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1. Introduction

1.1 Preliminaries

Let A represent the family of analytic functions f with normalization f(0) =0 and f'(0)=1
defined on the open unit disk D in the complex plane C. The Taylor series expansion of f € A is
of the form

< )
f(z)=z+ Zanz”, for all ze D, where a,, = . (1.1)
n=2

n!
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The set of functions f € A that are univalent is represented by S. The set B of analytic functions
w(z) defined on D with the conditions w(0) = 0 and |w(z)| < 1, for all z € D is refereed as the
class of Schwarz functions (Goodman [7]]).

A function f € A is said to be subordinate to g € A if there exists w € B such that
f(2) = g(w(z)), for all z € D. We denote it by f < g. In particular if g is univalent, then f
is subordinate to g if, and only if, g(0) = f(0) and f(D) < g(D). For more information regarding
univalent function theory, we refer to Pommerenke [22].

The set of starlike and convex functions respectively 8*, € which are subclasses of S and
further extended by Ma and Minda [15]] by utilizing the concept of subordination to $*(¢) and
C(¢) where ¢ € A satisying conditions R{p(2))} > 0, ¢'(0) > 0, ¢(D) is symmetric with respect
to real axis and starlike with respect to ¢(0) = 1. Some Ma-Minda type subclasses of & were
studied by choosing specific function ¢ in the recent past (Arif et al. [3], Gandhi [6], and Sharma
et al. [27]).

The gth Hankel determinant of index n =1 for a function f € A, with a series expansion
given by (1.1), is denoted as H, »(f) (or simply H,(n)). It is defined as follows:

an Ap+l .-+ Qpig-1
Opn+1 Qp+2 ... An+q
H,(n)=| . . : ) (1.2)
On+q-1 Qn+q --- QAn+2q9-2

where ¢ =2 and a1 =1 (refer to Pommerenke [20},21]]).

Similarly, the gth symmetric Toeplitz determinant 7'y (n) for a function f € A is defined as
follows:

an Qn+1 ... Qpig-1
An+1 an «er Qpig-2
Tyn)=| . : ) s (1.3)
Apn+qg-1 An+q-2 - an

where ¢ =2, n>1, and a1 =1 (refer to Ali et al. [1]).

In 1960, Lawrence Zalcman conjecture that the coefficients of f € S with series representation
(1.1) satisfy the inequality (see, Libera and Ziotkiewicz [14])

Iai —aon-1l<(n- 1)? , forn=2.
Ma [16]] proposed generalized Zalcman conjecture for f € § of the form (1.1) that
lanam —anem-1l<n-1)(m-1), forn,m=2

and proved this conjecture is true for starlike functions and univalent function with real
coefficients.

1.2 Literature Review Concerning Hankel and Toeplitz Determinants in Geometric
Function Theory

The pioneering works of Pommerenke [20,21], Hayman [8], Babalola [5], Zaprawa [36],

Kowalezyk et al. [13]] on second and third Hankel determinants inspired Arif et al. [2] to

estimate an upper bound of |Hy4 1(f)|, for f € R. Subsequently, Srivastava et al. [31], Khan et
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al. [10,11], and Yakaiah et al. [34] computed upper bound for |H4 1(f)| for f being the member of
subclasses of S subordinate to cardioid, sine, modified sigmoid and cosine functions, respectively.
Ali et al. [1] studied the Toeplitz determinant T,(n) for the class 8§ and certain of its
subclasses. Zhang and Tang [37] studied the upper bounds of the fourth Toeplitz determinant
for the class
zf'(2)

8* (s1n)—{f €S: @

Vijayalakshmi et al. [32] studied symmetric Toeplitz determinants for classes defined by post
quantum operators subordinated to the limacon function. Mandal et al. [17] investigated Toeplitz
determinants of logarithmic coefficients of inverse functions for certain classes of univalent

<1+ sin(z)}.

function. For similar type of studies concerning Toeplitz determinant |T;(n)| for starlike, convex
and bounded boundary rotation functions, we refer to Ali et al. [1] and Radhika et al. [23].

We now provide some more details of recent research done in this direction.

(1) Kaur and Singh [9] proved |H4 1(f)I < 832333880 for the members of

Ri={f e A:R{f'(2)+2zf"(2)} > 0}.

(2) Yakaiah and Sharma [33] estimated |Hy4 1(f)| < 0.136765285, |T4(1)(f)| < 0.0069 and
|T4(2)(f)] < 0.00009 for the members of

Ri(cosz)={feA:f'(2)+zf"(z) < cosz}.

(3) Koride et al. [12] computed [Hy4 1(f)| < 1.540436, |T4(1)(f)| < 2.363923 and |T4(2)(f)| <
0.140203 for the members of

Ri(1+sinz)={f € A:f'(2)+zf"(z) <1 +sinz}.

(4) Yakaiah et al. [34] computed |H4 1(f)| < 1.24199978975, | T4(1)(f)| < 2.4375 and |T4(2)(f)| <
0.674461806 for the members of

Ri(1+tanhz)={f e A:f'(z2)+zf"(z) <1 +tanhz}.

1.3 Identification of Research Problem
The Ma-Minda type function ¢37,(2) =1+ (4/5)z + (1/5)z* maps D onto three leaf shaped domain
and the class

zf'(2)

831, = {f €8: @ <(P3L(Z)},

have been studied by Gandhi et al. [6]], Shi et al. [28,30]. Arif et al. [4] studied the bounds
for third order Hankel determinant for two subfamilies of starlike and bounded turning
functions associated with a three-leaf shaped domain. Raza et al. [26]] estimated the second and
third Hankel determinants for starlike and convex functions associated to three leaf function.
Murugusundaramoorthy et al. [18] developed a new class of bi-starlike functions subordinate
to a three leaf function induced by multiplicative calculus. Murugusundaramoorthy et al. [19]
computed upper bound of |H3(1)|, for the members of Rgz,. Shi et al. [29] studied the bounds
of second Hankel determinanats and with a logarithmic coefficient as entry for the class of
bounded turning functionsconnected with a three-leaf shaped domain.
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Motivated by the earlier mentioned research works, in this paper, we compute the upper
bounds of fourth Hankel and Toeplitz determinants for the members of

4 1
Rﬂ¢ﬂ)={feS:fT@+szz%«mm&):1+gz+gz4,mrauzem},

were computed in this paper.

2. A Set of Essential Lemmas

The class of analytic functions p(z) defined on the unit disk D with p(0) =1 and R{p(2)} >0 is
called the class of functions with positive real part, denoted by P. For p € P, the Taylor series
expansion of p € P is

p(2)=1+) c,2", forzeD. (2.1)

n=1
Unless otherwise stated throughout this paper, we assume the series representation of p € P is
of the form (2.1).

Lemma 2.1 ([22]). Let p € P. Then |c,| <2 for any positive integer n. The inequality is sharp for

p2)= 2.
Lemma 2.2 ([15]). Let p € P and ne€ C. Then |co —nc?l < 2max{l1,|2n — 1|}. The inequality is
sharp for p(z) = %2 and p(z) = }J_’—z;

Lemma 2.3 ([3]]). Let p € P. Then for any real numbers A,B and C,
|Ac? —Beica+Cesl <2|A|+2|B-2A|+2|A-B+C)|.

Lemma 2.4 ([25]]). Let p € P. Then for all n,m €N,
2, if0<n<1,
enCm = Cnml = {2|217 —1|, otherwise.
This inequality is sharp.
Lemma 2.5 ([25]). Let p € P and I,m,n and r be real numbers and if the inequalities 0 <m <1,
O<r«<l,
8r(1—r)(mn — 20 + (m(r + m) = n)*) + m(1 - m)n - 2rm)®> <4m* (L -m)>r(1-r)  (2.2)

hold, then

3
ZC%+I”C§+2m0103—?nC?02—C4 <2. (2.3)

Lemma 2.6 ([14]). If the function p € P, then
2c9 = c% +x(4 — c%), (2.4)
4c3 = c:{ +2(4 - c%)clx —c14- c%)x2 +2(4 - c%)(l - lez)z, (2.5)

for some x,z with |x| <1 and |z| < 1.
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3. Main Results
Let f € R1(¢p3L) be of the form (1.1I). Then there exists w € B such that

4 1
Fl@) +2f"(2) = psr.(w(z) =1+ sw(@)+ gw(z)4, for all z € D. (3.1)
If we take p(z) = izg;, for all z€ D then p € P and w(z) = ﬁg;: so that
4 -1} 1 -1\*
Fl@)+zf"(z)=1+= (p(Z) ) 4o (p(Z) ) . forall zeD. (3.2)
5\p()+1) 5\p2)+1
Substituting (1.1) and (2.1) in (3.2) followed by comparing like coefficients on both sides of (3.2),
we obtain
as= 1o, (3.3)
2 c?
e PG | 3.4
a3= 1= (Cz 5 ), (3.4)
1/(1
a4 = E(Zci—clcg+03), (3.5)
2 1, 3, 3 4
a5:ﬁ 04—0103—§c2+1c102—§01), (3.6)
2 3 3 3
aezﬁ 05—0104—02C3+Zc§03+chcg—gc?c‘g , 3.7
2 1, 3, 3 15 334 9 99 3 ¢
a7 =5 = |6 165~ Cacs— 5C3 16+ C102Cs+ Ch - gC1¢8 ~ 1C1C2 + 52°1)" (3.8)

Example 3.1. By taking the Schwarz functions w(z) = z, w(z) = 22, w(z) = 2% and w(z) = z* in
(3.1) followed by integrating on both sides and utilizing the fact £(0) =0, f'(0) = 1, we get
(1) fi@)=z+32%+ 7352°,

(2) fz(Z) =z+ %23 + ﬁzg,

— 1.4 1 .13
(3) f3(x)=z+ 552" +g277,

_ .4 5, 1 _17
4) f4(z)—z+1252 +1iE2 -

We can observe that all the above functions are in R;(¢@sr).

We now estimate initial coefficient bounds for the functions in R;(¢p3y).

Theorem 3.1. If f € Ri(psr) is given by (1.1). Then |ag| < %, lag| < %, layg| < %, las| < %5,

lagl < 1—10 and |a7| < %. The functions f1,f2, s, f4 as in Example are extremal functions for

first four inequalities, respectively.

Proof. Let f € R1(¢p3r) be given by (1.1). By applying Lemmas and [2.3]to (3.3), (3.4) and

(3.5) respectively, we obtain

le1] 1
=< -
lagl 0 =5
as=| 2 (e - 1| < 2
asl=|-—|c2—=||=—,
317145172 2]~ a5
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1 21+2+1) 1
lag| = 160|cl—4clcg+403|<—160 :%.
Now,
1 3 5 3 4
las| = 125 cq4—cC1C3— 2cz—i- 4clc2 3201
2 3n

M

It +re +2mclcg——c2cz C4
T 125|172 2 1
1 1

where [ = 32,r—§ m:; and n = 3.
These values of [,m,n and r satlsfy the hypothesis of Lemman and hence |as| < 125

By Lemmas [2.1, [2.4] and [2.5] we have |ci| = 2, |cal < 2, |cs5 —coc3l < 2 and

gcg + chcg 20%02 - C4| <2. Consequently, we obtain the following after a simple computation

3 3

la I:i C5—C1C4 — C2C +§020 +—clc2——c3cz
790" KRS RS Ae
1 349 3 3 4 3 9
S—O lcs —cacsl + el 502+10163—§clcz—04 +§|01||02|
1
< —.
10
Further, in view of Lemma we have |—%c§+clcz— 03| 5 3 and in view of Lemma. we
have |cg—cic5] <2, |C4—%0103| <2, |CQ—%C%| <7 and using the fact |¢,| <2 for n =1, we obtain
1 3 3 1 3 9 3
|a7|=% 06—0105—0204—§C§+ZC%C4+5010203+ZC§ 80303—1—60%C§+a0?
(Ic —cic |+|c2|2 c —202 + el e —lc c3|+|es| —§c3+c co— +i|c I)
245615 1 6274 2lica—5C163 sl|~g¢1 1223 611
38
< —.
245
We now obtain upper bound for Fekete-Szego functional of the class R;(¢sr).
Theorem 3.2. If f € Ri(psr) is given by (I.I) and H, ,(f) = as—na3 for n€C, then
4 9
Hy (Pl < Emax{l,%lnl} (3.9)

and this inequality is sharp.

Proof. Let f € R1(¢3r). Then in view of Lemma 2.2 we obtain
H ()] =laz —naj]
2 (zo+9n) )
=—|lca—|——=—|c}
45 40
20+9
2( 7

4
< —max { 1,
45 40

&l
15 20

Sharpness is evident from the fact that if || < 9 , then |H17 1(fz)l = —5 and if [n| > & 20 , then
IH;' (Dl = %, where f1 and f5 are as in Example O

4 9
= —max{l —Inl}
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We now estimate an upper bound for second Hankel determinants for the class R;(¢sr).

Theorem 3.3. If f € R1(p3L) is given by - then |Hao(f)| = lagas — a3| < 2025 Sharpness is
obtained for the function fs as in Example
Proof. Let f € fR1(<,03L) be given by (L.1). By utilizing (3.3), (3.4) and (3.5), we have

1 4
H = 3_68 +324 —c2
[Hg o(f)l 95 5184 c1c2 c3)— 31°2

= T30600 324103 - 68c2cy+17c] —256¢3).

Applying Lemma [2.6 we obtain
[Hz2(f) =

_ P Cag 5, 2
129600 01 ~34+17-64)c; +(162- 34— 128)c1x(4 — c)

—81cix?(4 - c}) - 64x%(4 - c2)? +162(4 - c2)c1(1 - |x/?)z|
1

129600'_81"’%’62(4 c3) - 64x%(4 - c))? +162(4 - c}e1(1 - |xP)z]

(81c22(4 — c®) + 64124 — ¢®)? +162(4 — c®)e(1 - £2)2)

1
<
129600
:=F(c,t),
where ¢ =|c1] €10,2], t =|x| €[0,1] and 0 <z < 1. Thus,
oF 1
ot 64800

1
= (4-c%)2-0¢)(128-17
64800( c“)2—-1¢)(128—-17c)t

= 0.

—— (4-¢2)(17¢% - 162¢ + 256)t

Therefore, F(c,t) is an increasing function in variable ¢ and hence

|Ho,2(f) = F(c,1)

(81c?(4-c?) +64(4 — c®)?)

~ 129600
=w(c).
It is clear that y/(c) = 0 implies ¢ =0 and ¢ = g’gﬁ Since 0 < ¢ <2, we take ¢ = 0. Further,

¥"(0) = —876 < 0. Therefore, ¥ attains its maximum at ¢ = 0. Hence,

|Hg 2(f)| < w(0)
1024

~ 129600
16

= 2025°
Theorem 3.4. If f € R1(¢s1), then |Ha 3(f) < 323330'

Proof. Let f € R1(psr) be given by (1.1). By using (3.4), (3.5) and (3.6), we obtain

1
|Hg 3(f)| = m|40960204 204802 +3014cqicocs +4960102 12001(:2 2048(31(34
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+248¢3c3 - 33c8 +248¢3¢3 - 33¢§ - 3600c3]

<——[4096|cg| | — 15 ‘{+1c§ 293 = cic3-— 81 ——c2cy—c4|+3600|c3||c3 — cical
5760000 512 1 2 1024 256
2 31 6
+2048|Cl| C4_ﬁ0103 +586|Cl||C2||C3|+33|01| )
An application of Lemma shows that
15 4 15, 293 31 ,
51211 502t 1094018 T gpeice T 4| =2

Further, it is clear to see that an application of Lemma yields |[cg—cica]| <2, |cqa— %clc3| <2.
In view of these inequalities along with |c,| <2 for all n = 1, we finally obtain
3373
H <
|Hg3(f)l 360000
~0.009369444. O

3.1 Bounds of Zalcman Functionals, |H3 1(f)| |H3 o(f)| for the class Ri(psr.)

Theorem 3.5. If f € R1(p31), then |as—asas| < 20 The sharpness is obtained for
13

1 z
— 4+ _eR
f3(z) = 2+202 +845€ 1(p3L).

Proof. Let f € Ri(psr) be given by (L.1). Utilizing (3.3), (3.4) and (3.5) and applying Lemma[2.3]
we obtain

1
lag —agag| = 7200|77c1 212c¢1c9+ 180c3|
2
——(77+1212—-154|+|77-212 + 180
7200( | |+ )
1
- O
20

Theorem 3.6. Let f € R1(p3,) be given by (1. Then las—a2| < 445, las — a2l < % and
la7— a4| < 139068090 Further, fz(Z)—Z+45Z +405z f4(z)—z+125z +1445z1 as given inExample

are extremal functions for first two inequalities, respectively.

Proof. Taking =1 in eq. (3.9) yields |ag —a%l < %. Using (3.6) and (3.4), we obtain

2 1, 3 3 4 1,)2
2 2 2 4 2
las —asg| = ‘E (04—0103 2(32+ 40102 32 1) 2025 (02 — 501)
2 |37 o 101 2, 283 o
cZ+cie3— —c2cq—c
T 1252881 " 1622 T C168 T 3162 T ¢4
2 3n 4
125 lcl+rcz+2mclc3 30102—04 ,
where [ = %, r= %, m = %, n = 42122 These values of [,r,m,n satisfy the hypothesis of

Lemmal|2.4as it is evident from the facts that 0 < r < 1,0 < m < 1, 4m?(1-m)?r(1-r) = 0.0586896
and

8r(1—r)(mn —20)% +(m(r +m)—n)®>) + m(1 —m)(n — 2rm)? = 0.00341618.
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Therefore, by Lemma (2.4}
37 o 101 o2 283

2
2 4 eres— 2o —cq| < 2.
28817 162 €137 39410274

Hence |as — 2| < 12 . On similar lines, utilizing the inequalities |a7| < % and |a4| < % as

. 2 _ 3084
proved in Theorem (3.1, we obtain |ay —a4| <la7l+la4l” = 75500- O

We now estimate an upper bound of |H3 1(f)| for f € Ri(psr).
Theorem 3.7. If f € Ry(¢p3L), then |Hs 1(f) < 933(1)0

Proof. Let f € iRl((ng) be given by (1.1). Then in view of Theorem [3.5]and Theorem 3.6 we have
las —azasl < g5, lag — a3 < 4z and las —ad| < 335
It is found in [24] that

2 2 2
|H31(f)| < las —agllag —aj] + las —azas|”.

Hence, |H3 1(f)| < (12) (&) + ()" = 5281 ~0.00534444. 0

Theorem 3.8. If f € R1(¢31.) is given by (1.1), then |Hso(f)| < %.

Proof. Let f € R1(p31) be given by (1.1). By using (3.3)-(3.6), we obtain

| |118(11)23( 23)1(13 64cicg+100c3)
agas —asayg 11250 Ci|cC4 360103 ci|C2— 3201 402 C1— Cc1C2 (o3}

11 23 5|1 3
11250 18|c1||cqa— %0103 +2|C1| 2—3—201 Z|02||1301_640102+10003|
——(72+32+100)
11250
34
- 1875°

By using the fact that |asas —agay| < % and utilizing the bounds proven in Theorem ,
Theorem [3.3]and Theorem we obtain

2 2
|[H32(f) < lagllagas —agl +las||lazas —azasl + |asllazas —ayl

8 136 3373
< + +
10125 234375 7200000
2978957
~ 1620000000
~0.00183886. O

3.2 Upper Bounds of |Hy1(f)|, [T4(DI, |T4(2)| for f € Ri(p3r)
Theorem 3.9. If f € R1(¢31) is given by (1L.1), then |as—aga4| < %. This inequality is sharp.

Proof. Let f € R1(p31,) be given by (1.1). By using (3.6), (3.3) and (3.5),
17 4,1, 387 29

2 2
_ = |— e+ =
a5 ~azayl 125'12861 g2t 3pf1e8 T gpc102
2 3n
125 lcl+r02+2mclcg—?c%cz c4l,
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_ 1 _ 37 _29
where [ = 12S,r 3-m=grand n=4.

The values of I,r,m,n satisfy the hypothesis of Lemma [2.5]and hence

2 3n , 4
las —asay| = 125 lcl+rcz+2mclcg—?clcg C4 Sﬁ'
The equality hold in |a5 —asas| < 125, for fy(z) =2z + %25 + 14452 "€ Ri(esL). O

Theorem 3.10. If f € R1(g3y) is given by (1.1), then |ag—asa4| < 900

Proof. Let f € R1(p31,) be given by (1.1). By using (3.7), (3.5) and (3.4) leads to

| | = 1 '10 1legcs+ = eqc2+10 ( ¢+ 172,24 2 )
- cic c —c c1c3— —c2cg—c
G —agay 900 Cs5— L1lcacg 4 1Co 1 80 40 2" g 1C3 — 20°¢1 2—C4
27 3
900(10 cs5— 400203 +Z|C2||C3—0102|+10|01| lc‘{+rc§+2mclc3—?nc%cz—04 ),

-1 17 -2 -3
where [ = g5, 35, m =% and n = 35.

These values of [,r,m,n satisfy the hypothesis of Lemma and hence
1 4 17 5, 4 9

2
— cZ+=cqc cico —cq4| < 2.
801 T 402 T 5193 T 5o 12 T ¢
In view of Lemma . we have |C5 400203| 2, les —e1eg| < 2. Further from Lemma we
have |c1]| <2, |co| < 2. Utilising these inequalities, we obtain that |ag —aga4| < 9070 O

Remark 3.1. It is clear from Theorem that the Zalecman conjecture is true for n = 2,3,4 for
f € R1(¢sr). Further, generalized Zalcman conjecture for certain initial values of n, m in view

of Theorems
Theorem 3.11. If f € R1(p3r), then |H4 1(f) <0.00179948585.

Proof. Let f € R1(p31,) be given by (1.1I). It is found in [24] that if f € 8 of the form (1.1), then

2 2 2
[Hy1(F) < la7—ayllHs1(f) +lae —azasl”las — a3l

+las —azaqllas — a§| +2|ag —agasllas —agasllas —azasl. (3.10)
Thus, the required upper bound follows by utilizing the bounds obtained in Theorem
Theorem Theorem Theorem Theorem [3.9]and Theorem in (3.10). O

Theorem 3.12. If f € R1(psr), then |T4(1)] <1.149169.

Proof. Let f € Ri(¢sr) be given by (1.1). Then by using the bounds of initial coefficients of
f € Ri1(psr) proved in Theorem (3.1}, we obtain

| | <lasl+lazllagl = 4+1(1) 89
— a -
43— azaal=lasiTiazliadl = =7 =155) ~ 900°

Iaz—agagls|a2|(1+|a3|)51(1+i):ﬂ,
5 45 225
1-a2|<1+agl®< <1226

25 25
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Also, |ag —a%l < %, lasag —ay| < % and |Hgo(f)| < % are as proved in Theorems and
respectively. In view of [37], we have

IT4(D)] = I(1-0a2)? - (agas —aq)® + (a2 —asas)® — (ag — asas)® + 2(a2 — as)as — azay)|

2,2 2, 1.2 2 2 2
<|1-a5|” +lagas —a4l” + a5 —agasl” +|ag —agasl” +2lay —az|lag —azaql

(26)2 1 ( 16 )2 (49)2 (4)(89)
S l=| t-—=+|=—7=]| +|=—==]| +2|—=||=—=
25/ 400 |2025 295 451900
~1.149169. m

Theorem 3.13. If f € R1(psr), then |T4(2)| <0.00340790418.

Proof. Since f € Ri(¢p3r), in view of Theorems and , we have |[Hg3(f)| < 323(7)30’
|Ha2(f)| < 535= and |asas —asas| < 7o2=. Further

97
To(2)| = a2 —a?| < |a| +|a?| < ——
|T2(2)| = lag —as| < l|aj| +|as] 2025

1
lagas —asaql < lasl(lag] +|asl) < Tl

16 289

1
+ = .
100 5625 22500
Following the inequality found in [37]], we obtain

lagas —aszas| < |agllasl +lasllas| <

IT4(2)| < |T2(2)1 + lagay — agas|® + |Hos(f)I? + |lagas —azaql? + 2| Hao(f)l lagas — azas|

- 9409 N 1156 N 11377129 N 1 N ( 16 )( 289 )
~ 4100625 3515625 129600000000 2025 2025 /122500
=0.00340790418. O

4. Concluding Remarks

The upper bounds of Hankel and Toeplitz determinants of order four have been established,
shown that the Zalcman conjecture is true for cases n = 2,3,4. Additionally, the generalized
Zalcman conjecture has been validated for initial values of n and m within the class Ri(¢3z) in
this paper. One can investigate the upper bounds of |[H5 1(f)I, |T5(1)| for R1(¢31,) as continuation
of the work.
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