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1. Introduction

Over the years, theories have been developed to address a wide range of uncertainty. These
updated theories are implemented and improved as inadequacies are identified, allowing for
the formation of fresh frameworks to solve complicated uncertainty. Probability theory stands
as a pivotal theory in examining stochastic phenomena. In 1965, the concept of the Fuzzy set
was introduced by Zadeh [16], representing an extension of the classical notion of set. Fuzzy
sets have proven to be a valuable instrument in addressing ambiguity. The Intuitionistic Fuzzy
Matrix (IFM) extends the fuzzy matrix proposed by Thomason [14] and has proven beneficial
in various domains including decision-making, relational equations, and clustering analysis.
Consequently, a new concept known as the intuitionistic fuzzy set was developed, developed
by Atanassov [[1]. Hashimoto [6] has examined the problem of decomposing fuzzy rectangular


http://doi.org/10.26713/cma.v15i2.2739
https://orcid.org/0000-0002-8535-3563
https://orcid.org/0009-0001-0541-4742

830 Decomposition of Bipolar Pythagorean Fuzzy Matrices: S. Sriram and K. Sivaranjani

matrices and has demonstrated certain properties associated with this decomposition. Fuzzy
matrix theory was developed by Kim and Roush [8] as an extension of Boolean matrix theory.

The structures of intuitionistic fuzzy relations were studied by Bustince and Burillo [3]]. The
intuitionistic fuzzy matrix was defined by Pal et al. [13]]. The discussion on the period of power of
square intuitionistic fuzzy matrices is extensively covered, including various results concerning
equivalence IFMs, as examined by Jeong and Park [7]. Generalized intuitionistic fuzzy matrices
were studied by Bhowmik and Pal [2]. An attempt was made by Mondal and Pal [10] to study
the similarity relations, invertibility, and eigenvalues of intuitionistic fuzzy matrices. Lee and
Jeong [9] investigated how a transitive intuitionistic fuzzy matrix can be decomposed into a sum
of nilpotent and symmetric IFM. The decomposition process of an intuitionistic fuzzy matrix
into a product consisting of idempotent IFM and rectangular IFM was explored by Murugadas
and Lalitha [11]. A promising research direction was opened when Atanassov [1] introduced
modal operators, previously considered meaningless in fuzzy set theory.

Bipolar Intuitionistic Fuzzy Sets (BIFSs) were introduced by Ezhilmaran and Sankar [5],
who elucidated their operations and defined bipolar intuitionistic fuzzy relations. The Bipolar
Pythagorean Fuzzy Matrix (BPyFM) and some of its novel operations were defined by
Chinnadurai et al. [4] using bipolar pythagorean fuzzy set theory. A decomposition of an
intuitionistic fuzzy matrix was obtained by Muthuraji et al. [12]] using the new decomposition
operator and modal operator. The necessary and sufficient conditions for a transitive and
c-transitive closure matrix are examined in terms of modal operators. Moreover, further results
are investigated utilizing modal operators for BPyFM under max-min composition, accompanied
by discussions on similarity relations and idempotency. Ultimately, a decomposition of a BPyFM
is accomplished using modal operators through the introduction of a new composition operator,
with some properties of this new operator substantiated.

2. Preliminaries

Some fundamental definitions and results are recalled for subsequent utilization.

Definition 2.1 ([13|]). An Intuitionistic Fuzzy Matrix (IFM) is a matrix of ordered pair

X = ((x’ilj,xzj)) of non-negative real number satisfying 0 < xfj +x3/j <1, forall i,j.

Definition 2.2 ([13]). An IFM J = ({1,0)) for all entries is known as the universal matrix and

an IFM O = ({0, 1)) for all entries is known as zero matrix. Denote the set of all IFMs of order
m x n by F,,, and square matrix of order n by F,,. The identity IFM I = ((55,5};)) is defined by

(67,61 =(1,0y if i = j and (&%,,6]) = (0,1) if i # .

Definition 2.3 ([1]). Let (x*,x"),(y*,y") € IFS. Then
(L,0),  if (xH,x?) = (yH,y7),

Ho2Yy (M ATy =
(xF,x")y —yr, ") {<xu,xY>, if (xH,x¥) < (y*, y7).

Definition 2.4 ([12]). Let X = (<x§‘j,xjj>)mxn and Y = (<y§‘j, yiyj»nxp are IFMs. Then

(St fleto))

XY =
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Also, X2 =XX, X* = X*1X for max-min composition and xXPl=xx x*= X*-1X for min-max
composition.
Definition 2.5 ([[12]). For any IFM X € F,,,
(i) X isreflexive ifand onlyif X =1,,,
(i) X is symmetric if and only if X = X7,
(iii) X is transitive if and only if X = X 2,
(iv) X is idempotent if and only if X = X2,
(v) X isirreflexive if (x" x?i) =(0,1), for all i = j,

254

(vi) X is c-transitive if X < X2!,

Definition 2.6 ([15]). An IFM X is said to be an intuitionistic fuzzy equivalence matrix if it
satisfy reflexive, symmetry and transitivity.

Definition 2.7 ([12]). For an IFM X, OX = <x§‘j, 1- xﬁ‘j> and 0X = (1- x?j,xzj).

Definition 2.8 ([12]). Let X € IFM, the transitive closure and c-transitive closure of X is
defined by X®° =X vX2vX3v.. .vX"” and Xoo = X AXO)RIAXO)BIA . A XM,

Definition 2.9 ([12]). For any two element (x*,x"),(y*,y") € IFS we introduce the operation
‘Am’ as @, xV) Ay (Y, y7) = (min(x#, y*), min(x?, y7)).

AT L p It S
Lemma 2.10 ([12]). 1 - kl;ll(xik + ykj) = kgl(l —x;, (1 _ykj)’ for all LyJ, % Yy € [0,1].

n n
Lemma 2.11 (112D. 1- ¥ XYy = J1a- )+ (L =y ), for all i,j,xl, v, €10,1].

Lemma 2.12 ([12]). If X° is the transitive closure of X, then the transitive closure of [1X
is L1X.

— vy _ vy
Proof. For X = ((xij,xij>),Y = ((yij,yij)),

XY = (< > @y ) [T« +y,Zj)>),
k=1 k=1

n n <1,0>, ifl :j,
g Y .Y _

Thus XY =Y = XX < XY =Y, that is, X2 < Y. Continuing in this way, we have X3 <Y,
X4<Y,...andalso XvX2vX3v...vX" <Y and hence X®°<Y. O

Lemma 2.13 ([12]]). For an IFM X, the following inequalities are true
(1) UXeo = (UX)oo,
(i) OX°=(0X)*>,
(i) 0Xoo = (0X)oo.
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Definition 2.14 ([4]). A Bipolar Pythagorean Fuzzy Matrix (BPyFM) of size r xs is A =
[ xF.  xV.  x!. )], where x*. x*. x!. x!. €[-1,1] are positive and negative membership

jn’ijp’ un’ ijp ign’ijp’ijn’ijp
values of the element x. . xYJ.
Ho\2 Y 2 _ 2 2
0=(x;;,)"+(x; )" <1, ~1<~— [(x”n) +(x”n) 1=0.

Definition 2.15 ([4]]). Let A and B are two BPyFMs of same size, then we write A = B, if

()=, (] )< (] ), ()= (v ) and (], ) < (9]), for all 4, j.

3. More Properties of Modal Operators in Bipolar Pythagorean
Fuzzy Matrix
New results on modal operators under max-min composition are explored in this section.

Additionally, properties such as reflexivity, symmetry, transitivity, and idempotency of necessity
and possibility are discussed.

Definition 3.1. Let X be a BPyFM. Then,

(i) the necessity operation of X is defined as

OX =[x, /1= )5, €l /1= )9,

(i1) the possibility operation of X is defined as

OX =[(/1= (], )220, (/1= (] )22, ).

. s u Y
Definition 3.2. Let X = (x”n,xup, in? LJp) =/ yun, y”p, yljn, yljp) € BPyFM. Then,

(-1,1,0,0), ifX>Y,

Gf ot xl xl )y, ifX<Y.

X«—Y:{
ijn’ijp’ L_]n’ 1jp

o> o <y Y <
_len’ ijp lep LJn_yijn’xijp_yijp'

Theorem 3.3. Let X and Y be two BPyFMs, then
X <Y)=0UX—01Y. 3.1)

Here, X =Y, x

Proof. Case (i):If X =Y, then
Y Y Y _
D((xljn, ”p xljn, lJP> — (yun,yup,yun,yljp))—D( 1,1,0,0) =(-1,1,0,0). (3.2)

Since, X =Y, xt'. =y xF =4* xV <y’ and !
ijn ijn L]p ijp l]n ijn 14
Therefore,

\/1 (xj;n)2<\/1—(yffm)2
Vl <xi3p>2<\/1—<y5p>2

u u 0
ol L= Gl 02 1= Gl 02 = (0ot 1= 02, 1= (0, ).

Imphes

H H Y
D(xun’xsz’xzjn’ l]p) D(y

Jjp — yl.lp

).

z]n’ysz’yljn’yljp
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Thus

7 y)=(-1,1,0,0). (3.3)

|:|(<x x Y ))‘—D((y”n,yup,yl]n,yup

LJn’ LJp lJn’ ijp
From equation (3.2) and equation (3.3), equation (3.1) holds.

Case (i1): If X <Y, then

D(<xun’ th’xz/jn’ zyjp> <_<yljn’yup’yun’yzljp>)
=0, Yijno l]p’ un’ lJp>
= Yijno¥ lJP \/1 (xf]n)z \/1 (xfjp)z) (3.4)
D(xétjn’xlgjjv’xlyjn’ Z/Jp) - (yljn’yup’yun’yup)
=(x I:ln’ ijp’ \/1 (x}?Jn)2 \/1 (xljjp)z)e(yun’yup \/1 (yftJn)2 \/1 (yiqu)2)
_(len’ ijp’ \/1 (fon)Z \/1 (pr)z) (3.5)
From equation (3.4) and equation (3.5), equation holds. O

Theorem 3.4. Let X and Y be two BPyFMs, then
VX <Y)=0X < QY. (3.6)

Proof. Case (i): If X =Y, then

Y Y — —
Ottt Ll ol y oty 3Tyt )= 0¢=1,1,0,0) = (~1,1,0,0). (3.7)

u o 7 Y
> > > < <
Since, X =Y, P X 2 yun, iip yup iin yun and X yth
Therefore,

VI-G22 107,02 1=, 2= 1= 6,2,
¥ Y Y Y
(\/1 (xl]n)Z \/1 (x”p)Z’ LJn’ lJp)>(\/1 (yljn)2 \/1 (y”p)z’yijn’yijp)'

So,
Y
Ol Xijno lJP’len’ lJp)>O(yljn’yup’yun’yup)
Thus
Y Y
Ot ot sl ) = Oyt ot s v ) = (=1,1,0,0). (3.8)

From equation (3.7) and equation (3.8), equation (3.6) holds.
Case (i1): If X <Y, then

Y Y
<>(< t]n’ ljp’xljn’ l_]p>(_<yl]n’yljp’yl]n’yl_]p>) O< Un’ l_]p’ ljn’ l]p>
_ _ 2 _ 2 Y
= (1= Gl )2 1=l )%l 2l ), (3.9)

Bl VY
<>(xijn’xijp ijn’ lJp)hO(len’yth’ytJn’lep)

Y Y Y Y Y Y
_(\/1 (xl_]n)2 \/1 (xup)2’ ijn’ L‘]p)<_(\/1 (yzjn)2 \/1_(yljp)2’yijn’yljp)

= (1=l 02 1= @], )%l 2l ). (3.10)
From equation (3.9) and equation (3.10), equation (3.6) holds. O
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Theorem 3.5. X is reflexive matrix if and only if [1X is reflexive matrix.

Proof. X is reflexive matrix
oX=1

[ %7 Y &Y
o (xijn,xijp xun, l]p> > <5Un’ iip? 5l]n,6up> for all i,

[ [T IR I [0
o (ol 1=l )2\ 1= Gl )2 = @, 8\ [1-(68, 07,0 /1=, )
< X =01 & [1X is reflexive. O

The proof of the following theorem is obvious from Theorem
Theorem 3.6. X is reflexive matrix if and only if 0X is reflexive matrix.
Theorem 3.7. X is reflexive if and only if [1X°€ is irreflexive.

Proof. 1t is obvious that if X is reflexive if and only if X is irreflexive and so [1X¢ is irreflexive.
Similarly, 0.X¢ is irreflexive if and only if X is reflexive. O

Theorem 3.8. X is symmetric matrix if and only if [1X is symmetric matrix.

Proof. X is symmetric

oXx=xT

H Y Y
©< z]n’xsz’ Ljn’ 1]p>_< jin’ _]Lp me, sz>

& ol [ 1 Gl 2 L= Gl )2 = el 1= G )2 1= 0P)
oDX_(DX)T.

Thus X is symmetric matrix if and only if [1X is symmetric matrix. O

The proof of the following theorem is obvious from Theorem
Theorem 3.9. X is symmetric matrix if and only if 0X is symmetric matrix.
Theorem 3.10. X is transitive matrix if and only if UX is transitive matrix.

Proof. X is transitive

sX=X?
K H -
<:}<xl‘1n’x11p’ Ljn’ ljp (]?Z: zknyk]n) Z( Lkpyk]p

H(\/(xlkn + ()%, H(\/(xzkp)2 +(y;;jp)2)), for all i, j
k=1 k=1

n
( l]n’ l]p (Z Lknyk_]n) Z( Lkpyka)

CIPR Up><(1‘[<\/(xlkn + ()%, H(¢<xlkp)2+(ykjp)2))

©(xl_]n’ LJn’\/l (xfjn)2 \/1 (xtljp)z)>(§l(xfkny]’:]n) Z( Lkpykjp)’\/l Z( Lknykjn

k=1
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- s
( n

yk]n Z Lkpykjp

k=
f[ \/1 (el 24 1=l ),

ﬁ(\/l (xlk 2+ \/1 (xZJ )2)) (by Lemma [2.17)

o [OX =0X2.

Thus X is transitive matrix if and only if [1X is transitive matrix. O

The proof of the following theorem is obvious from Theorem |3.10
Theorem 3.11. X is transitive matrix if and only if OX is transitive matrix.
Theorem 3.12. X is idempotent matrix if and only if [1X is idempotent matrix.

Proof. X is idempotent
X =X?

n

pooK _
<3<‘xun’xsz’ ijn’ l_]p> (Z(xlknyk]n Z lkpyk]p

P07, (10 7, ) o

n
H H — HoH
Q( L_]n’ Ljp \/1 (xzjn)z \/1 (xsz)z) (Zl(xiknyk]n) Z(kapykjp

\/ Zt Lknykjn)2 \/ Z(xlkpykjp) )
Z(xfknyl‘:]n) Z(xlkpyk_]p
1‘[(\/1 (el )2+ 1= (02,

]‘[(\/1 — (el )2+ 1- (x;;jp)2)) (by Lemma 2.11)
k=1

Il
/‘

00X =0x2
Thus X is idempotent matrix if and only if [1X is idempotent matrix. O

The proof of the following theorem is obvious from Theorem (3.12
Theorem 3.13. X is idempotent matrix if and only if 0X is idempotent matrix.

Remark 3.14. If X is a bipolar Pythagorean fuzzy equivalence matrix then (X and 0X are
also bipolar Pythagorean fuzzy equivalence matrix.
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4. Transitive Closure and c-Transitive Closures on Bipolar Pythagorean
Fuzzy Matrix

In this section, an investigation is underway to explore the necessary and sufficient conditions
for transitive closure and c-transitive closure matrices, utilizing modal operators.

Theorem 4.1. Let X be a BPyFM, X, = (X*)°.

Proof. By Definition
(X®)F¥ =(XVvX?vX3v.. . vX"©
=X AX2AXB AL AKX
Let us prove,
(X" =X,

- (k;l(xétknygjn)’;gl(x?kpygjp) H (\/(xlkn + (y};]n)z) H (\/(xlkp)2 + (ykJP)Z))’

(X2)c = ( 1_[(\/(‘7‘:2/kn)2 +(yl)e/jn)2)’ H (\/(xz/kp)2 + (ijp)2)’ Z(xfknyl’:]n) Z(xzkpyka ) (4.1)
k=1 k=1 k=1

Also, X°¢ = (xlkn, szp,xfkn,xfkp) gives by the definition of xf2

(Xc)[2]—(H(\/(xlkn)er(y,Zjn)z) H(\/(xlkp)2+(yk]p)2),Z(xfkny,g]n) Z(xlkpyk]p) (4.2)

Thus by equation @.1) and equation @.2), (X2)¢ = (X°)!?!, so in general (X™)¢ = (X°)"!.
By the definition,
(X®)F=(XVvX2vX3v..vX")
=X AXHAXDALLLXDS
=X AXOIAXYBIAL A
=Xo. O

The proof of the following lemma is obvious from the definition of transitive and c-transitive.
Theorem 4.2. X is transitive if and only if X is c-transitive and so [1X°€ is c-transitive.

Theorem 4.3. If X is reflexive, then
1) XT is reflexive,
(11) X VY is reflexive,
(iii)) X AY is reflexive if and only if Y is reflexive.

Proof. (i) and (ii) are obvious from the definition of reflexive.

(iii): If Y is not reflexive, then

GhoinsYhip Yiins b 7 (—1,1,0,0),

for at least one i, that is
I Iz Y Y
Sins Yhipo Y Yhip) < (~1,1,0,0).
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Thus
© Y Y '
<xkjn’xkjp’xkjn’xkjp> <ykjn7ykjp:ykjn,ykjp> < <_1’ 1’0’ 0>
Therefore, Y is reflexive is necessary, the sufficient part is trivial. O

Theorem 4.4. If X and Y be two BPyFMs, where X is reflexive and symmetric, Y is reflexive,
symmetric and transitive and X <Y, then X*° <Y.

M I Y jz Iz Y Y
Proof. ForX—<xkjn,xkjp,xkjn,xkjp> Y = jno Y Yjn Ynjp)
TR B Y Y
:(k;(xiknykjn),k;(xikpykm) H(\/(xl,m L, H(lekp +() 0

_{(—1,1,0,0), if i = j,
- T N S o
<ykjn,ykjp,ykjn>ykjp>, if i ;é.]
Thus XY =Y = XX < XY =Y that is X2 < Y. Continuing in this way, we have X3 <Y,
X4<Y...andalso XvX2vX3v...vX"<Y and hence X®°<Y. O

The proof of the following theorem is obvious from Lemma[2.11
Theorem 4.5. If X° is the transitive closure of X, then the transitive closure of [1X is [1X°.
Theorem 4.6. Let X be a BPyFM, [(JX)¢]*° = [(UX)l¢.

Proof. As we know ([1X)¢ = 0X¢,
[(OX)°1° = [OX 1 = OXC v (OX)? v (OX)P v...v(OX)"

(0X)? = (Z(\/l ()9 1= ()2, Z<\/1 (el )21 ()2,
H <\/(x§‘kn)2 + (x,’":jn)Q), H (\/(xfkp)2 + (ijp)Q)) (by Lemma 2.10)
( H<\/<xlkn>2+(ka>2> 1- H(\/(x,kp)h(ka)?),

1‘[ (\/(xl,m)2 a2, 1‘[ (\/<xlkp>2 el )2)). (4.3)

By definition

n

X[Z]—(H(\/(xlkn + (@ ), H(\/(xlkp +(ijp)2),];1(xfkanm Z ik i)

and so

DX[Q] - (kl:[ (\/(xzkn)2 + (kan)Z) H (\/(xlkp)z + (xk]p )2),

a 0 m 0 0
1- ]}:[1<\/<xikn>2 09, 1- }}:11(\/<xikp>2 e >2>)

which yields
2]y _ 5 7 7 - u Iz
(Ox'#)e = (1 - kl:[l(\/(xik")2 ), 1- /Bl(\/(xikp)Z + ()P,

Commaunications in Mathematics and Applications, Vol. 15, No. 2, pp. (829 , 2024
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i[l(\/(xfkn)z + (xgjn>2),£[l(\/<x§‘kp)2 2. (4.4)
From equation (4.3) and equation (4.4), we get, therefore (0X°)? = (OX!?)°, so in general
(OXC)" = (DX[n])C,
[(OX)]° =[0X ]*

=0XV(OX)PVOX)Pv...v(OX°)

=(OX)° vOx2he v @xBhev... v @xy

=(OX AOXPAOXBI AL ADX e

= (X" O
The proof of the following theorem is obvious from Theorem

Theorem 4.7. Let X be a BPyFM, [(0X)ool® = [(OX)C]™.

5. Decomposition of BPyFM Using a New Composition Operator in
Terms of Modal Operators

In this section, a new composition operator denoted by ‘A,,’ is introduced, with a discussion
of its algebraic properties. Finally, a decomposition of a BPyFM is achieved using the new
composition operator and modal operators.

Definition 5.1. For any two element (x), ,xg,x%,x;), (yh, yg, v yg) € BPyF'Ss we introduce the

operation ‘A,,’ as
(X X X0 XY A (Vh> Vs V> ¥p) = (min(ay, y3), min(xy, yp), min(xy, y), min(x}, yp)).
The proof of the following theorem is obvious from the definition.

Theorem 5.2. The operation A, is commutative on BPyFSs.

Theorem 5.3. The operation A, is associative on BPyFSs.

Proof. Consider any three elements on BPyFSs as (x), ,xg ,x}’l,x;), o, yg , yz, y;>, (zh ,zZ,z%,z;).

To prove A,, is associative it is enough to prove:

LI G T ITLOT LA Y Y
{<xn7xp,xn7xp>Am<yn7yp3ynayp>}/\m<Znazpaznazp>

— (oH LYY HoH Y Y bRy Y
_<xn7xp7xn’xp>Am{<yn’yp>yn’yp>Am(zn&‘zp,zn,‘zp)}'

Case (1): If (xhy,xhy, 20, 20) = (¥4, ¥, ¥h, vp) and (xpy,xh, x),60) = (2h, 24,25, 2)),

BBy Y HoH Y Y BB Y Yy g LYY BB Y Y
{<xnaxp’xnaxp>Am<yn’yp7ynayp>}/\m<Zn7zp7zn7zp>_<yn>ypaxn7xp>Am<znazpaznazp>-

Subcase (1.1): If (yﬁ,yg,y,t,y;) < <zﬁ,z§,z%,z;) then

w8 Y LY BB Y YN oy MY LY
s> YpsXnsXp) Am Zns2p>2n:2p) = ¥n>Vp>Xn,Xp)-

Also,

I S G I L N ¢ BB Y Y\ R R LYY woR Y Y
<xn1xp,xn5xp>/\m{<yn7yp’yn7yp>/\m<zn’zp’znyzp>}—<xn’xp,xn;xp>/\m<yn,ypyznyzp>

— it Y Y
_<ynyyp?xn5xp>'
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Subcase (1.2): If (yﬁ,yz,y};,y;) > <zﬁ,z§,z%,z};) then

L N G BB Y YN g R B LYY
Ons>YpsXnsXp) Am Zns2p>2n,2p) = (Zn»2p>Xn,Xp)-

Also,

voH Y Y moR Y Y B _H Y Yy — g HLY LY vH Y Y
<xn:xp,xn,xp>/\m{<yn:yp’yn;yp>/\m<znyzpyznazp>}—<xn,xp,xn;xp>/\m<zn,zp,yn,yp>

N U U G
- <Znyzp’xn7xp>'
In this case A,, is associative.
Case (2): If (x}, %}, %0, %) < (V> Vp> Vs Vp) a0 Xy, xh, %0, %p) < (2h,2p, 20,20,

LA W HeoB Y Y B E Y Yy — el B Y Y bRy Y
{<xnaxp7xn7xp>Am<yn7yp$yn’yp>}/\m<zn’zp’zn’zp>_<xn7xpayn’yp>Am(zrwzp"zn"zp)'

Subcase (2.1): If (y,‘f,yﬁ,y%,y;) < <z¢f,z§,z%,z;) then

By Y LTI B Y Y
{<xn,xp’xnaxp>Am<yn’yp7ynayp>}/\m<Zn7zp7zn7zp>

— (H LYY BB Y Y BB Y YNy — el LYY

_<xn7xp’xn9xp>Am{<ynayp7yn’ p>/\m<znyzpyzn7zp>}_<xn7xp’zn’zp>-

Y

Subcase (2.2): If (yﬁ,yz,y};,yp) > <zﬁ,z§,z%,z};) then

woH LY LY Bl Y Y BB Y Y
{<xn,xp:xn,xp)/\m(yn’yp,yn;yp>}/\m<Zmzp,zmzp)

oKLY Y

— Y I N § I L ) N W L T S 4
—<xn,xp,xn,xp>/\m{<yn’yp,yn,yp>/\m<zmzpyzmzp>}—<xn,xp,yn’yp>-

In this case also A,, is associative.
Case (3): If (xﬁ,x%,x%,x};) < (yﬁ,yﬁ,y%,y;) and (xﬁ,x%,x%,x%) > (zﬁ,zg,zz,zg), then, we have
(2h,2h 2k, 20y < (b b, vk, o).
Now
@, X5, X0, 20) Am Vn»> Vs Vs Y Am (22 2052 p)
= (b, 20 xD) A (08, 5, 0, 98 A (2l 2h, 20 200 = (b, 2, v, v ).

Y>S<Zu vy

Case (4) If (xy, x}y, 0, Xp) = (Y, ¥, ¥n» Vp) and (xh, 0, x5, h,2h,2),20), then, we have

D
e oH Y Y u_R Y Y
On>Yp>Yn>Yp) < (ZnsZpsZn,2p)
and
T U N 4 BB LYY BO_HE Y LY
{<xn,xp:xn,xp)/\m(yn’yp,yn;yp>}/\m<Znyzp,znyzp)
LYY bRy Y B Y Y\ g LY LY
_<xn5xp’xn,xp>Am{<yn5yp9yn,yp>/\m<znyzpyznyzp>}_<yn’ypyzn’zp>'
Hence A, is associative. O

Theorem 5.4. (i) The operation A, is right distributive over addition in BPyFSs.
(i1) The operation A, is left distributive over addition in BPyFSs.

Proof. (i): For any (xh,%p,%5,%p), ¥n» Vs Yn>¥p)» Zns2ps 20> 2p) € BPYFS,

LN SN G [ N N vk Yy Y
(XnsXp s Xy Xp) + Vs Yps Yns Yp) Nm Zn>2p2n:2p)

u

= (max(xh, y}, 2y Zh

), max(xp, yp), inCey, y)),min(cy, ) Am (2hs2ps 2052 p)

= (min{max(xﬁ, y,'f ),z‘,f}, min{max(xg, yz ),zZ }, min{min(x%, y,}; ), z}ll}, min{min(x}/,, y},/),z;}).
(5.1)
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Case (1): If (xﬁ,xz,x%,xp) > (yn,yg,y,z,y;) and (xn,xp,xn,xp) > (zn,zp,zn,zp)
Then, the right-hand side of equation (5.1) is (zn,zp,zn,zp)
Now consider

(<xn’xpaxn,xp> /\m <Zn72p7znazp>)+(<yn7yp7yn’y]})/> /\m <Zn,2’p,2n,2p>)

(Z Z# x x >+ <zn,zp,yna > 1f<znyzpazn,zp>—<yn,ypayn’y )s
n» bk (%
prob <yn,yp,zn,zp> if (Ve Y5, v, Vi) < (20, 25,2020,

:<Znazpaxnaxp> (52)
In this case, it is distributive.

Case (2): If (xhy, by, 20,20 < (Yo, Vs V> Vi) AN (X0, by, 50, X0) < (2, 28,20, 2p).

Then, the left-hand side of equation (5.1) reduce to (yn,yp,yn,y;) Am (zﬁ,zg,zz,zp%

Subcase (2.1): If (zn,zp,zn,zp) < (yn,yp,yn,yy) then

<Zn,ZZ,Zn,Zp) Am <yn,ypaynayy> = <Zna2payn7y ).
Now
(X, b, X0, X0 A (2h, 2,20, 200 + (Y, 5, Y0, 1) A (2h, 25,20, 20))
= (X, Xy, 20, Zp) (22, Y, V0) = (s 20, Vs V)

Thus distributive holds.

Subcase (2.2): If (sz,zp,zn,zp) > (yn,yp,yn,y ).
Then the left-hand side of equation (5.2) becomes (yh, yp,zn,zp> and right-hand side of
equation (5.2) becomes
((xn,xp,xn,xp) Am (zn,zp,zn,z;))+((yn,yp,yn,yg,/) Am (zn,zp,zn,zp))
= (X0, Xy 20, 2p) + Vs Vs 2ns2p) = (Vs Vo 2 21)-

Thus, it is distributive in this case also.

Case (3): If (yn,yp,yn,yy) < (xn,xz,xn,xp> < (zn,zg,zn,zp) then, the left-hand side becomes,

I Y I — M
(<xnaxpaxnaxp> + <yn7yp,ynayp>)/\m (Zn,Zp,Zn,Zp) <xn’xp7xnaxp> Am <Zn)zp)2n)zp>

= <xn1xp’zn’zp>

Also,

Y I ¢

(<xn’xp’xn7xp>/\m<zn,zp,zn72p>)+(<yn’ypayn,yp>/\m<znazpaznyzp>)
_ e — el Y

_<xnaxp,zn,zp>+<ynaypazn?zp> <xn,xpaznazp>-

Thus, it is distributive in this case too.
Case (4): If (yn,yp,yn,yy) > (xn,xp,xn,xp) (zﬁf,zg,z%,z};) then, the left-hand side reduces to

(<xn7xp7xn’xp> + <yn7yp7ynay]})/>)/\m <Znazpazn>zp> = <ynayp,yn’yg> /\m <Zn,zp,zn,zp>
=(zh,2h, Y050

and

H v Y moR Y Y v Y
(<xn>xp’xn7xp>/\m<zn,zp7znyzp>)+(<yn’yp,yn,yp>/\m<Znyzp’zn’2p>)

p A G
_<Zn7zp7xnaxp>+<Zn7zp7yn’y <Znyzp’yn7yp>-

Thus distributive holds for all cases.

?’)_
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(i1): The proof of (ii) is similar to (i). O

Theorem 5.5. (i) The operation A, is right distributive over multiplication in BPyFSs.

(i1) The operation A,, is left distributive over multiplication in BPyFSs.

Proof. (i) Here it is enough to prove

LW S LR G be Y Y
(<xn’xp?xnaxp>+<yn7yp,ynayp>)/\m<Znazpaznazp>

— uoH LY Y vk Y Y L L SN 4 BB Y Y
_(<xnaxp?xn>xp>/\m<Znazpaznazp>)+(<yn,ypayn’yp>Am<2na2p,2ny2p>)-

Case (1): If (xﬁ,xg,x%,x;) > (y,‘;,yz,y%,y;) and (xﬁ,x%,x%,x%) > (zﬁ,zg,z%,zy), then

p
LTI G BB Y Y B HE Y Yy — g SH Y Y bR Y Y
(<xnaxp7xn7xp>+<ynayp,yn7 p>)/\m<zn72pyznyzp>_<yn’yp>yn7 p>/\m{zn9zp,zn9zp>~
Subcase (1.1): Suppose (y,‘;,yz,yz,y;) > (zﬁ,zﬁ,z%,z;),

(b xh, 2l xl) + (b v, v Y0 A (2, 28,20 20 = (2h 28, v, 9Ty
and
1 no_p uop
(kb 20, 20) A (2, 2h, 20 200 + (o, 3, v, Y1) A (2l 25,20, 20))

SO L L A L N G AN L T SR 4
_<zn,zp,xn’xp>+<zn,zp,yn’yp>—<Znyzp;yn’yp>-

Subcase (1.2): Suppose (y,’f,yﬁf,y%,y},f) < (zﬁ,zg,z%,z;),

Y L G 4 w0 Y Y B Y YN oG H LYY
(X0, Xp5 %0, Xp) + Vs Yp> Vs Yp)) Am (Zns2p>2n>2p) = V> Yp>Zn>2p)

and

vHY Y B_HR Y Y moH Y Y B_H Y Y
(<xn7xp’xn7xp>/\m<zn7zp72n7zp>)+(<yn’ypayn>yp>/\m<zn;zp’znyzp>)

— (M H LYY BB Y Yy oy BT Y
_<Zn>zp>xnaxp>+<yn7yp7znyzp>_<yn?yp’zn;2p>-

In this case it is is distributive.

Case (2): If (xﬁ,xﬁ,x%,x;) < (y,’f,yg,y,t,y},’) and (xﬁ,xﬁ,x%,x;) < (zﬁ,zg,z%,zg), then the left-hand

side of distributive property reduces to (x, ,xﬁ,x%,x%) Am (Zh ,zZ,z%,z%) = (xﬁ,xﬁ,z%,z%).

Subcase (2.1): If (zﬁ,zﬁ,z%,z;) < (yﬁ,yz,yz,y;), then the right-hand side becomes
oKLY

(xn,xp,zn,z};)+(zﬁ,z$,y,’;,y};):(xg,xg,zlf,,z;).

Subcase (2.2): If (zﬁ,zg,z%,z;) > (yﬁ,yz,yz,y;), then the right-hand side becomes
(s, Xy, 20, 20) + Vb, Vb, 20, 20) = (ah, xhy, 20, 2)).

Hence distributivity holds.

Case (3): If (xh,x},, %), %p) = (i, Y, ¥, ¥p) but (xh,xp,x%,x}) < (2h,2p,2],2p), then, we have

R Y Y L L G
<yn,ypaynayp>S<Znyzpyzn,zp>-N0W

HoH Y LY LY B G BB Y Yy — g LYY

(<xnaxp’xnaxp>+<ynayp,yn’yp>)/\m<Znazpaznazp>—<ynayp,zn,2p>-
Also,

LTI G BB Y Y BB Y Y BBy Y

(<xn’xp7xn7xp>/\m<Zn7zp7zn’zp>)+(<yn7ypayn>yp>Am<zn,zpyznazp>)

— (eH LYY BB Y Yy g B Y Y
_<xnaxp’zn’zp>+<yn,yp>znazp>—<yn7yp’znyzp>-
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Case (4): If (xh,xh,x), 20y < V5,55, v, y5) but (xh,xh,xh,x0) = (2h,25,2),2)), then, we have

bR Y Y L L G
<yn,yp7yn’yp>Z<Zn,2p,zn,2p>-N0W
W S A L G BB Y Yy — g B R LYY
(<xn’xp’xnaxp>+<ynayp,ynayp>)/\m<Znazpaznazp>—<Znazpaxn,xp>-

Also,

(%R, Xy X, X)) A (2 25 20 2p)) + (VR Vs Yo V) A 22 2, 2))
= (21, 2h, X, X0 +(2h, 20, Y0, Y1) = (2,2, %), %))
Hence in all the above cases A,, is right distributive.
(i1): The proof of (ii) is similar to (i). O

Definition 5.6. For any two elements (xﬁ,xg,x%,x%),(yff, yz, v, yZ) e BPyFS, we define

the inequality ‘<’ as (x’,f,xz,x%,x;) st (yff,yﬁ,y%,y},f) means x), < yff,xﬁ < yﬁ,x% < y%,x; < y;.

Remark 5.7. The elements in the set {(yﬁf,yﬁ,y}i,y;) e BPyFS| (xﬁ,xﬁ,x%,x%) =< (yﬁ,yﬁ,y%,yg)}
are identity element of (x/ ,xﬁ,x%,x}/,) with respect to A,,, that is, we have multiplied identity

element.

Remark 5.8. Any IFM X can be decomposed into two bipolar Pythagorean fuzzy matrices [1X
and 0X by means of A,,, that is, X = ((JX) A, (OX).

Remark 5.9. For any two BPyFMs X and Y, X VY)A,, (X AY)=X A, Y).

6. Conclusion

New results on modal operators under max-min composition were explored. Additionally,
properties such as reflexivity, symmetry, transitivity, and idempotency of necessity and
possibility were discussed. An investigation was conducted to explore the necessary and
sufficient conditions for transitive closure and c-transitive closure matrices, utilizing modal
operators. Furthermore, a new composition operator denoted by ‘A,,” was introduced, with a
detailed discussion of its algebraic properties. Finally, a decomposition of a BPyFM was achieved
using the new composition operator and modal operators.
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