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1. Introduction and Preliminaries
Suppose A represent the class of the functions of the form

η(τ)= τ+
∞∑
s=2

asτ
s, (1.1)

where the functions are analytic in the open unit disc U= {τ ∈ C : |τ| < 1}, which satisfies the
normalization conditions η(0)= 0 and η′(0)= 1. Suppose S be the family of all subclasses of A
that exhibit univalence in U.
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Let P[X,Y] represents a family of functions P(τ)= 1+ c1τ+·· · , which are analytic in U and
satisfy the subordination condition

P(τ)≺ 1+Xτ

1+Yτ
, −1≤Y<X≤ 1.

That family, referred to as the Janowski [8] class of functions, includes numerous other sets.
The q-gamma function, denoted as Γq , it is defined through the following recurrence relation:

Γq(t+1)= [t]qΓq(t),

where [t]q = 1−qt
1−q representing the q-analogue of t and Γq(1)= 1.

Jackson’s [9] q-derivative and q-integral of a function η, defined on a subset of C, are
expressed as (see also, Gasper and Rahman [6]):

Dqη(y)= η(y)−η(qy)
(1− q)y

and ∫ z

0
η(y)dq y= (1− q)y

∞∑
n=0

qnη(qn y),

where y ̸= 0, q ̸= 1 and 0< q < 1, note that Dqη(0)= η′(0) and D2
qη(τ)=D(Dqη(τ)).

The q-derivative for the function given by (1.1) is

Dqη(τ)= 1+
∞∑
s=2

[s]qasτ
s−1.

We readily observe that [s]q → s as q → 1−.

Definition 1.1 ([11]). The definition of the fractional q-differintegral operator Ωσ
q,τ is presented

as follows. For a function η(τ) of the form given in equation (1.1), we define

Ωσ
qη(τ)=Γq(2−σ)τσDσ

q,τη(τ),

where Dσ
q,τ represents the fractional q-integral of order σ, when −∞<σ< 0, and the fractional

q-derivative of order σ, when 0≤σ< 2.
The expression for Ωσ

qη(τ) in terms of the coefficients as from the power series expansion of
η(τ) is given by

Ωσ
qη(τ)= τ+

∞∑
s=2

Γq(s+1)Γq(2−σ)
Γq(s+1−σ)

asτ
s.

Definition 1.2 ([12]). A linear multiplier fractional q-differintegral operator is defined as
follows:

Lσ,0
q,βη(τ)= η(τ),

Lσ,1
q,βη(τ)= (1−β)Ωσ

qη(τ)+βτLq(Ωσ
qη(τ)),

Lσ,2
q,βη(τ)=Lσ,1

q,β(Lσ,1
q,βη(τ)),

...

and, more generally,

Lσ,n
q,βη(τ)=Lσ,1

q,β(Lσ,n−1
q,β η(τ)). (1.2)
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If η ∈A is expressed as in equation (1.1), then according to equation (1.2), we obtain

Lσ,n
q,βη(τ)= τ+

∞∑
s=2

h(s,σ, q,n,β)asτ
s,

where

h
(
s,σ, q,n,β

)= (
Γq(s+1)Γq(2−σ)
Γq(s+1−σ)

[([s]q −1)β+1]
)n

,

and 0≤σ< 2, n ∈N0 =N∪ {0}, β> 0, 0< q < 1.

Definition 1.3. Let R(s,σ, q,n,β,δ,X,Y) denotes the subclass of A consisting of functions η(τ)
of the form given in equation (1.1) and satisfying the following analytic criterion:

(1−δ)
Lσ,n

q,βη(τ)

τ
+δDq(Lσ,n

q,βη(τ))≺ 1+Xτ

1+Yτ
, (1.3)

where −1 ≤X<Y≤ 1, n ∈N∪ {0}, q ∈ (0,1), 0 ≤ σ< 2, τ ∈U, β> 0, and δ≥ 0. Several notable
subclasses have been established through specific parameter selections of s,σ, q,n,β,δ,X, and Y.
These specialized cases have been extensively investigated by various researchers in the field.
The following significant subclasses emerge:

(1) For σ = 0, β = 1, and q → 1−, the class R(s,σ, q,n,β,δ,X,Y), reduces to class was
investigated by Aouf et al. [1].

(2) For σ= 0, β= 1, and q → 1−, the class R(s,σ, q,n,β,δ,X,Y), reduces to class studied by
Sivasubramanian et al. [15], with b = 1.

(3) For σ= 0, β= 1, q → 1−, X= 2α−1, and Y= 1, the class R(s,σ, q,n,β,δ,X,Y), reduces to
the class studied by Aouf et al. [2], under the conditions b = 1 and δ≥ 0.

(4) For σ = 0, β = 1, q → 1−, X = 2α−1, Y = 1 and n = 0, we have the class presented by
Chunyi and Owa [5], under the conditions 0≤ δ≤ 1.

(5) For σ= 0, β= 1, q → 1−, X= 2α−1, Y= 1, n = 0 and δ= 0 the class R(s,σ, q,n,β,δ,X,Y),
reduces to the classes studied by Chen [3,4] and Goel [7].

(6) For σ= 0, β= 1, q → 1−, X= 2α−1, Y= 1, n = 1 and δ= 0 the class R(s,σ, q,n,β,δ,X,Y),
reduces to the class studied by Srivastava and Owa [14].

Definition 1.4 ([13]). A function η(τ), defined by equation (1.1), is said to belong to the class
T(θs) if η(τ) ∈ A and arg(as) = θs, for all s≥ 2. Furthermore, if there exists a real number γ
such that

θs+ (s−1)γ≡π(mod 2π),

then the function η(τ) is considered to be in the class T(θs;γ). The union of T(θs;γ) over all
possible sequences {θs} and all real numbers γ is denoted by T.

Suppose T(s,σ, q,n,β,δ,X,Y) represents the subclass of T that consists of functions η(τ)
with the class R(s,σ, q,n,β,δ,X,Y).

2. Coefficient Estimates
Theorem 2.1. Let the function η(τ) ∈A be represented in the form given by equation (1.1). If

∞∑
s=2

h(s,σ, q,n,β)
[
δ([s]q −1)+1

]
(Y+1)|as| ≤ (Y−X), (2.1)
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then η(τ) belongs to the class R(s,σ, q,n,β,δ,X,Y), where −1≤X<Y≤ 1, n ∈N∪ {0}, q ∈ (0,1),
0≤σ< 2, β> 0, and δ≥ 0.

Proof. A function η(τ) of the form given in equation (1.1) be in the class R(s,σ, q,n,β,δ,X,Y) if
and only if there is a function w, where |w(τ)| ≤ τ, such that

(1−δ)
Lσ,n

q,βη(τ)

τ
+δDq(Lσ,n

q,βη(τ))= 1+Xw(τ)
1+Yw(τ)

. (2.2)

Alternatively,∣∣∣∣∣∣∣∣
(1−δ)

(
Lσ,n

q,βη(τ)
τ

)
+δDq(Lσ,n

q,βη(τ))−1

Y

[
(1−δ)

Lσ,n
q,βη(τ)
τ

+δDq(Lσ,n
q,βη(τ))

]
−X

∣∣∣∣∣∣∣∣< 1. (2.3)

Therefore, it suffices to establish that∣∣∣∣∣(1−δ)
Lσ,n

q,βη(τ)

τ
+δDq(Lσ,n

q,βη(τ))−1

∣∣∣∣∣−
∣∣∣∣∣Y

[
(1−δ)

Lσ,n
q,βη(τ)

τ
+δDq(Lσ,n

q,βη(τ))

]
−X

∣∣∣∣∣< 0. (2.4)

By setting |τ| = r, where 0≤ r< 1, yields the following∣∣∣∣∣(1−δ)
Lσ,n

q,βη(τ)

τ
+δDq(Lσ,n

q,βη(τ))−1

∣∣∣∣∣−
∣∣∣∣∣Y

[
(1−δ)

Lσ,n
q,βη(τ)

τ
+δDq(Lσ,n

q,βη(τ))

]
−X

∣∣∣∣∣
=

∣∣∣∣ ∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1]asτ
s−1

∣∣∣∣
−

∣∣∣∣(Y−X)+
∞∑
s=2

Yh(s,σ, q,n,β)[δ([s]q −1)+1]asτ
s−1

∣∣∣∣
≤

[ ∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1]|as|rs−1 − (Y−X)

+
∞∑
s=2

Yh(s,σ, q,n,β)[δ([s]q −1)+1]|as|rs−1
]

<
∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1](1+Y)|as|− (Y−X).

In light of equation (2.1), the preceding inequality is less than zero, which consequently implies
that η(τ) ∈R(s,σ, q,n,β,δ,X,Y).

Theorem 2.2. Let the function η(τ) ∈A be represented in the form given by equation (1.1). Then,
η(τ) belongs to the class T(s,σ, q,n,β,δ,X,Y) if and only if

∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)|as| ≤ (Y−X), (2.5)

where −1≤X<Y≤ 1, n ∈N∪ {0}, q ∈ (0,1), 0≤σ< 2, β> 0, and δ≥ 0.

Proof. Given Theorem 2.1, it suffices to show that each function η(τ) from the class
T(s,σ, q,n,β,δ,X,Y) satisfies the inequality given in equation (2.1).

Communications in Mathematics and Applications, Vol. 16, No. 1, pp. 327–337, 2025



A Note on Linear Multiplier Fractional q-Differintegral Operator. . . : R. A. A. Ahmed and N. Ravikumar 331

Consider η(τ) ∈T(s,σ, q,n,β,δ,X,Y)). Then, according to equations (2.3) and (1.1), we obtain∣∣∣∣∣∣∣∣
∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1]asτ
s−1

(Y−X)+
∞∑
s=2

Yh(s,σ, q,n,β)[δ([s]q −1)+1]asτs−1

∣∣∣∣∣∣∣∣< 1. (2.6)

Since η(τ) ∈T, it follows that η(τ) belongs to the class T(θs,γ) for some sequence {θs} and a real
number γ, such that θs+ (s−1)γ≡ π(mod 2π) for s≥ 2. By setting τ= re jγ into the inequality
(2.6), and noting that Re{w(τ)}≤ |w(τ)| < 1, we have

∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1]|as|rs−1

(Y−X)−
∞∑
s=2

Yh(s,σ, q,n,β)[δ([s]q −1)+1]|as|rs−1
< 1 .

Obviously,

(Y−X)−Y
∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1]|as|rs−1 ̸= 0, 0≤ r< 1.

Furthermore,

(Y−X)−Y
∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1]|as|rs−1 > 0, r= 0.

Therefore, we deduce
∞∑
s=2

h(s,σ, q,n,β)[1+δ([s]q −1)](1+Y)|as|rs−1 ≤ (Y−X), r ∈ [0,1).

Setting r→ 1− directly establishes the assertion presented in equation (2.5).

Corollary 2.3. Suppose the function η(τ) ∈ A , defined by equation (1.1), belongs to the class
T(s,σ, q,n,β,δ,X,Y). Then

|as| ≤ (Y−X)
h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)

, s≥ 2.

This result is optimal for the function given by

η(τ)= τ+ (Y−X)
h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)

e jθsτs, s≥ 2. (2.7)

3. Distortion Theorems
Theorem 3.1. Let the function η(τ) ∈ A , defined by equation (1.1), belongs to the class
T(s,σ, q,n,β,δ,X,Y). Then

|τ|− (Y−X)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

|τ|2

≤ |η(τ)| ≤ |τ|+ (Y−X)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

|τ|2,

where

h(2,σ, q,n,β)=
(
Γq(3)

[2−σ]q

)n [
1+ ([2]q −1)β

]n.

This result is considered sharp.
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Proof. Given that

ϕ(s)= h(s,σ, q,n,β)[δ([sq]−1)+1](Y+1),

this expression is a non-decreasing function of s for s≥ 2. According to Theorem 2.1, the following
result is achieved:

h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)
∞∑
s=2

|as| ≤
∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)|as|

≤ (Y−X).

In other words,
∞∑
s=2

|as| ≤ (Y−X)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

. (3.1)

This latter inequality, in combination with the following inequality,

|η(τ)| ≤ |τ|+ |τ|2
∞∑
s=2

|as|

implies

|η(τ)| ≤ |τ|+ (Y−X)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

|τ|2.

Likewise, we achieve

|η(τ)| ≥ |τ|− |τ|2
∞∑
s=2

|as|

≥ |τ|− (Y−X)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

|τ|2.

Therefore,

|τ|− (Y−X)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

|τ|2

≤ |η(τ)| ≤ |τ|+ (Y−X)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

|τ|2.

The result is precise for the function

η(τ)= τ+ (Y−X)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

e jθ2τ2, (3.2)

at τ=±|τ|e− jθ2 .

Corollary 3.2. Under the assumptions of Theorem 3.1, the function η(τ) contained within a disk
centered at the origin, with a radius r1 given by

r1 = 1+ (Y−X)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

.

Theorem 3.3. Suppose that η(τ)∈A , be of the form (1.1), belongs to the class T(s,σ,q,n,β,δ,X,Y).
Then

1− (Y−X)(1+ q)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

|τ|
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≤ |Dqη(τ)| ≤ 1+ (Y−X)(1+ q)
h(2,σ, q,n,β)[δ([2]q −1)+1]q(Y+1)

|τ|. (3.3)

The result is exact for the given function (3.2).

Proof. Given that η(τ) belongs to T(s,σ, q,n,β,δ,X,Y), by using Theorem 2.1, we need to prove

Φ(s)=
(
Γq(s+1)Γq(2−σ)
Γq(s+1−σ)

[([s]q −1)β+1]
)n

, s≥ 2

is a monotonic non-decreasing function of s for 0≤σ< 2, and thus, we obtain

Φ(1+s)
Φ(s)

=
 Γq(s+2)Γq(2−σ)

Γq(s+2−σ) [1+β([s+1]q −1)]
Γq(s+1)Γq(2−σ)
Γq(s+1−σ) [1+β([s]q −1)]

n

= [1+β([s+1]q −1)]n(1− qs+1)n

[1+β([s]q −1)]n(1− qs+1−σ)n .

Clearly, that Φ(s) is a non-decreasing function of s if Φ(1+s)
Φ(s) ≥ 1. This condition yields

[1+β([s+1]q −1)]n(1− qs+1)n

[1+β([s]q −1)]n(1− qs+1−σ)n ≥ 1, 0< q < 1.

Therefore, Φ(s) is an increasing function of s, for 0≤ q ≤ 1, 0≤σ≤ 2,

h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)
∞∑
s=2

|as| ≤
∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)|as|

≤ (Y−X).

To be precise,
∞∑
s=2

|as| ≤ (Y−X)
h(2,σ, q,n,β)[δ([2]q −1)+1](Y+1)

. (3.4)

Hence,

|Dqη(τ)| =
∣∣∣∣1+ ∞∑

s=2
[s]qasτ

s−1
∣∣∣∣≤ 1+|τ|[2]q

∞∑
s=2

|as|,

along with

|Dqη(τ)| =
∣∣∣∣1− ∞∑

s=2
[s]qasτ

s−1
∣∣∣∣≥ 1−|τ|[2]q

∞∑
s=2

|as|.

By combining equation (3.4) with the preceding expression, the result directly leads to equation
(3.3). For the function of the form (3.2), it is evident that the result is exact.

4. Extreme Points
Theorem 4.1. Consider the function η(τ) ∈A , be of the form given by (1.1), belong to the class
T(s,σ, q,n,β,δ,X,Y), with arg(as)= θs, where θs+(s−1)γ≡π(mod 2π). Now define that η1(τ)= τ
along with

ηs(τ)= τ+ (Y−X)
h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)

e jθsτs.
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Then, η(τ) ∈T(s,σ, q,n,β,δ,X,Y) if and only if η(τ) can be written as

η(τ)=
∞∑
s=1

λsηs(τ),

where λs ≥ 0, s≥ 1 with
∞∑
s=1

λs = 1.

Proof. Consider that η(τ)=
∞∑
s=1

λsηs(τ) along with
∞∑
s=1

λs = 1 with λs ≥ 0, thus

∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)
(Y−X)

h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)
λs

=
∞∑
s=2

(Y−X)λs

= (Y−X)(1−λ1)

≤ (Y−X).

Therefore, η(τ) belong to the class T(s,σ, q,n,β,δ,X,Y).
In contrast, suppose the function η(τ), be of the form given by (1.1), be in the class

T(s,σ, q,β,n,X,Y). Let us define λs as

λs =
h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)

(Y−X)
|as|

and

λ1 = 1−
∞∑
s=2

λs.

Using Theorem 2.2,
∞∑
s=1

λs ≤ 1 and hence λs ≥ 0. Since λsηs(τ)=λsτ+asτ
s, thus

∞∑
s=1

λsηs(τ)= τ+
∞∑
s=2

asτ
s = η(τ).

5. q-Bernardi Integral Operator
The q-analogous of the Bernardi integral operator is defined as:

Bρ,qη(τ)= [ρ+1]q

τρ

∫ τ

0
tρ−1η(τ)dqt, ρ = 1,2,3, . . . (5.1)

was presented by Noor et al. [10].

Theorem 5.1. Let η(τ) ∈T(s,σ, q,n,β,δ,X,Y). Then Bρ,qη(τ) ∈T(s,σ, q,n,β,δ,X,Y).

Proof. By using equation (5.1), we obtain

Bρ,qη(τ)= [ρ+1]q

τρ
τ(1− q)

∞∑
ι=0

qι(τqι)ρ−1η(τqι)

= [ρ+1]q(1− q)
∞∑
ι=0

qιρη(τqι)

= [ρ+1]q(1− q)
∞∑
s=1

qιρ
∞∑
ι=0

qιs|asτ
s
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= [ρ+1]q

∞∑
ι=0

∞∑
s=1

(1− q)qι(ρ+s)|as|τs

= τ+
∞∑
s=2

[1+ρ]q

[ρ+s]q
asτ

s.

Given that η(τ) belongs to the class T(s,σ, q,n,β,X,Y) and noting that [1+ρ]q
[ρ+s]q

< 1 (∀ s≥ 2),
we achieve

∞∑
s=2

h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)|as|
[1+ρ]q

[ρ+s]q
≤ (Y−X).

Theorem 5.2. If η ∈ T(s,σ, q,n,β,δ,X,Y). Then Bρ,qη(τ) is q-starlike of order 0 ≤ κ ≤ 1 in
|τ| <Y1 where

Y1 = inf

{( [ρ+s]q

[1+ρ]q

(1−κ)h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)
([s]q −κ)(Y−X)

) 1
s−1

: s ∈N\{0}

}
. (5.2)

Proof. It is enough to show that∣∣∣∣τDq(Bq,ρη(τ))
Bq,ρη(τ)

−1
∣∣∣∣< 1−κ, τ ∈U,

∣∣∣∣τDq(Bq,ρη(τ))
Bq,ρη(τ)

−1
∣∣∣∣=

∣∣∣∣∣∣∣∣
∞∑
s=2

([s]q −1) [1+ρ]q
[ρ+s] q

asτ
s−1

1+
∞∑
s=2

as
[1+ρ]q
[ρ+s] q

τs−1

∣∣∣∣∣∣∣∣
≤

∞∑
s=2

([s]q −1) [1+ρ]q
[ρ+s] q

|as||τs−1|

1−
∞∑
s=2

as
[1+ρ]q
[ρ+s] q

|τs−1|
.

Since
∞∑
s=2

([s]q −1) [1+ρ]q
[ρ+s] q

|as||τs−1|

1−
∞∑
s=2

as
[1+ρ]q
[ρ+s] q

|τs−1|
≤ 1−κ.

We conclude

|τs−1| ≤
( [ρ+s]q

[1+ρ]q

) (1−κ)h(s,σ, q,n,β)[δ([s]q −1)+1](Y+1)
([s]q −κ)(Y−X)

,

which yields equation (5.2).

Theorem 5.3. Let η ∈ T(s,σ, q,n,β,δ,X,Y). Then Bρ,qη(τ) is q-convex of order 0 ≤ κ ≤ 1 in
|τ| <Y ∗, where

Y ∗ = inf

{( [ρ+s]q

[1+ρ]q

(1−κ)h(s,σ, q,n,β)[1+δ([s]q −1)](1+Y)
[s]q([s]q −κ)(Y−X)

) 1
s−1

: s ∈N\{0}

}
. (5.3)

6. Conclusion
In this study, we introduced new subclasses of analytic functions with varying arguments,
utilizing a linear multiplier fractional q-differintegral operator. For functions within these
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subclasses, we derived coefficient estimates, established distortion theorems, identified extreme
points, and investigated the q-Bernardi integral operator, q-starlike of order κ and q-convex of
order κ.
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