(s,0,q9,n,,6,X,2)).
Then

1 (Y -X)1+q)
h2,0,q,n,P)I6(2], -1 +11(Y +1)

IT|
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Q) -X)1+q)
h2,0,q,n,HI6(2]; - 1) +11q(P +1)
The result is exact for the given function (3.2).

< |Dgn(T) =1+ I7]. (3.3)

Proof. Given that n(r) belongs to %(s,0,q,n,,6,X,2), by using Theorem |2.1] we need to prove
Fe(s+ DIy (2-0)
Iy(s+1-0)
is a monotonic non-decreasing function of s for 0 <o < 2, and thus, we obtain

[y(s+2)T;(2~-0) n
O(1+s) —qrf(swq—g)o [1+B([s+ 1]y — DI
) Lol D D1+ fsly - D]
[1+B(s+ 1] - DI"(1 - gsthyn
[+ B(s)y - DA - gy
Clearly, that ®(s) is a non-decreasing function of s if q)g(;’)g) = 1. This condition yields
[1+B([s+ 1], - DI*(1—g>* )"
[1+B([s]ly — DI*(1 - got1-o)m

Therefore, ®(s) is an increasing function of 5, for 0<¢<1,0<0 <2,

h(2,0,9,7,PL8(2)g ~ D+ 1D+ DY lasl < Y b(s,0,9,n, H6s]y — D+ 11 + Dlasl

D(s) = ( [([slg — DB+ 1]) , 5§22

=1, O<gqgx<l.

5=2 5=2
<(QY-X.

To be precise,

o &Q-%

< . 3.4

5=22|a5| = h(2507q7n,ﬁ)[5([2]q_1)+1](S~D+1) ( )
Hence,

Dgn(D)] = |1+ Y [slgast™ | < 1+7l[24 Y lasl,

5=2 5=2

along with

D@l = 1= [slgast® = 1- 171214 Y lasl.
5=2 5=2

By combining equation (3.4) with the preceding expression, the result directly leads to equation
(3.3). For the function of the form (3.2), it is evident that the result is exact. O

4. Extreme Points

Theorem 4.1. Consider the function 1n(t) € <7, be of the form given by (L.1)), belong to the class
%s,0,q,n,p,6,X,Y), with arg(as) = 05, where 05+ (s—1)y = n(mod 27). Now define that n1(r) =1
along with

®-%) JOsg5,

M) = T e P, — D+ U@ + D"
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Then, n(t) € <(s,0,q,n,B,6,X,2) if and only if n(t) can be written as

T](T) = Z /15175(‘[)’
s=1

oo
where 15 =0, s =1 with Y A;=1.

s=1
Proof. Consider that n(r) = OZO Asns(17) along with 5 As =1 with As =0, thus
5=1 s=1

3 _ Q-%)
szzéh(s,a,q,n,ﬂ)[é([s]q 1)+11Q) + 1)[](5’0’(1’”’[3)[5([5](1 ST s

= Z(iZJ - X)A;

5=2
= -1 -211)
< -3.

Therefore, 1(7) belong to the class %(s,0,q,n,B,5,%X,2).
In contrast, suppose the function 7(r), be of the form given by (1.1), be in the class
%(s,0,q,B,n,X,2). Let us define A; as

_b(s,0,q,n,P)6(ls]lg —1)+11(Y +1) o
- (Q-X) :

As
and

o0
5=2

o0
Using Theorem Y As <1 and hence A; = 0. Since A:75(1) = AT +as7°, thus
s=1

o0 o0
Z Asns(T) =T + Z ast° =n(7). O
s5=1 5=2

5. g-Bernardi Integral Operator

The g-analogous of the Bernardi integral operator is defined as:
[p+1]q
TP

T
Bpn(t) = f P nmogt, p=1,2,3,... (5.1)
0

was presented by Noor et al. [10].
Theorem 5.1. Let n(7) € ¥(s,0,q,n,0,6,X,). Then B, 4n(r) € Us,0,q9,n,p6,6,X,2).

Proof. By using equation (5.1), we obtain

[p+1] x
B, 41(1) = =) ¢'(g)  trg')
1=0

=[p+11,(1-¢)>_q"*n(rq")
1=0

=lp+11,(1-q)) ¢ ) q“last°
s=1 1=0

Commaunications in Mathematics and Applications, Vol. 16, No. 1, pp.[327 , 2025



A Note on Linear Multiplier Fractional q-Differintegral Operator...: R. A. A. Ahmed and N. Ravikumar 335

=lp+ 1,3 3 (1-)g"" lasle”

1=0s=
i [1+ P]q 5
— [p +s]q
Given that 7n(7) belongs to the class %(s,0,q,n,f,X,2)) and noting that [[’1):;5)}: <1(Vs=2),
we achieve

& [1+p]
> b(6,0,0,m, PI5(sly ~ 1)+ 110D + Dlasl b LX) =
5=2

Theorem 5.2.If n € ¥(s,0,q,n,p,6,X,2). Then %p,qn(r) is q-starlike of order 0 <x <1 in
|7| < 94 where

1
[p+s]ly 1-1)b(s,0,q,n,P)6([s]ly — 1)+ 11(Y + 1)\
9N = ( ) s e N\ {0} ;. 5.2
1=in { [1+pl, ([sly — () — %) 0 62
Proof. 1t is enough to show that
D,(B8
704(Bq,p1(T) -1|<1l-x, T€el,
By, pn(7)
o _ 1y[+plg 5-1
(B || 5 VT %7
Bg,on(1) - © [4pl, .
a1 1+ gzas [p+5]qu5 !
Y (Isl, - DI (g 1571,
< 5=2 7 [p+s] q °
h X [1+p] _
- E ot e
Since
Y ([sly - DTEE JagliT|
5=2 q
ST ) <1-x.
1- §2a5 [p+s] q|‘[5— |
We conclude
5] < ([p +5]4 ) (1-x)h(s,o,q,n,PI6(s]l, — 1)+ 11(Y +1)
“\[1+plg ([s]lg —x)(QY - X) ’
which yields equation (5.2). O

Theorem 5.3. Let n € ¥(s,0,q,n,p,6,X,2). Then B, ,n(7) is q-convex of order 0 <x <1 in
7| < %*, where
D inf ([p +5ly (1-x)h(s,0,q,n,PI1+6(s]ly — DIA+D)\5
[1 + p]q [s]q([s]q - K)(Q«j x)

L
-1

seN\ {0}}. (5.3)

6. Conclusion

In this study, we introduced new subclasses of analytic functions with varying arguments,
utilizing a linear multiplier fractional g-differintegral operator. For functions within these
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subclasses, we derived coefficient estimates, established distortion theorems, identified extreme
points, and investigated the g-Bernardi integral operator, g-starlike of order x and g-convex of
order «x.
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