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1. Introduction
The present work concerns mainly with the concepts of difference sequence spaces, statistical
convergence, lacunary statistical convergence, and partial metric space. In the field of sequence
space most of the work is dominated by the sequence of scalars. Through this study, we
contribute to sequence space by using sequences via an arbitrary non-empty set X , equipped
with a partial metric. To go through, let us first recall some basic tools.
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Kizmaz [15], added to the field of sequence spaces a new idea of difference sequence spaces
by introducing ℓ∞(∆), c(∆) and c0(∆) (termed as difference sequence spaces) as follows:

E(∆)= {u = (um) ∈ω : (∆um) ∈ E}, for E ∈ {ℓ∞, c, c0},

where c0, c, ℓ∞ are Banach spaces of null, convergent and bounded sequences of scalars, normed
by ∥u∥∞ = sup

m
|um| and ω is the space of scalar sequences.

It is observed that E(∆) are Banach spaces with the norm

∥u∥∆ = |u1|+∥∆u∥∞, for u = (um) ∈ E(∆) where ∆u = (∆um)= (um −um+1).

Et and Çolak [8] generalized the above concept as follows:

E(∆n)= {u = (um) ∈ω : (∆num) ∈ E}, for E ∈ {ℓ∞, c, c0},

where ∆nu = (∆num)= (∆n−1um −∆n−1um+1), for all m ∈N and ∆0um = um. These spaces turn
out to be complete when equipped with the norm

∥u∥∆n =
n∑

i=1
|ui|+∥∆nu∥∞, for u = (um) ∈ E(∆n).

In 1951, statistical convergence of real sequences was introduced in short by Fast [9].
Later on, this concept was studied as “convergence in density” by Buck [5] in 1953. It is also
a part of monograph by Zygmund [38] and referred as almost convergence. Stienhaus [33],
and Schoenberg [30] introduced and studied this concept independently in connection with
summability of sequences. Later on this concept of statistical convergence and its various
extensions have been explored by many more mathematicians and now it is so vigour and
broad that find its applications in different areas of mathematics, such as measure theory,
trigonometric series, Fourier series and others. Statistical convergence has its main pillar as
natural density, defined as

δ(A)= lim
n→∞

1
n

card({m ∈ A : m ≤ n})

provided the limit exists. It is easily verified that δ(A) = 0, for finite subset A of N and
δ(A)+δ(N− A)= 1 for every A ⊆N. For a detailed account of natural density, one may peep into
Niven and Zuckerman [23].

Definition 1.1 ([28]). A scalar sequence 〈um〉 is convergent statistically to u0 ∈R if for ε> 0,

δ({m ∈N : |um −u0| ≥ ε})= 0,

i.e.,

lim
n→∞

1
n

card({m ≤ n : |um −u0| ≥ ε})= 0,

and u0 is referred as statistical limit of 〈um〉. We write um → u0(S) and by S(c) we denote the
set of all statistically convergent real sequences.

With the passage of time, various generalization of this notion, have been studied by many
more mathematicians. One may refer to Bhardwaj and Bala [2], Bhardwaj and Gupta [4], Connor
[6,7], Fridy [11], Gupta and Bhardwaj [14], Li [16], Mohiuddine and Aiyub [19], Mohiuddine
and Alghamdi [20], Pehlivan and Fisher [25], Rath and Tripathy [26], Sengül and Et [31],
Sharma and Kumar [32], Tripathy [34], Tripathy and Baruah [35], Tripathy and Dutta [36],
and Tripathy et al. [37].
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Before proceeding for lacunary statistical convergence, we recall lacunary sequence and
lacunary density.

Following Freedman et al. [10], a lacunary sequence θ = 〈mr〉∞r=0 is an increasing sequence
such that mr−mr−1 →∞, where m0 = 0, mr ≥ 0. Here we notate Jr = (mr−1,mr], lr = mr−mr−1
and tr = mr

mr−1
.

There is a strong relation between the space |σ1| of strongly Cesàro summable sequences
where

|σ1| =
{
〈um〉 : lim

n→∞
1
n

n∑
m=1

|um −u0| = 0 for some scalar u0

}
and the space Nθ , where

Nθ =
{
〈um〉 : lim

r→∞
1
lr

∑
m∈Jr

|um −u0| = 0 for some scalar u0

}
.

Fridy and Orhan [13] in 1993 studied a new variant of statistical convergence, named as
lacunary statistical convergence that is in the same relation with statistical convergence as Nθ

with |σ1|.

Definition 1.2 ([12]). A real valued sequence 〈um〉 is lacunary statistical convergent to u0 or
we can say um → u0(Sθ) if for every ε> 0,

lim
r→∞

1
lr

card({m ∈ Jr : |um −u0| ≥ ε})= 0.

By Sθ(c) we notate the class of all lacunary statistical convergent sequences of reals.

Motivating from the definition of absolute value function, i.e., |a|

|a| =
{

a, if a ≥ 0,
−a, if a < 0.

Nakano [21] in 1953, structured the image of modulus function. By Ruckle [27] and Maddox
[17], a modulus function is a map f : [0,∞)→ [0,∞) such that the following holds:
(M1) f (ξ)= 0 iff ξ= 0;

(M2) f (ξ+η)≤ f (ξ)+ f (η), for all ξ≥ 0, η≥ 0;

(M3) f is monotonically increasing;

(M4) lim
ξ→0+ f (ξ)= f (0).

As an example, f1(ξ) = ξ
1+ξ and f2(ξ) = ξp, (0 < p ≤ 1) are modulus functions where f1 is

bounded and f2 is unbounded. It is observed that sum of two modulus functions is again a
modulus function.

The credit of introducing the idea of partial metric space goes to Matthews [18] in 1994.
Initially the concept of partial metric space was used in the field of computer science, but now it
has been extensively used in biological sciences, information science and fixed point theory etc.

Definition 1.3 ([18]). Let X ̸= ;. A function ϕ : X × X →R satisfying the following:
(ϕ1) 0≤ϕ(u,u)≤ϕ(u,v),

(ϕ2) ϕ(u,u)=ϕ(u,v)=ϕ(v,v)⇐⇒ u = v,

(ϕ3) ϕ(u,v)=ϕ(v,u),
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(ϕ4) ϕ(u,v) ≤ϕ(u,w)+ϕ(w,v)−ϕ(w,w), for all u,v,w ∈ X , is said to be a partial metric on X
and (X ,ϕ) is called a partial metric space.

It can be observed in view of axiom (ϕ1) of partial metric space, |ϕ(um,u)−ϕ(u,u)| and
ϕ(um,u)−ϕ(u,u) are the same thing, for any sequence 〈um〉 in X and u ∈ X .

In comparison to a metric on X , we can say a metric ϕ is precisely a partial metric
ϕ : X ×X →R such that, for all u ∈ X ,ϕ(u,u)= 0, that is, in the definition of partial metric space,
only one side axiom of metric is preserved, i.e., for all u,v ∈ X , ϕ(u,v)= 0⇒ u = v and other half
that is, u = v ⇒ϕ(u,v)= 0 need not hold good. For a detailed description of partial metric space,
one may refer Bayram et al. [1], Bhardwaj and Kumar [3], Neil [22], Nuray [24], and Samet et
al. [29].

Nuray [24], and Bayram et al. [1] stepped into partial metric space via statistical convergence
and introduced notion of statistical convergence in partial metric space. We call this notion as
statistical ϕ-convergence.

Definition 1.4 ([1, 24]). A sequence 〈um〉 in partial metric (X ,ϕ) is said to be statistically
ϕ-convergent to some u0 ∈ X if for given ε> 0, δ({m ∈N :ϕ(um,u0)≥ϕ(u0,u0)+ε})= 0 and we
write it as um

ϕ−→ u0(S). By S(cϕ), we notate the class of all statistically ϕ-convergent sequence
from (X ,ϕ).

Throughout the paper, (X ,ϕ) and f will denote the partial metric space and modulus
function, respectively. In order to justify difference in X , we are considering here, X as a linear
space, i.e., by partial metric space we mean linear partial metric space.

2. Lacunary Statistical ϕ-convergence and Strongly ϕ-Cesàro
Summability of Order α of Difference Sequences

Here we study the lacunary statistical ϕ-convergence of order α for difference sequences
of an arbitrary partial metric space (X ,ϕ) and its relation with lacunary strongly ϕ-Cesàro
summability of order α.

Definition 2.1. Let 〈um〉 be sequence in (X ,ϕ) and u0 ∈ X . If for given ε> 0, ∃ a positive integer
m0 such that following holds:

ϕ(∆pum,u0)≤ϕ(u0,u0)+ε, for all m ≥ m0,

then we say 〈um〉 is (∆p,ϕ)-convergent to u0. We write cϕ(∆p) for the class of all (∆p,ϕ)-
convergent sequences.

Definition 2.2. A sequence 〈um〉 in partial metric space (X ,ϕ) is said to be (∆p,ϕ)-bounded if
∃ some u0 ∈ X and M > 0 such that ϕ(∆pum,u0)<ϕ(u0,u0)+M, for all m ≥ 1. We write ℓϕ∞(∆p)
as the class of all (∆p,ϕ)-bounded sequences.

Definition 2.3. A sequence 〈um〉 in partial metric (X ,ϕ) is said to be ∆p-statistically
ϕ-convergent to some u0 ∈ X if for given ε> 0,

lim
n→∞

1
n

({m ≤ n :ϕ(∆pum,u0)≥ϕ(u0,u0)+ε})= 0

and we write it as um
ϕ−→ u0(S(∆p)). By S(∆p, cϕ), we notate the class of all ∆p-statistically

ϕ-convergent sequence from (X ,ϕ).
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Remark 2.4. From the core of statistical convergence,
(i) It is not difficult to prove cϕ(∆p)⫋ ℓ

ϕ
∞(∆p), which is analogous in scalar sense, i.e., c ⫋ ℓ∞.

(ii) As usual convergence implies statistical convergence so it is routine verification that

cϕ(∆p)⊂ S(∆p, cϕ).

Definition 2.5. A sequence 〈um〉 in partial metric space (X ,ϕ) is said to be ∆p-statistically
ϕ-convergent of order α (0<α≤ 1) to u0 ∈ X if for ε> 0,

lim
r→∞

1
nα

card({m ≤ n :ϕ(∆pum,u0)≥ϕ(u0,u0)+ε})= 0.

We write um
ϕ−→ u0(Sα(∆p)) and

Sα(∆p, cϕ)= {〈um〉 : um ∈ X , um
ϕ−→ u0(Sα(∆p)), for some u0 ∈ X }.

For α = 1, we call a ∆p-statistically ϕ-convergent sequence of order α simply as a ∆p-
statistically ϕ-convergent sequence and corresponding space is denoted by S(∆p, cϕ).

Definition 2.6. Let θ = 〈mr〉 be a lacunary sequence and 0<α≤ 1. A sequence 〈um〉 in partial
metric space (X ,ϕ) is said to be ∆p-lacunary statistically ϕ-convergent of order α to u0 ∈ X if
for ε> 0,

lim
r→∞

1
lαr

card({m ∈ Jr :ϕ(∆pum,u0)≥ϕ(u0,u0)+ε})= 0.

We write um
ϕ−→ u0(Sα

θ
(∆p)) and

Sα
θ (∆p, cϕ)= {〈um〉 : um ∈ X , um

ϕ−→ u0(Sα
θ (∆p)), for some u0 ∈ X }.

Definition 2.7. Let 〈um〉 be a sequence in partial metric space (X ,ϕ) and 0 < α ≤ 1.
The sequence 〈um〉 is ∆p-strongly ϕ-Cesàro summable of order α to u0 ∈ X if

lim
n→∞

1
nα

n∑
m=1

|ϕ(∆pum,u0)−ϕ(u0,u0)| = 0.

We notate |σ1|α(∆p, cϕ) for the set of all ∆p-strongly ϕ-Cesàro summable sequences of order
α, i.e.,

|σ1|α(∆p, cϕ)=
{
〈um〉 : lim

n→∞
1

nα
n∑

m=1
|ϕ(∆pum,u0)−ϕ(u0,u0)| = 0, for some u0 ∈ X

}
.

Definition 2.8. Let 〈um〉 be a sequence in partial metric space (X ,ϕ) and 0 < α ≤ 1.
The sequence 〈um〉 is ∆p-lacunary strongly ϕ-Cesàro summable of order α to u0 ∈ X if

lim
r→∞

1
lαr

∑
m∈Jr

|ϕ(∆pum,u0)−ϕ(u0,u0)| = 0.

We use the notation Nα
θ

(∆p, cϕ) for the set of all ∆p-lacunary strongly ϕ-Cesàro summable
sequences of order α, i.e.,

Nα
θ (∆p, cϕ)=

{
〈um〉 : lim

r→∞
1
lαr

∑
m∈Jr

|ϕ(∆pum,u0)−ϕ(u0,u0)| = 0, for some u0 ∈ X

}
and we write um

ϕ−→ u0(Nα
θ

(∆p)).
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Theorem 2.9. Let α,β ∈ (0,1] such that α≤β. Then Sα
θ

(∆p, cϕ)⊂ Sβ

θ
(∆p, cϕ), inclusion is strict.

Proof. For given ε> 0, we have

0≤ 1

lβr
card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})

≤ 1
lαr

card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε}).
Taking limit r →∞, we obtained required result.

For inclusion to be strict, consider the following example:

Let X =R with partial metric ϕ defined as ϕ(ξ,η)= |ξ−η|, ξ,η ∈R. Construct a sequence u = 〈um〉
such that

∆pum =
{

[
√

lr], at the first [
√

lr] integers on Jr,

0, otherwise,

}
for all r = 1,2,3, . . . .

This implies, card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})≤ [
√

lr]. Thus, if we consider 1
2 <β≤ 1,

then we have

lim
r→∞

1

lβr
card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})≤ lim

r→∞
[
√

lr]

lβr
−→ 0.

On the other hand for 0<α< 1
2 , we have

lim
r→∞

1
lαr

card({m ∈ Jr : |ϕ(∆pum,0)−ϕ(0,0)| ≥ ε})≤ lim
r→∞

[
√

lr]
lαr

↛ 0.

Hence inclusion is proper for α<β with 0<α< 1
2 and 1

2 <β≤ 1.

Corollary 2.10. Let θ = 〈um〉 be lacunary sequence and 0<α≤β≤ 1. Then, we have following:

(i) Sα
θ

(∆p, cϕ)= Sβ

θ
(∆p, cϕ) iff α=β,

(ii) Sα
θ

(∆p, cϕ)= Sθ(∆p, cϕ) iff α= 1.

Theorem 2.11. For α ∈ (0,1], we have the following:

(i) Nα
θ

(∆p, cϕ)⊂ Sα
θ

(∆p, cϕ), i.e., every ∆p-lacunary strongly ϕ-Cesàro summable sequence of
order α is ∆p-lacunary statistically ϕ-convergent of order α to same limit and inclusion is
proper.

(ii) If lim
r→∞

lr
lαr

= 1, then Sα
θ

(∆p, cϕ)∩ℓϕ∞(∆p)= Nα
θ

(∆p, cϕ)∩ℓϕ∞(∆p).

Proof. (i) For ε> 0 and 0<α≤ 1, we have
1
lαr

∑
m∈Jr

|ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ 1
lαr

∑
m∈Jr

|ϕ(∆pum ,u0)−ϕ(u0,u0)|>ε

|ϕ(∆pum,u0)−ϕ(u0,u0)|

≥ ε. 1
lαr

card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε}.
and hence the result follows by above inequality.
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For proper inclusion, consider the following example:

Let X = R and ϕ be the partial metric defined by ϕ(ξ,η) = |ξ−η|, ξ,η ∈ R. Construct a
sequence u = 〈um〉 such that

∆pum =
{

1,2, . . . , [l
α
2
r ], at the first [l

α
2
r ] integers on Jr,

0, otherwise,

}
for all r = 1,2,3 . . . ,

where [·] denote the greatest integer function. Then for every ε> 0,
1
lαr

card({m ∈ Jr : |ϕ(∆pum,0)−ϕ(0,0)| ≥ ε})≤ 1
lαr

[l
α
2
r ]→ 0 as r →∞,

and so 〈um〉 ∈ Sα
θ

(∆p, cϕ).

On the other hand,
1
lαr

∑
m∈Jr

|ϕ(∆pum,0)−ϕ(0,0)| = 1
lαr

∑
m∈Jr

|∆pum −0|

= 1
lαr

[1+2+ . . .+ [l
α
2
r ]]

= 1
lαr

(
[l

α
2
r ]([l

α
2
r ]+1)

2

)
→ 1

2
̸= 0 as r →∞,

and this implies 〈um〉 ∉ Nα
θ

(∆p, cϕ).

(ii) Let 〈um〉 ∈ Sα
θ

(∆p, cϕ)∩ℓϕ∞(∆p). Consider
1
lαr

∑
m∈Jr

|ϕ(∆pum,u0)−ϕ(u0,u0)|

= 1
lαr

(∑
I
|ϕ(∆pum,u0)−ϕ(u0,u0)|+∑

I I
|ϕ(∆pum,u0)−ϕ(u0,u0)|

)
,

here
∑
I

represent the sum over m ∈ Jr with |ϕ(∆pum,u0)−ϕ(u0,u0)| < ε and
∑
I I

is the sum

over those m ∈ Jr for which |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε.

As 〈um〉 ∈ ℓϕ∞(∆p), so there exist some b ∈ X and M > 0 such that

ϕ(∆pum,b)<ϕ(b,b)+M, for all m ≥ 1.

Now ϕ(∆pum,u0)≤ϕ(∆pum,b)+ϕ(b,u0)−ϕ(b,b)≤ϕ(b,b)+M+ϕ(u0,b)−ϕ(b,b).

Let λ = M +ϕ(u0,b)−ϕ(u0,u0), then we have, ϕ(∆pum,u0)−ϕ(u0,u0) ≤ λ, for all k ≥ 1,
this implies

1
lαr

∑
m∈Jr

|ϕ(∆pum,u0)−ϕ(u0,u0)|

≤ 1
lαr

(∑
I
|ϕ(∆pum,u0)−ϕ(u0,u0)|+λ ·card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε

)

≤ ε

lαr
lr + λ

lαr
card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})

and taking limit r →∞ in above inequality and using lim
r→∞

lr
lαr

= 1, the result follows.
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Theorem 2.12. For 0<α≤ 1, the following holds:

(i) If lim tr > 1, then Sα(∆p, cϕ)⊆ Sα
θ

(∆p, cϕ).

(ii) If lim mr
mα

r−1
<∞, then Sα

θ
(∆p, cϕ)⊆ Sα(∆p, cϕ).

(iii) If lim lαr
mr

> 0, then we have S(∆p, cϕ)⊆ Sα
θ

(∆p, cϕ).

Proof. (i) Let lim tr > 1. Then, for sufficiently large r, ∃ δ > 0 such that tr > 1+ δ. As
tr = mr

mr−1
, so lr

mr−1
≥ δ. This gives mr−1

lr
≤ 1

δ
. After adding 1 to both sides, we have mr

lr
≤ 1+δ

δ
,

i.e., 1
mα

r
≥ δα

(1+δ)α
1
lαr

.

For ε> 0 and sufficiently large r, we have
1

mα
r

card({m < mr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})

≥ 1
mα

r
card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})

≥ δα

(1+δ)α
1
lαr

card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})
and hence the result.

(ii) Let limsup
r

mr
mα

r−1
<∞. Then, there exists M > 0 such that mr

mα
r−1

< M, for all r ≥ 1. Let us

suppose, that 〈um〉 ∈ Sα
θ

(∆p, cϕ). Then, for u0 ∈ X and ε> 0,

lim
r→∞

1
lαr

card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})= 0, i.e., lim
r→∞

Mr

lαr
= 0,

where Mr = card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε}). So for given ε> 0, ∃ r0 ∈N such
that Mr

lαr
< ε, for all r > r0. Let T = sup{Mr : 1 ≤ r ≤ r0} and n be any integer satisfying

mr−1 < n ≤ mr . Then, we have
1

nα
card({m ≤ n : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})

≤ 1
mα

r−1
card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})

= 1
mα

r−1
{M1 +M2 + . . .+Mr0 +Mr0+1 + . . .+Mr}

≤ r0T
mα

r−1
+ 1

mα
r−1

{Mr0+1 +Mr0+2 + . . .+Mr}

= r0T
mα

r−1
+ 1

mα
r−1

{
lr0+1

Mr0+1

lr0+1
+ lr0+2

Mr0+2

lr0+2
+ . . .+ lr

Mr

lr

}
,

i.e.,
1

nα
card({m ≤ n : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})

≤ r0T
mα

r−1
+ 1

mα
r−1

(
sup
r>r0

Mr

lr

)
{lr0+1 + lr0+2 + ...+ lr}

≤ r0T
mα

r−1
+ 1

mα
r−1

ε(mr −mr0)
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= r0T
mα

r−1
+ε

(
mr

mα
r−1

− mr0

mα
r−1

)
≤ r0T

mα
r−1

+ε
(

mr

mα
r−1

)
≤ r0T

mα
r−1

+ε ·M,

and hence by applying limit in above inequality we get the result.

(iii) Let ε> 0 and u0 ∈ X . Then, we have

{m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε}⊆ {m ≤ mr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε},
this implies

1
mr

card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})

≤ 1
mr

card({m ≤ mr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε}),
i.e.,

lαr
mr

1
lαr

card({m ∈ Jr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε})

≤ 1
mr

card({m ≤ mr : |ϕ(∆pum,u0)−ϕ(u0,u0)| ≥ ε}).
Taking limit r →∞ in above inequality, we get result.

Theorem 2.13. For 0<α≤ 1, following holds:

(i) If lim tr > 1, then |σ1|α(∆p, cϕ)⊆ Nα
θ

(∆p, cϕ).

(ii) If lim mr
mα

r−1
<∞, then Nα

θ
(∆p, cϕ)⊆ |σ1|α(∆p, cϕ).

(iii) If lim lαr
mr

> 0, then we have |σ1|(∆p, cϕ)⊂ Nα
θ

(∆p, cϕ).

Proof. (i) Let u ∈ |σ1|α(∆p, cϕ). Then, for given ε> 0 and sufficiently large r, as in part (i) of
Theorem 2.12, we have

1
mα

r
≥ δα

(1+δ)α
1
lαr

.

Now consider
1

mα
r

( ∑
m≤mr

|ϕ(∆pum,u0)−ϕ(u0,u0)|
)
≥ 1

mα
r

( ∑
m∈Jr

|ϕ(∆pum,u0)−ϕ(u0,u0)|
)

≥ δα

(1+δ)α
1
lαr

( ∑
m∈Jr

|ϕ(∆pum,u0)−ϕ(u0,u0)|
)

and hence result follows by taking limit r →∞ in above inequality.

(ii) Let u ∈ Nα
θ

(∆p, cϕ) and n be any integer such that mr−1 < n ≤ mr . Then, we have

1
nα

(
n∑

k=1
|ϕ(∆pum,u0)−ϕ(u0,u0)|

)
< 1

mα
r−1

(
mr∑
k=1

|ϕ(∆pum,u0)−ϕ(u0,u0)|
)

.
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Taking Mr = ∑
m∈Jr

|ϕ(∆pum,u0)−ϕ(u0,u0)| and proceeding same as that in part (ii) of

Theorem 2.12, we get required inclusion.

(iii) Let u ∈ |σ1|(∆p, cϕ) and u0 ∈ X . Then, we have

1
mr

( ∑
m∈Jr

|ϕ(∆pum,u0)−ϕ(u0,u0)|
)
≤ 1

mr

(
mr∑

m=1
|ϕ(∆pum,u0)−ϕ(u0,u0)|

)
,

i.e.,

lαr
mr

1
lαr

( ∑
m∈Jr

|ϕ(∆pum,u0)−ϕ(u0,u0)|
)
≤ 1

mr

(
mr∑
k=1

|ϕ(∆pum,u0)−ϕ(u0,u0)|
)

.

Taking limit r →∞ and using lim lαr
mr

> 0 in above inequality, we get required inclusion.

3. Lacunary Summability via Modulus Function
In the present section we gave a direction to the lacunary strongly ϕ-Cesàro summability of
order α (discussed in Section 2) towards a more general concept, with the fusion of modulus
function f and hence having the notion of (∆p, f )-lacunary strongly ϕ-Cesàro summability of
order α in the form of following:

Definition 3.1. Let θ = 〈mr〉 be a lacunary sequence, α ∈ (0,1] and f be a modulus function.
We say that the sequence 〈um〉 is (∆p, f )-lacunary strongly ϕ-Cesàro summable of order α to
u0 ∈ X if

lim
r→∞

1
lαr

∑
m∈Jr

f (ϕ(∆pum,u0)−ϕ(u0,u0))= 0

and class of all such sequences is denoted by Nα
θ

(∆p, f , cϕ), i.e.,

Nα
θ (∆p, f , cϕ)=

{
〈um〉 : lim

r→∞
1
lαr

∑
m∈Jr

f (ϕ(∆pum,u0)−ϕ(u0,u0))= 0, for some u0 ∈ X

}
.

Theorem 3.2. Let θ be lacunary sequence. Then, Nθ(∆p−1, f , cϕ)⊂ Nθ(∆p, f , cϕ) and inclusion is
proper. In general Nθ(∆i, f , cϕ)⊂ Nθ(∆p, f , cϕ), for i = 1,2, . . . , p−1 and inclusion is proper.

Proof. Using the standard technique proof is easy and hence omitted.

Theorem 3.3. For α ∈ (0,1], Nα
θ

(∆p, f , cϕ)⊆ Sα
θ

(∆p, cϕ).

Proof. Let u = 〈um〉 ∈ Nα
θ

(∆p, f , cϕ). Then, for every ε> 0,

lim
r→∞

1
lαr

∑
m∈Jr

f (ϕ(∆pum,u0)−ϕ(u0,u0))= 0.

Now ∑
m∈Jr

f (ϕ(∆pum,u0)−ϕ(u0,u0))≥ ∑
m∈Jr

ϕ(∆pum ,u0)−ϕ(u0,u0)>ε

f (ϕ(∆pum,u0)−ϕ(u0,u0))

≥ f (ε)card({m ∈ Jr :ϕ(∆pum,u0)−ϕ(u0,u0)≥ ε}
and hence the result follows by multiplying the above inequality 1

lαr
and taking limit r →∞.
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Theorem 3.3, for modulus function f (u)= u, agrees with Theorem 2.11 and we have

Corollary 3.4. Nα
θ

(∆p, cϕ)⊆ Sα
θ

(∆p, cϕ).

Lemma 3.5 ([25]). For modulus f and 0< δ< 1, we have for each t > δ,

f (t)≤ 2 f (1)δ−1t .

Theorem 3.6. For modulus f and lim
r→∞

lr
lαr

= 1, Nα
θ

(∆p, cϕ)⊆ Nα
θ

(∆p, f , cϕ).

Proof. Let u = 〈um〉 ∈ Nα
θ

(∆p, cϕ). Then, we have Mr = 1
lαr

∑
m∈Jr

(ϕ(∆pum,u0)−ϕ(u0,u0)) → 0 as

r →∞ for some u0 ∈ X . Let ε > 0 and choose δ with 0 < δ < 1 such that f (t) < ε for 0 ≤ t ≤ δ,
(this is possible due to continuity of modulus function f at 0). Then, we have

1
lαr

∑
m∈Jr

f (ϕ(∆pum,u0)−ϕ(u0,u0))= 1
lαr

∑
m∈Jr

ϕ(∆pum ,u0)−ϕ(u0,u0)≤δ

f (ϕ(∆pum,u0)−ϕ(u0,u0))

+ 1
lαr

∑
m∈Jr

ϕ(∆pum ,u0)−ϕ(u0,u0)>δ

f (ϕ(∆pum,u0)−ϕ(u0,u0))

≤ 1
lαr

(lr ·ε)+2 f (1)δ−1Mr (using Lemma 3.5)

and the result follows.

Theorem 3.7. Let f1 and f2 be modulus functions and lim
r→∞

lr
lαr

= 1. Then following holds:

(i) Nα
θ

(∆p, f2, cϕ)⊂ Nα
θ

(∆p, f1 ◦ f2, cϕ).

(ii) Nα
θ

(∆p, f1, cϕ)∩Nα
θ

(∆p, f2, cϕ)⊂ Nα
θ

(∆p, f1 + f2, cϕ).

Proof. (i) Let u = 〈um〉 ∈ Nα
θ

(∆p, f2, cϕ). As f1 (being modulus function) is continuous at 0,
so for given ε> 0 we may choose δ> 0 (0 < δ< 1) such that f1(t) < ε for 0 ≤ t ≤ δ. Write
zm = f2(ϕ(∆pum,u0)−ϕ(u0,u0)). Now

1
lαr

∑
m∈Jr

f1(zm)= 1
lαr

∑
m∈Jr
zm≤δ

f1(zm)+ 1
lαr

∑
m∈Jr
zm>δ

f1(zm)

≤ 1
lαr

(lrε)+ 1
lαr

2 f1(1)δ−1 ∑
m∈Jr

zm (using Lemma 3.5)

and the result follows.

(ii) Let ym =ϕ(∆pum,u0)−ϕ(u0,u0). Proof of this part follows by the inequality

( f1 + f2)(ym)≤ f1(ym)+ f2(ym).

Corollary 3.8. If lim
r→∞

lr
lαr

= 1, then Nα
θ

(∆p, cϕ)⊂ Nα
θ

(∆p, f , cϕ).

4. Results on Lacunary Refinement
The present section concludes the paper by showing various inclusion relations, which arises for
varying lacunary sequences θ.
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Definition 4.1. By lacunary refinement θ∗ = 〈m∗
r 〉 of a lacunary sequence θ = 〈mr〉 we mean

J∗
r ⊇ Jr where J∗

r = (m∗
r−1,m∗

r ] and Jr = (mr−1,mr].

We use l∗r = m∗
r −m∗

r−1 throughout this section.

Theorem 4.2. 〈um〉 ∉ Nθ(∆p, f , cϕ) implies 〈um〉 ∉ Nθ∗(∆p, f , cϕ).

Proof. Let 〈um〉 ∉ Nθ(∆p, f , cϕ). Then, for any u0 ∈ X ,

lim
r→∞

1
lr

∑
m∈Jr

f (ϕ(∆pum,u0)−ϕ(u0,u0)) ̸= 0.

So there exists ε> 0 and a subsequence 〈mr j〉 of 〈mr〉 such that
1

lr j

∑
m∈Jr j

f (ϕ(∆pum,u0)−ϕ(u0,u0))≥ ε.

Writing Jr j = J∗
t+1 ∪ J∗

t+2 ∪ . . .∪ J∗
t+p , then we have∑

J∗
t+1

f (ϕ(∆pui,u0)−ϕ(u0,u0))+ . . .+ ∑
J∗

t+p

f (ϕ(∆pui,u0)−ϕ(u0,u0))

l∗t+1 + . . .+ l∗t+p
≥ ε

implies for some j, we have 1
l∗t+ j

∑
J∗

t+ j

f (ϕ(∆pui,u0)−ϕ(u0,u0))≥ ε and hence

〈um〉 ∉ Nθ∗(∆p, f , cϕ).

Theorem 4.3. Let 0<α≤β≤ 1 and lim
r→∞ inf lr

l∗r
> 0. Then Sα

θ∗(∆p, f , cϕ)⊆ Sβ

θ
(∆p, f , cϕ).

Proof. As J∗
r ⊇ Jr for all r ∈N, so for ε> 0, we have

{m ∈ J∗
r : f (ϕ(∆pum,u0)−ϕ(u0,u0))≥ ε}⊇ {m ∈ Jr : f (ϕ(∆pum,u0)−ϕ(u0,u0))≥ ε}.

This implies
1

l∗r α
card({m ∈ J∗

r : f (ϕ(∆pum,u0)−ϕ(u0,u0))≥ ε})

≥ 1
l∗r α

card({m ∈ Jr : f (ϕ(∆pum,u0)−ϕ(u0,u0))≥ ε})

≥ 1

l∗r β
card({m ∈ Jr : f

(
ϕ(∆pum,u0)−ϕ(u0,u0)

)≥ ε})
= lβr

l∗r β
1

lβr
card({m ∈ Jr : f (ϕ(∆pum,u0)−ϕ(u0,u0))≥ ε}).

Hence the proof.

Corollary 4.4. If 0<α≤ 1 and lim lr
l∗r

> 0, then

(i) Sα
θ∗(∆p, f , cϕ)⊆ Sθ(∆p, f , cϕ).

(ii) Sα
θ∗(∆p, cϕ)⊆ Sβ

θ
(∆p, cϕ).

Theorem 4.5. Let 0<α≤β≤ 1. If lim
r→∞

lr
l∗r

> 0, then we have Nα
θ∗(∆p, f , cϕ)⊆ Nβ

θ
(∆p, f , cϕ)
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Proof. Let u ∈ Nα
θ∗(∆p, f , cϕ). Then, for given ε> 0 and u0 ∈ X , we have

1
l∗r α

( ∑
m∈J∗

r

f (ϕ(∆pum,u0)−ϕ(u0,u0))

)

= 1
l∗r α

( ∑
k∈J∗

r −Jr

f (ϕ(∆pum,u0)−ϕ(u0,u0))+ ∑
m∈Jr

f (ϕ(∆pum,u0)−ϕ(u0,u0))

)

≥ lβr
l∗r α

1

lβr

( ∑
m∈Jr

f (ϕ(∆pum,u0)−ϕ(u0,u0))

)
and hence the result follows by taking limit r →∞ and using lim lr

l∗r
> 0 in above inequality.

Corollary 4.6. If lim
r→∞

lr
l∗r

> 0, then following holds:

(i) Nα
θ∗(∆p, f , cϕ)⊆ Nθ(∆p, f , cϕ).

(ii) Nα
θ∗(∆p, cϕ)⊆ Nα

θ
(∆p, cϕ).

5. Conclusion
We have introduced the notions of lacunary statistical convergence and strong Cesàro
summability of order α, for higher order difference sequence spaces in context to the linear
partial metric space (X ,ϕ) in the present paper. It is also proved that for (∆p,ϕ)-bounded
sequences, both these notions coincide, i.e., every lacunary statistical ϕ-convergent sequence of
order α is lacunary strongly ϕ-Cesàro summable and conversely. Beside this, various inclusion
relations have been established. In Section 3, lacunary strongly ϕ-Cesàro summability of order
α is studied with the aid of modulus function f , hence having the notion of (∆p, f )-lacunary
strongly ϕ-Cesàro summability of order α. The last section shows inclusion among the already
existing spaces which arises for varying lacunary sequence θ.
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“Ovidius” Constanţa. Seria Matematică 20(1) (2012), 417 – 430, DOI: 10.2478/v10309-012-0028-1.

[37] B. C. Tripathy, B. Hazarika and B. Choudhary, Lacunary I-convergent sequences, Kyungpook
Mathematical Journal 52(4) (2012), 473 – 482, DOI: 10.5666/kmj.2012.52.4.473.

[38] A. Zygmund, Trigonometric Series, 3rd edition, Cambridge University Press, Cambridge, xxvi +
756 pages (2003), DOI: 10.1017/CBO9781316036587.

Communications in Mathematics and Applications, Vol. 15, No. 3, pp. 981–995, 2024

http://doi.org/10.2969/jmsj/00510029
http://doi.org/10.11568/kjm.2022.30.1.155
http://eudml.org/doc/31887
https://eudml.org/doc/34081
http://doi.org/10.1186/1687-1812-2013-5
http://doi.org/10.2307/2308747
http://doi.org/10.1016/s0252-9602(14)60021-7
http://doi.org/10.7153/jca-2024-23-05
http://doi.org/10.7153/jca-2024-23-05
http://doi.org/10.5666/kmj.2010.50.4.565
http://doi.org/10.2478/v10309-012-0028-1
http://doi.org/10.5666/kmj.2012.52.4.473
http://doi.org/10.1017/CBO9781316036587

	Introduction
	Lacunary Statistical bold0mu mumu -convergence and Strongly bold0mu mumu -Cesàro Summability of Order bold0mu mumu  of Difference Sequences
	Lacunary Summability via Modulus Function
	Results on Lacunary Refinement
	Conclusion
	References

