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1. Introduction

Dhage et al. [6] introduced the notion of generalized metric spaces, referred to as D-metric
spaces. However, this theory had been found to be incorrect. Subsequently, Mustafa et al. [14]]
developed a more suitable extension of metric spaces known as G-metric spaces. In the context of
G-metric spaces, Mustafa et al. [13] discovered fixed point results that fulfill specific contractive
conditions. Additionally, Fixed-Point (FP) ideas for noncommuting maps requiring continuity in
G-metric spaces were obtained by Abbas and Rhoades [1].

An established Fixed-Point (FP) concept was created by Huang and Zhang [7]l, who developed
the ‘idea of Cone Metric Spaces (CMSs) by substituting an ordered Banach Space (BS) for real
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numbers’. Rezapour and Hamlbarani [19] made a significant advancement in the study of CMSs
using FP theory by eliminating the condition of normality.

Recent developments within the field of generalized metrics include the work by Beg et
al. [5], who introduced ‘generalized cone metric spaces’, also referred to as G-CMSs. In their
definition of the generalized metric, they replaced the collection of real numbers with an ordered
BS. This led to the discovery of numerous fixed point theorems that met contractive criteria, as
well as an exploration of the topological characteristics of these spaces, including completeness
and sequence convergence. In subsequent works of Beg et al. [|3,4] and Mishra et al. [11]], they
studied multiple findings related to G-CMSs. Additionally, Ozturk and Basarir[16] derived the
concept of ‘a fixed point for ¢-maps within G-CMSs’. Mustafa et al. [12] also presented various
results concerning expansion mappings in generalized metric spaces.

Throughout this work, we propose new results for FP of generalized expansion mappings
in a G-CMSBA. These findings extend several previously established results by Patil and
Salunke [17]].

2. Preliminaries

We consider € to be a cone within B, where the interior of € is not empty, specifically int C # ¢
(6, the additive identity element of B). Additionally, we define < as the partial ordering related
to ©, with B representing a Banach algebra. In this context, B is characterized as a Banach
space that includes a defined multiplication operation, which adheres to the properties outlined
by Rudin [20]] (for every w,u,v € @,{ eR):

(1) w(uv) =(wu)v,
(11) viw+u)=vw+vu and (u+v)w = uw+vw,
(iil) {(wu) = ({(w)u =w(lu),
(iv) e € B exists such that ew = w = we,
W) loul < llol-lull,
(vi) el =1.

If any w~! € B such that o 'w = e = ww ™1, then an element w € B is said to be invertible.

Proposition 2.1 ([9], [[10]). The spectral radius of w € B is 7(w) if w € B is a BA having e as

unit,
. 1, ol
T(w)=lim |w,||* =infllw’||* <1.
1—00
x 1 . .
Moreover, Y w'= and (e — w) are invertible.

1=0 - (e-o)

Consider the identity element e of B, and consider a BA B. © a subset of B is referred to as a
cone to determine if it satisfies the subsequent criteria:

(G) CC=C2ce;
(ii) If @ is closed then {©,e} c C;

(iii) ¢C+¢&CcC, for any real values that are nonnegative ¢ and (;
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(v) Cn(-CC)={\}.
u=wiff(u-w)eC, u>wifu>=wand u # w, u > w signify (u —w) € int © is the definition of a
partial ordering denoted by > in relation to a cone C.
C referred to as a cone of B (Banach algebra), C c @, and all of these requirements hold.

Remark 2.2 ([21]]). ||w,|| — 0 as t — oo, if T(w) < 1.

Definition 2.3 ([9], [10]). While Y having a set, B being a BA, C < B representing a cone is
considered. Let us assume the following for any w,u,v are element of Y the maps d : Y2 — B
satisfies:

() du,w)=0iffw=u, and © <d(u,w),
(i) d(u,w)=dw,u),
(iii) d(u,v)+dv,w)>=d(u,t), every u,v,weY.
In this case, (Y,d) represents the CMSBA with @, and d is known as a cone metric (CSMBA in
short). Keep in mind that for any w,v €Y, d(w,v) € C.

Definition 2.4 ([9]). Consider a CMSBA (Y,d). {w,} a sequence in Y. We claim that
() If ¢ > O for each ¢ € B then ¢ > d(w,,t) for everyone n = N.{w,} has sequence of
convergent.
(ii) A sequence {w,} is Cauchy. If appears a N so that ¢ > d(w,,,w,,) for every N <m,n, and
every c element of B by © > c.

(iii) For any Y,(Y,d) has complete CMSs so that all Cauchy sequences have convergence.

Lemma 2.5 ([21]). Suppose « is a vector within B. When given that 1> r(x) = 0, there is
1 1

1-10) e—1)

Lemma 2.6 ([21]]). Consider w,u are vectors in Banach algebra B. When w and u commute,
those that follow is accurate:

(1) 1(uw) <1(@W). T(W);
(1) t(w+u)<1t(W)+1(W);

(i) |[t(w)—-1W)lt(w—-1u) < 1(w — 0).

Lemma 2.7 ([18]). Given a real Banach algebra @, a sequence {w,} in @, and a solid cone C.
Assume that for any © < ¢, ||w,| — 0 (1 — o). For every N is element of N and less than n,
w, << c.

Lemma 2.8 ([21]). N € N is present so that, for all 1 > N, it has w, < ¢ for every © < ¢,, that
lw,|l — 0 as t — oo and that B has a Banach space real within cone @ solid are assumed.

Lemma 2.9 ([22[]). With a cone form the limit of a convergent sequence is not the same in a metric
space.
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Definition 2.10 ([2], [10]). A function G:Y3 — B fulfills the condition listed here, and let Y is a
nonempty set of B

i) ©=Gw,w,u)iffu =w=uyv;
(i) © <SG(v,t,u), for all v,weY, using v # w,
(iii) S, w,u) = G(v,v,u) for all v,w,u €Y, with v # w;
(iv) Symmetry G(u,v,0) =G, u,w) = G, w,u),
(v) Rectangle inequality G(u,w,v) < G(v,b,b) + G(b,w,v) for every b,u,w,veY.

The combination (Y, G) indicates a G-CMSBA, and § is referred to as a G-cone metric in B.

Definition 2.11 ([2]). The metric space over Banach algebra and (Y, G) has G-CMSBA. Now we
say that G is symmetric when

g(v’u7u) = Q(U,U,u),

for any v,ueY.

Here following lists both nonsymmetric and symmetric G-CMSBA as examples.

Definition 2.12 ([2]). Suppose (Y, G) is G-CMSBA. Exists x > O so that for every w,v,u €Y,
then B is G-bounded,

15, v,0)l <x.

Definition 2.13 ([2]]). Suppose {w,} is a sequence, ® < ¢ and c € @, let (Y,S) be a G-CMSBA.
(1) If S(wm, w,,w) < ¢, for all N1 < j, 1 element of N, then {w;} converges for w €Y.
(i) If Q(wt,wj,a)p) < ¢, for all 1,j > p, then {w,} to be Cauchy, Nl € N.
(iii) If all Cauchy sequences converge, then (Y,G) has completed of G-CMSBA.

Definition 2.14 ([12], [10]). Let f is a self-mapping of Y, and let (Y, G) has G-CMSBA. If
S(Tu, Tw, ) = aS(u,w,v)
with a has constant and a > 1 for every w,u,v € Y, then 7 is referred to as an expansion

mapping.

Definition 2.15 ([8]). Consider @ is solid cone in B. 1o € N exist such that w, < ¢ for n = iy, then
a sequence {w,} c C to be c-sequence.

Proposition 2.16 ([8]). Consider C is solid cone in B. Two sequences in C are {w,} and {u,}.
{w,+¢&u,} is a c-sequence if {w,} and {u,} are c-sequences and {,¢ > 0.

Proposition 2.17 ([8]). Consider @ is solid cone in B. If sequence {w,} exists with G, then the
subsequent statements hold equal meaning:

(i) A c-sequence is {w,}.
(ii) For any of the © < ¢, it exists ig € N it gives w,, <c over ng <1.

(iii) During every O < ¢, w, < ¢ for 11 <n, an exists 1; € N.
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Proposition 2.18 ([21]]). Consider @ is solid cone in B. € contains a series {w,}. Assume that {w,}
is c-sequence for C and x € C is an vector that is supplied at arbitrarily. If so, {kw,} is c-sequence.

Proposition 2.19 ([21])). Suppose (Y, d) is complete CMSBA. Let C be a solid cone. Consider a
sequence {w,} in Y, assuming that convergesto weY .

(i) The expression {d(w,,w)} is a c-sequence.

(i1) A c-sequence is {C_i(a)[,a)Hp)} for any p e N.

3. Main Result
Definition 3.1. Consider 7:Y — Y serve as maps and let (Y,5) and G-CMSBA B. If there
exists p € © with 7(u) > 1 so that
S(Tu, Tv, Tw) = uS(u,v,w),

then 7 is a generalized expanding mapping.
Lemma 3.2. If w is invertible, then p€ 1(w) iff =€ 1(w™1).

Lemma 3.3. Consider B has a Banach algebra using unity. In B, suppose that C has a cone.
(w1 < 1 if has invertible and 1 < 1(w).

We will now demonstrate certain new fixed point results with generalized expanding maps
within a structure of Banach algebras for G-CMSBA.

Theorem 3.4. Consider the cone © within the Banach algebra B and the complete of G-CMSBA
(Y,G). Assume that 71:Y — Y is surjective mapping and fulfilled the condition

S(Tu, v, Tw) = uS(u,v,w). (3.1)
T has a fixed point in Y if y is invertible and 1(u) > 1 for every w,u,v €Y and p e C.

Proof. Assuming that 7:Y — Y has surjective maps, it exists w; an element of Y so that
T(w1) = wg for every wg € Y. Similarly, there exists w, € Y so that T(w,) = w,_1 for every 1 > 1.
A fixed point of T1is w, if N(w,) = w,_1. Assume that for 1 > 1, T(w,) # w,_1. Consequently,

S(w,-1,0,-2,w,-2) = GTw,, Tw,-1, Tw,-1) = uG(w,, 0,-1,w,-1),
S(wi-1,0,0) = p G012, 0,-1,0,-1) = RS (@3, 0,1, 0,-1),
where ! replace by A. Lemma implies that 7(h) = (u~1) < 1 since 7(u) > 1. It has got
5(@i-1,01,0) < hG(W,-2,0,-1,0,-1) < h*G(@,-3,0,-2,0,-2).
Usually,
S(w,-1,w,0,) < h'S(wo, w1, w1).
Assuming that j > and every (,j elements of N, we obtain
S(wi+1,0,0;) = G041, 0142, 0,42) + §(W,12, 0,43, 0143) ... G(Wj_1,w},0;)
< h'S(wo,w1,w1) + A 1G(wo, w1, w1) + ...+ /" 1G(wo, w1, w1)
<hYe+h+h%+...+h " HG(wo,w1,w1)
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< h'(e —h) 'G(wo, w1, w1).
Using Remark and Lemma [2.8] we can infer thaii, for every N <1< j, and N €N so that
Tw,+1 = w, — q as (1 — o0o). This is because for any y € B with u> 0.
The fact that {w,} is a Cauchy sequence is implied by the notion that S(w,,w j,w;) < h'(e—
h)1G(wp,w1,w1) < p. Since Y is complete, Tw, 1 = w, — q as (1 — 0o) occurs for all g€ Y.
As a result, 17 = ¢ may be found for every 7 € Y. We now show 7 =gq.
In (3.1), if we replace T = w,v = w,, we obtain
5(q,wi-1,0,-1) = 57, T, @)
> uS(r,0,w,).
Through triangular inequality,
5(q,w-1,0-1) = §(q,w,, ) + 5w, w—1,0,-1).
When we substitute the previous inequality, we get
S(q,w,0) + 5w, 0,-1,0,-1) = pS§(T, 0, 0,),
S(r,0,0) = 1 (5(q,0,0) + G, 0,-1,0,-1)),
§(r,w,,0) < (G(q,w,0) + (W, 0,-1,0,-1).

We obtain 5(r,w,,w,) < u,_1 from Proposition [2.17, Proposition [2.18 and[2.19) where u,_1 is a
c-sequence in cone C.

Therefore, §(1,w,,0,) < u for each p > ©. This means that S(1,w,,w,) — O as | — co. As | — 00,
w,—T.

Lemma [2.9| gives us g = 7. As a result, function 71 possesses a distinct fixed point. O

Theorem 3.5. Consider the cone © within the Banach algebra B and the complete of G-CMSBA
(Y,5). Assume that 71:Y — Y is surjective mapping and fulfilled the condition

S(TTu, Tv, Tw) = u1 5w, v,w) + w2 GCTv, v, v). (3.2)

There is unique fixed point for 71 in Y if (u1 + ug) is invertible and t(uy + pg) > 1, for every
u,v,weY and Ui, 2 € C.

Proof. Considering that 77:Y — Y is a surjective mapping, there exists w1 € Y so that T(w1) = wg
for any wg € Y. Furthermore, there exists w,;1 €Y so that 1(w,) = w,_1 for every n > 1. w, has
fixed point of 7 if T(w,+1) = w;. Let us now assume that for 1 > 1, w,_1 # (w,). Consequently,
S(w,-1,0y-2,w,-2) = 5w, Tw,—1, Tw,-1)
> 115w, 0,0) + p2 5w~ 1, 0,-1,0,-1)
= 11 G(1-1,0,0,) + 25(w,—2,0,-1,0,-1),
(e — )G, 1,0,-2,0,-2) = 1§01, 0, ). (3.3)
Also,
S(wi—2,0,-1,0,-1) = §Tw,—1, T, Tw))
= p15Cw-1, 021, 0,-1) + p2 5w, 0, 0,)

= ulg(wt—zywt—15wl—l) + ﬂ29(wt—1, W, W),
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(e~ u)S(W1-1, 012, 01-2) = P2 S(W,-1, W, @)). (3.4)
When we add equations and together, we obtain
(2e — p1 — p2)G(@1-1,01-2,0,-2) = (U1 + p2)S(W,-1, 0, 0,),
(p1+ p2) " (2e — (1 + p2))S(w1—2,0,-1,0,-1) = §(w-1, 0, @),
QCu " - e)51,0-1,0,-1) = §w,1,0,0),
where u = u; + pg. Since r(u) > 1 by Lemma r(p 1) <1so@Qut-e)<1,%w_1,0,0)=
hS(w,_9,w,—1,w,—1), where h = (2/f1 —e).
From this it has, G(w,—1,w,,w,) < h'G(wg,w1,w1)
With n <m for every m,n €N, it has
S(w-1,0/,0)) < G(0-1,0,0) + 5@, 041,041). .. §©)-1,0/,0))
< h'S(wo, w1, w1) + A LG(wo, w1, w1) + ...+ LG (wo, w1, w1)
<hYe+h+h%+.. .+ h " HG(wo,w1,w1)
<h'(e —h)'G(wo, w1,01).
Lemma and Remark [2.2| allow us to deduce that, for every N << j, it exists N € N so that,
for all ue B for O < pu.
It has
S(w,-1,0),0;) < h'(e = B) " 5(wo, w1,w1) < p.
This shows that the sequence {w,} is Cauchy. Given that Y is complete, it exists a ¢ € Y so that
i—ooand lw)=w,_1—q.
Obtaining 7 € Y so that It = q is therefore possible. We will now show that 7 =gq.
When we replace w = 7,v = w, in (3.2), we obtain
5(q,wi-1,0,-1) = 57, T, @)
> 111G, 7,7) + 25w, w,, w,)

= 1115(q,7,7) + p25(w1-1, 0, ). (3.5)

Using the triangle inequality,

S(q,w,-1,0,-1) = §(q, 0, 0) + §(w, 0, 1,0,-1). (3.6)
Also,

S(w,7,7) = S(w1,q,9) + 5(q,7,7),

S(w,,7,7) = G(w,,9,9) = 9(q,7,7). (3.7)
Using these in (3.5),

5(q,0,0) + G, 0,-1,0,-1 = 15w, 7,7) — 11 G, ¢, 9) + peG(w,, w,-1, ,-1),

(e + 11)5(q, w,, 0) + (e — p2)Glw,, w,-1,,-1) = P15, T, 7). (3.8)

Substituting w = w,,v =7 in (3.2), we get
S(wi-1,9,9) = 5w, Iz, 7I7)
> 115wy, 0, 0) + p2§CTT, 7,7)
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= 1 S(w-1,0,0) + p25(q,7,7).

Using equations and (3.7), in above equation, we get

5(q,w, ) + G, 0,-1,0,-1) = 1 5@, 0, 1,0,-1) + P25, 7,7) — P2 §(w,, q, 9),

(e + p2)5(q, 0, 0) + (e — p1)S(w, w,—1,0,-1) = p5(w,, T, 7). (3.9)
When we add equations and together, we get

(2e + p1 + u2)5(q, wi, ) + (2e — (U1 + ) S(w, 0,1, w,-1) = (u1 + u2)S(w,, 7,7),

S(w,,7,7) < (2e + ,u),u_lg(q,wl,wl) +(2e — H)H_lg(wt,wt—lng—l)

S(ws1,7,7) = Cu 1 +e)S(q, w,w) + 2u~ — e)S(w,,0,-1,w,-1).
Since 7(u) > 1 so by Lemma (1)< 1. Hence 1Qu~t-e)=1(h) <1

§(x,7,7) = Cu " +0)5(q, 0, 0) + G0, w,1,0,-1)

We obtain §(r,w,,w,) < u, from Proposition [2.17, Proposition and [2.19] where u; is a

c-sequence in cone C.

Therefore, G(1,w,,w,) < i for each u > 0. This means that G(7,w,,w,) — © as 1 — co. As | — oo,
w,—T.

Lemma [2.9|gives us 7 = q. As a result, function 71 possesses a distinct fixed point. O

Theorem 3.6. Consider the cone C within the Banach algebra B and the complete of G-CMSBA
(Y,5). Assume that 71:Y — Y is surjective mapping and fulfilled the condition

S(Tu, T, Tw) = p1G(u, v, w) + poGu, u, Tu) + u3G,v, ) + psS(w, w, Tw). (3.10)

. 4
There are u,v,w €Y, and all peC, if ¥, u, is invertible, T(uy + ug + s + f4) > 1 then 71 has only
=1

one fixed point in Y.

Proof. Given that 71:Y —Y is a surjective mapping, for every wg €Y, it exists w1 € Y so that
T(w1) = wg. Moreover, for each 1 =1, it exists w, € Y so that w,) = w,_1. If Tw,) = w,_1, then w,
is a fixed point of 1. Now, let’s consider that T(w,) # w,_1 for t = 1. From equation (3.10), we have

S(wi—2,0-1,0,-1) = 5Tw,—1, Tw,, Tw,)
= p115(w-1, 0, 0) + p25(w,-1, -1, Tw,-1)
+ usS(w, 0, Tw,) + S, v, To,)
= p115(w-1,0,0) + p2 (w1, 0,1, Tw,-1)
+ 135w,y 0,-1) + paS(w,, 0, 0,-1).
Hence

(e— ,U2)9((UL—2,(UL—1,(UL—1) = (Ill + U3 + H4)9(‘Ut—1;wn w,),

- (e—us) = -
9(wl—1awla w,) =< —'uzg(wt—2ywl—lawl—l) =< hg(a)t—29wl—1,wt—l)7 (3.11)
(1 + ps + pa)
where h = yli;g im , since (U1 + e + usg + ug) > 1. It suggests h < 1. Employing (3.11) frequently,
we receive

g(wt—lywl’wl) 5 htg(w()’wl’wl)-
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Now for each and every (,j elements of N about ¢ < j, it has
S(wi-1,0;,0;) < G(0-1,0,0) + G, 041,041)...§@_1,0;,0;)
< h'S(wo, w1,w1) + A1 S(wo, w1,w1) + ... + /" 1G(wo, w1, w1)
<h'(e+h+h*+...+h " HG(wy,w1,w1)
< h'(e —h) 'S(wo, w1, w1).
By using Remark and Lemma we can infer that for u e B with ©> 0, it exists an N
belong in N so that for any j >:> N, we have
S(w,,0;,0;) < h'(e - h)1G(wo, w1,w1) < .
{w,} is therefore a Cauchy sequence. The existence of q € Y implies that (w,;1) = w, — q as
t — oo. This is because Y is complete.
Thus, 7 €Y such that 717 = ¢ can be found. We will now demonstrate that 7 =gq.
Changing w = 7,v = w41 in (3.10), we get
S, q,9) = 5wy, Tr, 7T7)

> u1G(wi41,7,7) + P2 G(W,11, 0141, Tos1) + p3G(r, 7, 1) + e Gz, 7, 1)

= 11150141, 7, 1) + 25141, 041, 0) + (U3 + 14)5(T, 7, 9). (3.12)
Using equations (3.6), (3.7) and G(w,,7,7) = G(w,+1,7,7) — G(w,+1,w,, w,) in above, we have
(e + HQ - l~t4)9(wt+17q7 q) + (e - ”3)9(wt+lywhwl) 2 (‘U]_ + l’tZ)Q(wl+1’T, T)- (3]—3)

Substituting w = w,+1,v =7 in (3.10), we get
g(q’wt,wt) = g(j‘[, _in-l’ _in-l)
> u1G(T, 0,41, 0141) + 12 G(t 41, 0,41, Ty 1)

+ U39((UL+1,(UL+1, _[(Ut+1) + N49(wt+1,wt+1, _[a)t+l)

= 1151, w41, 041) + P25, T,0) + (s + 1) 5(W,41, 0141, @) (38.14)
Using equations (3.6), (3.7) and S(w,,7,7) = G(w,11,7,7) — G(w,41,w,,w,) in above, we have
(e + 13)5(q, wir1,w141) + (e — pg + p) G4 1,01, 0,) = (U1 + 3 + Ha) (W41, T, T). (3.15)

Add up equations (3.13) and (3.15), we get

S(w1+1,7,7) =h15(q, 0,41, 0,41) + h2G(w 11,0, 0,),

(Ze+pg+ps—pa) _ 2e—po—ps+p4)
(21 +pg+u3+1a) and hg = (Qui+pg+us+pg)

From Proposition _ Proposition and We have G(7,w,11,w,41) < un, where u, has a
c-sequence of cone C.

where A1 =

Therefore, for every u> 0, we have §(tr,w,11,w,+1) < i, s0 5(1,0,+1,0,4+1) — © as n — co. So
w,+1 — T as L — oo.

Lemma [2.9|gives us 7 = q. As a result, 1 has only one fixed point. O

Corollary 3.7. Consider the cone € within the Banach algebra B and the complete of G-CMSBA
(Y,G). Assume that 7:Y — Y is surjective mapping and fulfilled the condition

S(Tu, T, Tw) = w15, v,w) + ua(Su, u, Tu) + 5@, v, ) + §o,w, Tw)), (3.16)

where 1(u; +3pu2) > 1 and pg < % Then 71 possesses a distinct fixed point in Y.
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Proof. There is proof originates from result (3.6) since it reduces the equation (3.10) to equation
(3.16) in the previous theorem pg = s = 4. O

4. Conclusion

The goal of this work is to find FP findings for generalized expansive maps within the context
of G-CMSBA. Compared to existing literature, our results provide a substantial improvement.
These findings, in our opinion, will advance the theory of fixed points and, with the right
circumstances, may also apply to other spaces.
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