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1. Introduction

The theory of differential equations oscillation has attracted a lot of attention and is an
interesting area of study. This theory has numerous significant applications in the social
sciences, engineering, neutral networks, etc., several authors have shown interest in studying
the oscillation theory and contributed more paper on it (see Agarwal et al. [1]l, Jaros et al. [9,
Kusano and Naito [[11], and Swanson [17]]).

Glazman [[7]] discovered the general oscillation criteria for PDEs. A set of PDEs known as
elliptic PDEs is responsible for explaining both global and steady state phenomena. In fluid
dynamics, heat transfer, electromagnetism, geophysics, biology, and other application domains,
elliptic PDEs studied by Evans [5], Gilbarg and Trudinger [6], Pudipeddi [15], and Yoshida [20].
Many authors have worked hard in recent years to develop oscillation theory for elliptic
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equations with variable coefficients (see e.g., Agarwal and O’Regan [2], Headley and Swanson
[[8, Kreith [10], Noussair and Swanson [12], Priyadharshini and Sadhasivam [14], Santra et
al. [16], Xu [19], and Zhuang et al. [22]), and oscillation criteria were obtained for quasi linear
elliptic equations by Allegretto [3], Headley and Swanson [8], Wei et al. [[18], and Yoshida [21]].

Kusano and Naito [11] derived the oscillatory and non-oscillatory behavior of quasilinear
differential equations.

First-order quasilinear elliptic equations have been constructed by Yoshida [21], and findings
for superlinear and sublinear elliptic equations have been achieved.

The existence of radial solutions to the p-Laplace equation was examined in Pudipeddi [15],

V(Vul* V) + lu e+ ju* e =0,
where 0<a <, 0<pu<a.

Motivated by these observations, we obtain new oscillation criteria for a certain class of
quasilinear elliptic differential equations of the form

V(Vul*Vu) + CxDlul* tu + DOxDlul* lu = f(x), x€Q, (1.1)
: : o a 0
where V denotes gradient, i.e., V= (E’ g m]. Also,

n 1
lx|=r= (Zx?)Q
=1
is Euclidean length of x € R". Since x = (x1,x2,...,x,) represents a point of R”, Q2 is an exterior
domain of R™. In other words, Q2 includes the complement of some n-ball in R*. Let
E,={xeR%|x|>r}cQ, r>ry,
S, ={xeR";|x| =1}, r>ro,

where S, denotes the (n — 1)-dimensional sphere. Consider that C(r),D(r) € C((;R.), @, A, u are
constants A >a,0<pu<a.

This paper is organized as follows: We recall a few preliminaries, lemmas given in Section
In Section [3| new oscillation theorems developed by using Riccati transformation and Philo’s
type. In Section |4, we provide the suitable example illustrating our main results.

2. Preliminaries

We present the definitions and lemmas which are used in the sequel.

Definition 2.1 ([20]). A solution u: Q c R” — R! of (T.1) defined and of class C in a unbounded
domain E,, whose complement CE, is compact, will be called oscillatory if the exterior of every
sphere contains a zero of u and the set of the zeros of u has no interior points.

Definition 2.2 ([4])). If a solution to (L.1) contains arbitrarily large zeros on [rg,00), then it
is considered oscillatory; otherwise, it is considered non-oscillatory. If all of its solutions are
oscillatory, then (1.1) is considered oscillatory.

Philo’s (1989) [13] introduces the function H, as stated in the definition.

Definition 2.3 ([13]). The functions H(r,s), hA(r,s) € C'(D,R) in which D = {(r,s):r =s > ry > 0},
H1): H(r,r)=0,r>rg and H(r,s) >0, r>s=ry,
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(H2): aHér’S) = h1H(r, s),
@sy: B0 o),
0s
(HA): Bi(r,8) = ha(r,s) + 22
p(s)
p'(s)

(H5): Bo(r,s)=—ho(r,s)+ .
p(s)

Lemma 2.1 ([20]). If u € C2((rg,00),R), then the spherical mean of u(x) over S,, i.e.,
1
Ur)= T f udS,
wpr™ - Js,

where the surface area of the unit sphere S1 is indicated by w, and w, = %f—f), if
2

T f V(IVul* IVu)ds = r1 "¢ U ()0 ()Y, r>ro.
W, Js,

Lemma 2.2. Let u € C2(Q,R) is a solution to (I.1) for some r1>rg, u>0 in (r1,00). In Q, all
solutions u € C(L2,R) are oscillatory if the ordinary differential inequality,

AT EHU @10 + U UG + DIUIFIUG) <0, for >y (2.1)
has no non-negative solution.

Proof. By Lemma|2.1]
rl—n(rn—l|U/(r)|(x—1U/(r))! —

a)nr”_1

f V(Vu|* 'Vu)dS
Sr

1
== rn_lf (C(le)lul’l_lu+D(|x|)|u|“_1u)dS+f f)dS, (2.2)
forr>rg.

Using the condition ——L—+ fSr f(x)dS <0 in equation (2.2), we have

w,rn1

D
rETNU I TIU ()Y < - C(r_l f ul'r* dw - (rzl f ul'r*dw
S1 S1

w,r" W,
< —(Clul*) + Dlul*r).

The proof of the lemma is complete. O

3. Main Results

Our goal is to minimize the multidimensional problems to one dimensional problem of oscillation
of an ordinary differential equation. In the following theorem, we establish some new oscillation
by using the Riccati techniques and Philo’s type.

Theorem 3.1. If there exists a function p(s) € C((rg,00),R) such that

a-\A
/1_ /1_ A— a— —-a
s"‘l—u( a) " C) T D) — kiBa(r, 9% |ds =00, (3.1)
a—pu\a—u

then all solution of (1.1) are oscillatory.

lim supf p(s)H(r,s)
ro

r—.oo
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Proof. Let u(x)> 0 is non-oscillatory. We define the Riccati transformation
RN £ o e A )
Win=p (r)( U0 )
p'(r) p(r) (C|U(r)|1—1U(r)) p(r) (D|U(r)|“—1U(r)) -1 (|U’(r)| )“”
- —ap(r)r —_— .

W(r) < —=W(r )—

p(r) ;U@Ne-1U@r) ) r172 U@ U () Ul
(3.2)
Using the inequality,
a=A
copp-e+ 20 L Ao “(A “)M CcTHDr) T (3.3)
1725 e v v

In equation (3.3) substituted in (3.2),

a+l

’ a=1 . " -
W) < WP -1 ()(A ”(A Z)AH)C(r)A_ZD(r)A_ﬂ—ar”_lp(r)(M) . (3.4)

p(r) a-p r"1p(r)
Integrating on both sides from r¢ to r,
fr[l-[](r,s)W’(s)dsSf H(r,s) (( ))W(s)ds
ro ro
_/1 - -a
f H(r,s)p(s)s™” 1(/1 ”(A 0‘))L )C(s)rﬁp(s)ﬁfuds
ro pla—u
a+l
—cxf H(r,s)s"_lp(s)(&) " ds
ro s"1p(s)
a+l
< f H(r, s)W(s)Ba(r,s)ds — a f I]-ﬂ(r,s)p(s)sn_l( Wir) ) ds
ro ro s 19(3)
f H(r,s)p(s)s™~ 1(/1 “(}L a) )C(s)z__ﬁD(s)j{__st.
ro pla—p

Using the assumption,
a+l

( W(s) )_BQ(F,S)Sn_l( W(s) ) as”_l( W(s) )T,

sn—lp(s) - g~ 1p(8) sn—lp(s)
( V_Vl(s) ) < Goax = KIB(r, $)|%*L,
s"1p(s)
r ol A—p(A-a = ap A-a a+1
p(s)H(r,s)|s —( ) C(s)*+D(s)*+ — Ek|Ba(r,s)| ds<W(rg). (3.5)
H(r,r0) Jro a—pula-—uy

Taking the limit supremum on both sides,

a=»A
r A—u(A—a)r=u a-p A-a
lim sup o(s)H(r, )| s 1 [ 2=E ( “) "1 C(s)TH D(s)TH - kIBy(r, )% |ds < W(ro),
r—oo H(r,ro) ro a-—pla—pg
which contracts (3.1). The proof of the theorem is complete. O

Theorem 3.2. Assume that, each Ry = rg for sufficiently large, there exist ai,as,a3 € R with
Ry <ai<as<ag such that

A
1 as A—u(A—a\i-=u A-a
- s”—l—“( “)A C(s)7 D(s) 1 — KBy(s,a)| """ | p(s)H(s,a1)ds
Hlas,a1) Ja, a—pl\a—p
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5}

A
1 A— A— A=u A-a A-a
(s” ' “( a)l C(s)T5 D(s) T - KBa(az,s)| ™| p(s)H(as, s)ds > 0.

Hag,a3) Jag a—p\a—p

(3.6)
Then all solution of (1.1) are oscillatory.

Proof. Assume the contradiction. Define W(r) as in Theorem ro<aj<ag<az. We can
obtain (3.1) with r(, H(r,s) replaced by as, ho(r,s), respectively. It follows that
/’[_

azh _
f p(s)H(r,s)(sn'1 @(““)A”)C(s)rﬁD(s)—u—k|B2(r,s)|“+1)dssH(r,aa)Wms), 3.7)
a3 a-pla-p

where r € [a3,a2). Letting r — a, in equation (3.8) and dividing both sides by H(ag,as3). Then,
we have

1 (@
H(a27a3) as

B}

A

a=2A
/1_ A— —u a— Aza
“_( “)A ”JC(sM—ZD(s) 4 _kmz(az,s)l“”)ds = W(as).
a-p\a—u

]

p(smﬂ(az,S)(sn_l(

(3.8)

Corresponding to the work of Theorem multiplying H(s,r) with r replaced by s, integrating
for re(aq,asl,

f  H(s, W' (s)ds < f “ %I]—H(s,r)W(s)ds

>a

a—

- f " plsH(s, 15" I(A a (A “)A ”)C(s)ﬁp(s)?fﬁds

a-pla—p
—faS p(s)H(s,r)s" 1 (&) ds.
r sn 19(3)

It follows that,

as
I]-H(ag,r)W(ag)Sf H(s,r)p(s)

a+l
n-1[_WE) )_ n—l( W(s) )T
B1(s,r)s (sn_lp(s) as o) ds

_fas n— 1p(s)|]-|](s r) /.t(/l a

) C(s)l “D(S)’l #ds

Since
W(s)
(sn‘lp(s)
Thus, we obtain

) < Gmax = KIB(r,s)|**L.

H(ag,r)W(as) < fa3 [H](s,r)p(s)kl[ﬂil(s,r)|a+1ds

”I
>..

—fa3 =1 ,(s)HGs, r) Z(A “) C(s)T# D(s) T h ds.

Therefore,

”I
>.\

A-a

(z Z) " C(s)ThD(s) u—K|B1(s,r)|a+1)d3S_H(a3’r)W(a3)’

1A7H
a-p

fag p(s)H(s,r)|s"™
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where r € (a1,as3]. Letting r — a{, dividing both sides by H(as,a1). Then, we have

as A—p(A—a\tw | aw i
——— | p(s)H(s,a1) 3n_1—'u(—a) #C(S)AfﬁD(s)ﬁ*f‘ ~K|Bi(s,a1)|**! |ds < -W(as).
H(as,a1) Ja, a-pla—u
(3.9
Adding (3.8) and (3.9),

a-p
1 a3 A—pu(A—a)\r= a—p A-a
(s”—l—“ (—“) " C()THD(s) T — K|B1(s,a1)|** | p(s)H(s,a1)ds

H(as,a1) Ja, a-—pl\la—p
a=»A
1 (o o A-mu(A-a\Th
Y S R (—“) " C(s)™4 D(s)T# — K |Ba(az,s)|*! | ps)H(az, s)ds <0
Hlag,a3) Jas a—p \a—u
which contradicts (3.1). The proof of the theorem is complete. O
Corollary 3.1. Let H,h1,hs,, p be the same in Theorem Moreover, if
a=»\
r A=p (A—a\r=r azp A-a
lim sup p(s)H(r,s)s" 12K (—“) " C(s)TH D(s) T ds = oo, (3.10)
r—oo H(r,ro) Jry a—pula—u
r
lim sup p($)H(r, $)K |Ba(r, s)|“ 1ds < oo. (3.11)

n—oo H(r, 7'0) ro
Then all solution of (1.1) are oscillatory.

Corollary 3.2. Let H,h1,h2,p, B1 and Bg be the same as in Theorem Moreover, suppose that

(3.2) is replaced by
1 “3sn_1/1—u()1—a)

H(as,a1) Jo, a—pla—p
a-A
1 az A—pu(A—a\r=u ap Aza
_1 sn—l—“(—“) " C(s)7 D(s) T plsHlaz, )ds
H(a’z’aS) as a_IJ

as
>— K|By(s,a1)|* L o(s)H(s,a1)ds +
H(aS,al) al | ! ll p ! [H](a'27a3) as

~

a—

N

m

C(s) T4 D(s) 14 p(s)H(s,a1)dss

a—p
as
K|By(asz,s)|* 1 p(s)H(asg, s)ds.

3.12)

Then all solution of (1.1) are oscillatory.

4. Example
We provide an example to highlight the findings from Section

Example 4.1. We assume the quasilinear elliptic equations
V(Vul* V) + eMulP lu+D@E)ul tu = £(r), x€Q, (4.1)

N .
where n=2,a=1,1=3 and p=1, p(s) =5, C(r) = E22% and D(r) = E2OL H(r,s) = (r - 9),
2(cosr)2

r

limsup | p(s)H(r,s)

r—oo Jryg

A—p(A—a\th  au o
Sn_l_ﬂ( a)A " C()THD(s) T — kBo(r,$)|% | ds
a—-pula—u

r —
=limsup | s(r— 3)33_12(1)71 + constant = oo.

r—oo Jrg S

1
( (sins)i )2 (sins)%
2(coss)%
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Therefore, all requirements given in Theorem |3.1] are fulfilled. As a result, all of (4.1) solutions
oscillate. One such solution is u(x) = sin(r).

5. Conclusion

In this work, some new oscillation criteria for a certain class of the quasi linear elliptic
equations is discussed. By using new sufficient conditions for the quasilinear elliptic equation is
established. We have also present an example to illustrate our new results.
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