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1. Introduction

Let T be the unit circle in the complex plane C. For each integer n, let e,(ef) = ¢i"? | regarded
as a function of T. Then it is well known that the set {e,, : n € Z} forms an orthonormal basis
for L2(T) (Martinez-Avendafio and Rosenthal [11]). The space L>®(T) consists of all bounded
functions defined on the unit circle T and the space H*(T) consists of all the functions that
are analytic and bounded on T. Thus H*(T) = {f € L°°(T) : {f,e,) = 0 for n < 0}. The Hardy-
Hilbert space, to be denoted by H2(T), consists of all analytic functions having power series
representations with square-summable complex coefficients, i.e., H2(T) = { feL(T): f(e'?) =

(e0] . (0,0
Y aze™and Y la,l?< oo} For a given ¢ € L°°(T), the Toeplitz operator with symbol ¢, to be
n=0

n=0
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denoted by T, is the operator on the Hardy space H?(T) defined by Ty(f):=P(¢-f), where
f € H%(T) and P is the orthogonal projection that maps L?(T) onto H2(T).

N
A polynomial ¢(z) = Y b,2" is said to be a trigonometric polynomial of analytic and
=

=—m
co-analytic degree N and m, respectively, if b_,, and by are not equal to zero. Then ¢(z) having
the same analytic and co-analytic degree N is called a symmetric-type trigonometric polynomial
if the coefficients of it satisfy the following condition:

by b1

_ e b

ol Zl=bnl| 2. (1.1)
by e

A bounded linear operator B defined on a Hilbert space H is said to be hyponormal if its
self-commutator [B*,B]:= B*B —BB™ is positive semi-definite. For arbitrary symbol ¢ € L*(T),
though Cowen []1] gave a very elegant characterization to determine the hyponormality of
Ty, but in practice, it is very complicated. Later on, Nakazi and Takahashi [12] modified this
characterisation as follows:

Theorem 1.1. For a given ¢ € L°°(T), write E(@)={k € H®(T): |klloo <1 and ¢ —kp € H*(T)}.

Then T, is hyponormal if and only if £(¢) is nonempty. This theorem is known as Variant of
Cowen’s Theorem. By employing this modified version of Cowen’s Theorem, several authors, e.g.,
Cuckovic and Curto [2]], Farenick and Lee [3]], Fleeman and Liaw [5], Gupta and Aggarwal [6],
Kim and Lee [8], Kim et al. [9], Lee and Simanek [10], Phukon [13]], Sadraoui et al. [14], Le and
Simanek [10] studied the hyponormality of Toeplitz operators T',, especially, with the symbol
@ that satisfies some certain conditions about the coefficients of ¢ in the Hardy as well as in
the Bergman spaces. Summarily, the primary objective of these authors was to enquire about
the following question: “Which trigonometric polynomial symbols induce a hyponormal Toeplitz
operator and under what conditions?" Our particular interest here also is to explore more about
the hyponormality of the Toeplitz operator T, where the previous literature remains silent.

Definition 1.1 ([4]). A trigonometric polynomial ¢(z) = Z b,z" (by #0, b_n #0) is said to

be a circulant trigonometric polynomial with argument a) zf there exists w € [0,2m) such that
b_j =e"“by_p.1, for every 1<k <N.

Thus, the coefficients of a circulant trigonometric polynomial should satisfy the following

condition:
b_1 by
b_g bn-1
: — eiw . (1.2)
b-_N+1 by
b_n b1

In this paper, we determine the hyponormality of the Toeplitz operator T, considering

N
a symmetric-type circulant trigonometric polynomial ¢(z) = Y. a,z" with the extremal case
n=—N
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where the argument w = 0. Before going to the main results, a brief description of Zhu’s theorem
[16] is given.

2. Zhu’s Theorem

Suppose that f(z) = OZO c jzj is in the closed unit ball of H*°(T). If fy = f, define by induction a
j=0

sequence {f,} of functions in the closed unit ball of H*°(T) as follows:
n(Z) - n(O)
fr+1(2) = f f

2(1= 2 (0)fn(2))’
Note that f},(0) depends only on the values of cg,c1,co,...,c,. We write f,,(0) = D, (co,...,c,) for

lz|<1, n=0,1,2,....

each n=0,1,2,... as a function of n + 1 complex variables and call them as Schur’s functions.
Now we state Zhu’s theorem [16] briefly as follows:

N
Theorem 2.1. If p(z)= Y. a,z2", where ay #0 and if
n=—N

-1

Co ay agz - AN-1 AN a-1
C1 as as -+ apn 0 a_so @.1)
= . . . . . . ) .
CN-1 ay 0 .- 0 0 a_nN

then T, is hyponormal if and only if |®,(co,...,cy)I < 1 for each n=0,1,...,N - 1.

3. Main Result

Before going to the main results, we need the following lemma and a formulation for ®,,.3.

Lemma 3.1 ([7]). Suppose that k(z) = % cjzj is in the closed unit ball of H*°(T) and that {®,}
j=0
is the sequence of Schur’s functions associated with {c,}. If c1 =co=c3=...=cp—1=0and ¢, #0,

then

Dy = cg, and

O1=0y=D3=...=D,_; =0,
" 1—1col?’
@, .= Cn+1

(1—lcol)1—1Dp2)’
- (1- 1Dy *)cprgen +1Pp 22,
cn(1=1col?)(1— Dy 2)2(1 = [Dp4112)

cneni3lens1P(1=1Dn111%) +2lcnPeni1cn 2| Pnr1l?(1 - Dy [?)

+CnCni1Ch gl Pni1l? +Crcd  |0n 11?0, 12
cnlen+112(1—1col2)(1 - [P, 12)(1 = @y 4112)2(1 — | Dy 12[2)

Now, we proceed to formulate @, 3 as follows: From Section |2, we have

kn+1(2)—kn+1(0)

z(1- kn+1(0)kn+1(z))

q)n+3 =

kni2(2) =
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(1-leol?) OZO cjzj_”_1+cnﬁozo cjzj‘1
J=n+l J=1 _ _cns1(d-lcol®)
(1-1col2)1-coko(@))(1—Ek,(0)k,(2)) (1-Icol?)2—lcy|?

z(1- kn+1(0)kn+1(2))
A+B-C

 (1-leo)(1~ Toko@)(L ~ kn(0kn(HA ~ 022 ~ I, [2)2(1 ~ ks 1(0Vkn41(2))

where
oo .
A=1-lcoA-lcol®)?—lenl® Y cjz/ ™!
j=n+1
2 252 2 2 252 2 o i 2
= (1~ leol N =leol®)* —lenl“Yens1+ (1= leol N ~lcol*)* ~lenl®tz ) c;z/ "7,
j=n+2
2\2 2 o —1
B ={(1—1col”)* —lcnl }cnc_OZ CjZJ_
Jj=1
2\2 2 o j—2
={(1~lcol*)* ~leal*}encoz ) cjz’ 2,
Jj=2

C = cpi1(1—1co®?(1 = Coko(2))(1 - kr(0)k,(2))

(0 0]

2\ — 272 —1 2 2

= cp1(1—lcol?)’ —Cocns1(1—lcol®)?z Y cjz/ ™t —cpa1(L—lcol)lenl
=1

[o.0]
— 2 i—n—1
—Cnens1(l—lcol¥z Y. cjz/ "7
Jj=n+1

Now, by putting the values of A, B and C and by further simplifications, we have

o0 . (e,0) .
(1=leoPHA—lcol®? = lenl®t ¥ cjz/ 2+ {(1-lcol®)? —lenl?lento X cjz/ 2

Jj=n+2 j=2
N (S . - 00 )
+C0cne1(1=leol®? ¥ ¢zl M +Tcn(l=lco®) ¥ ¢jz/ "t
J=1 j=n+1
kn+2(2) = —
(1 - leol2)(1 — Coko(2)(1 — kn(0)k (DL —1c012)2 — |cn 2H1 — B 1(0Vkn11(2))
R
-5,
where
[ele] . oo .
R =(L=leoPM(L-leol"Y* ~leal™ 3. ez +{(A=leol”)’ ~lenl*lento ) cj2"
j=n+2 j=2
© . 00 )
+Cocn1(1=lcol? Y cjz/  +Cpcnin(l=lcol® Y. ¢z’ ",
J=1 j=n+1

S =(1-1col*)1 = Coko()(1 — kn(0)kn (DAL = lcol®)? = len*H1 = kps1(0)k11(2)).
Thus,

(1- oL —1Icol®)? —lenlP enso +Cnc?, |} U
(1= 1colD2(1~ B (021~ [Br+1(0)PH(L ~Ico22 —[c, 2~V

kn+2(0) =
where

U =1-lcol){A~lco®? ~lenl?tensa+nc?, ),
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V =(1—-1col®)2(1 = 1kn(0)*)A = k11 (0N = |col®)? = lenl?).

Hence,
_ kpra(2)—kpi0(0) E_U
kni3(2) = — '
2(1=kp2(0k,40(2) 2(1—kpi0(0)k,10(2))
Now,

00 . 0 .
RV = [(1—|00|2){(1—|00|2)2—|Cn|2} Y ez {1~ 1col?)? — lenlPYenco Y. cj2 2
j=n+2 j=2

+Tocns1(l=leol®)” ) ¢jz/ T +Cncnirl~lcol®) Y cj'zj_n_l]
J=1 j=n+1
x [(1 = leo)*(1 = [kn(0)*)(L = e+ 1(OIH(L = lco*)* = leal*}

{(1—|co|2>{(1—|co|2>2—|cn|2}cn+2}+{(1—|co|2){(1—|co|2)2—|cn|2}z Y cjzf—"—?’}

j=n+3

00 . oo .
+{coca il —1lcol®® —lcnl?tz Y ¢ sz'S} + {%cm(l ~leol®?2 Y ¢ sz'2}
Jj=3 j=2

m .
+{aci+1(1—|co|2>}+{acn+1<1—|co|2>z Y cjzf—"—zH
j=n+2

x [{(A = lcol®)? = enl®¥2 = lens12(1 = lcol®)?],
SU =[(1-leo)1 =Coko(2)(1 = En(0)en ()L - Icol?)? = len|?H1 = B 1(0)k 4 1(2)1]

x [(1 =oAL~ leo®? ~lenP ensa +Tnc?, )]

(1—leol®)(1 = Coko(2))(1 = Ep(0)e, ()1 = Icol®)? — lcn %)

(1-1col?) % cjzj_”_1+cn% OZO cjzj_1
y { B ( Crn+1(1-lcol2) j=n+1 = }
(A=leol®? = lenl®) (1 ~1eol2)(1 ~Toko()NL ~ kn(0)kn(2))

x [(1=leol A = 1co®? = len|P ensa +Enc?, )]

(L =1co)? = lenl®? =201~ lcoPH(1 ~ leol®* —lealP}z Y cj27

Jj=1

o0
-— 2\2 2 —n—1
— el —lcol®)* —leal®z ) ¢z’ ™
j=n+1

o0 o0
2 2,2 2,2 n-2  — — 2 -2
—len+1P (X =lcol®)? —Cnr1(l=1lcol®)?z Y. cjz/ " *—Coentnri(l—lcol?z ) cj2’
j=n+2 j=2

x [(1 =gl ~lcol®)? = len P} ensa +Enc?, 1.

Thus,
RV-SU=z

00 . o .
{(1—|co|2){(1—|co|2)2—|cn|2} S ejel B 4 eyl — oo~ lenl®) Y ¢jai?
j=n+3 j=3
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2 2 2
+Cocns1(1-1Icol®) ZchJ +Cneni1(1—lcol?) Z cjzl ™" }
Jj=2 j=n+2

x {1 =1lcol®? = lenl®¥? = lens12(1 = co D)%
— {1~ leoHA ~1col®)? ~ lenPtensa +Cnc? 11}

{—cou lcol N~ leol®)? —leal }ZchJ Ll —1col®? — lenl Z cjz/ !

j=1 j=n+1

2 2 2
—Cpi1(1- |CO|) Z C;z 2/ —cocnCn+1(1—lcol )ZC]Z] }]7
j=n+2 j=2

z2SV(1- kn+2(0)kn+2(z))
= 2[(1 - |col?)(1 = Coko(2))(L = En(0)En (2L = 1co2)? = lcn 21 = Bns1(0)kn 1+ 1(2))]
(L= 10?21 = 1B (0) DA = 11 1(O)HA — 1c0l2)? = lcn P11 = B+ 2(0) 14 2(2)).

Hence,
22 —leal®2 + Crensicnr2fl(1—1col®)? = lcn|?}

2)2

cn+3i(1—]col

+Cpcniicnsol(l—1col®)? e, ?
2)2

—cnislen+112(1 = col
+(@n2)e | +Tnaic?, o(1—leol

(1-1c0I2)3(1 = 1 (0)12)2(1 = |k p+1(0)12)2{(1 = |c0l2)2 — |cn 12H1 — |1 12(0)[2}
cn+3l{(L=1co®)? = [cal®}2 = lcn+112(1 = col?)?]
+2¢ncnr1cn+2{(1—lcol?)? — e, |2}

~ +Cnr1c2,o(1—lco?)? +(cy)ed |

T (1-1eol2P = 1221 — 111221 — lcol2)2 — e |2HL — [pr12/2}

cncn+3|cn+1|2(1—|<I>n+1|2)+2|cn|2cn+1cn+z|<bn+1|2<1—|<I>n|2)

CI)n+3 = kn+3(0) =

2 2
+cncn+lc 2|(Dn+1| +cne 1|(Dn+1| |Dp |

cnlen+112(1—leol?)(1 - |(I)n|2)(1 — Dy 4+112)2(1 = | Dy 42]2)
Now, we proceed to our main results.

Theorem 3.1. Let ¢(z) = Z a,z" (with ay # 0,a_y # 0) be a circulant trigonometric

polynomial with argument 0 and let the coefficients of ¢ satisfy the following condition:

a_9 @

_ a_4 ﬁ

an| . =a-n| . |- (3.1)
a_-N anN

If a= LSP, then T, is hyponormal if and only if

lagl>-la1
(1) lasl =la1l =lanl,

(i) lel =1,

(iii) |1+ aQ(g—;) <

2
—lal”.
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Proof. By the definition of a circulant polynomial with argument 0 we have:

a—1 anN
az| [an-1
a_n ai
Now, the equation (3.1) together with this condition yields that
aN-1 ay
__|an-3 a4
an =a1
a1 an

Now, by Theorem T, will be hyponormal if and only if we can find a unique analytic
o0 .

polynomial c¢(z) = }. ¢;z’/ in H*(T) such that ¢ —cp € H*(T). Because c satisfies the property
j=0

@ —c@ e H®(T), then ¢ necessarily satisfies the property that

N N
c Z a2z " - Z a_p,z " e H>®(T). (3.2)
n=1 n=1

From (3.2), one can compute the Fourier’s coefficients ¢(0),c(1),...,¢(IN — 1) of ¢ to be ¢(n) =c,
for each n=0,1,...,N —1 uniquely as follows:

ai
co=—, c1=...=¢cN-4=0,
an
—4 o
4 N 1 . _ a1a3d1
en-3=@nN) " |a-3~ ) cja3|=@n) (a-3-coaz—...) = 2(an)2’
= la1l*(an)
. N-3 P _ __agagd;
en-2=@N) " |a—z— ) cjajiz| =(@n) (a-z—cotz—...—CcN-3AN-1) = —— 35—,
P latl*(@n)
4 N-2 1 o {—a1d2+a§a_3}d1
en-1=(@n) " |a1— ) cjajar|=@n) (a_1—-co@1—...— cN-2GN-1) = 2g o)
p=t atlail*(an)

where d1 = lay|®=|a1|? and dy = |as|?—|a1|2. Hence ¢(z) = co+cn—32N 3 +cen_02N 2+cpy_12N1
is the unique analytic polynomial of degree less than N which satisfies the condition
¢ —c@ € HX(T). Now, if {®,} is a sequence of Schur’s functions associated with {c,}, where
n=0,1,...,N -1, then by Lemma one can compute Schur’s functions ®,,’s as follows:

ai
Dy =co=—,

an
Oy_s = CN-3 aiazdi _asan

3= = — =
1-lcol?  la1l?@n)?(1—lcol?) (aran)’
_ _asazdy _
CN-2 la1%(@y)? _agazan

Oy -2

C(1-leo)A-Dy_312) (A—lcolP)1—|DPy_32) ands ’
® ~ (1-|Dy_3P)en_1cN_3+ |DPN_3]?
N enos(—leoP) - [On_3P2(1— Dy—2)  (d2 - lazPlasP)an

Hence, with an application of Theorem and a straightforward calculation, the results can be

2 2 | = 2=
Cn_s (d5 +aiajaz)ay
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computed easily. O

N
Theorem 3.2. Let ¢(z) = Y anz" (with any # 0,a_ny # 0) be a circulant trigonometric
=—N

e
polynomial with argument 0 whose coefficients satisfy the following condition:
a-g az
a-3 as

anN a-s5 =a_-N ﬁ

a_N an
Ifdi=layl?—la1l? ds=la1l®—lasl? a= (a%—alag) and f = {2a1a3—a§}, then T, is hyponormal
if and only if

() lasl <lail <lanl,

(i) lagaql =ds,

— 9 2 2
(i) lasllatay—dsasl <d5—lagasl?,

(iv) dsl(a3ds+a2a2P)d] - lasasl®) —azlasl*Qasads +aza® +ajlayl®)|

2(,72 2)2 2 21 122
< lla1l*(d5 —lagas|®)” — la4l"|dsa + ajlaq|®|7|.

Proof. Applying the technique used in the proof of Theorem we can get a unique analytic
polynomial ¢(z) = co+cn-42Y 4 +en_32V B +en_22V 2 +en_12V 71 of degree less than N which
satisfies the condition ¢ — cp € H*(T). Now, if {®,} is a sequence of Schur’s functions associated
with {c,,}, where n=0,1,...,N — 1, then by Lemma [3.1], Schur’s functions ®,’s can be computed
as follows:

Dp=co= ==, Dy 4= CN_42 = @,
an 1-lcol* aian
Oyg = CN-3 _ —aiﬁaN’
(1-lcoP)A-|DPn_4?)  (and3)
By_g = (1-|1ON-4Pen-sen-s+IDPN_4l?ch_, _A+B
eN-4(1—col?)(1 - |Dn-412)%(1 - |Py—_3/?) c’
where
5 (@p)’d3d3a
A=(1-|Pn_4l")eny-2cN-4= Tl @t
B=|®y_4/*(cn-3)* = a%(a_4)2|a_4|2d%
lail®@m?*

azd3(|dsl® - lazl?la4l?)

C=cn_a(1—]|colP)A = |DPn_a|2)2(1 = |Dy_3|%) =
eN-4(1=]col* )1 = |DN_4|*)* (1 - |DN-3]%) a1 @n)2lan Plail

Hence,

azanidza +adlay?)

- P ’
aian{ldsl? —lazasl?}

Dy _o

Commaunications in Mathematics and Applications, Vol. 15, No. 3, pp.[959 , 2024
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en-alen—glPen-1(1 - |®Pn_3®) +2len-al®en_sen—2|Dn—32(1 — [Py _4I*)
+CN-4CN-3Ch_olPN-312 +CN_gcdy_5|PN_3|% Dy _4/?
en-alen—32(1 = |col?)(1 = |Pn 421 - [Py _3]2)2(1 - | PN _2/?)
E+F+G+H
=

dy_1=

where
— 2 74, 2 — 2 2
aglagasl®di(aids +agasf)Ids|” — lagasl®)

E =cn_slen—slPen-1(1— Dy _3l%) =

b

atlaiB@n)tlan|*ldsl?
— 274 —— 19
aglagaql®diasaslasl”ads

F =2lcn_4l%cn_sen_ol@n_3?(1 - |Dy_4?) = -2

S— b
aila1B@n)tlan|*lds|?
— 2 jd—— 19 2
aslagasl®diagaqlas|a

G = cN-4CN_3Cx_o|PN_3|° =~
N-2 N-3 — ’
aila1lB@n)tlan|*ldsl?

aslasasl®*diadlasl*as

H=C¢n 4¢3 4|0 3Oy _q? = —
N_3 N 3 N 4 — ’
aila118@n)?lan|*ds3|?

K = cn_glen—sl>(1—lcol®)1 — |@n_41*)(1 — |Ox_312)%(1 - [DPy—_2/?)

— 2 14
aglazasl®dids 2 22 |— 2, 1212
(la1fldsl|” —laga4|"}® — lag{dsa + a5lasl”}H).

- atlaiP@yPlanlbldalt
Now by putting the above values of E, F', G, H and K and simplifying, we get

o arands [(a3ds +aga2P)(|dsl? — lazl?lasl®) — aglasl®(2asads + aza® + adlasl®)]

N-1= — — .
aianN lla1(ld3?) - lazl?lasl?)? - [aa(dsa + a2la4l?)?]

Hence, by an application of Theorem the results can be computed easily. O

4. Conclusion

Theorems 3.1 and [3.2| will give the researchers a new insight in exploring the hyponormality of
Toeplitz operators on symmetric and circulant-type [4] trigonometric polynomial symbols in the
Hardy-Hilbert spaces.
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