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1. Introduction
As defined in [3], [4], [5], [6], [7], the degenerate exponential function is given as

f (t)= (1+λt)
1
λ , (1.1)

for λ ∈ (0,∞) and t ∈R.
This should not be confused with the degenerate exponential function defined by Nantomah

[9] as

g(t)= (1+λ)
t
λ , (1.2)

for λ ∈ (0,∞) and t ∈R.
It is clear that taking the limit of f (t) as λ→ 0, then f (t)→ et. Its range is the set of positive

real numbers.
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The first derivative of the function (1.1) is given as

f ′(t)= (1+λt)
1
λ−1 > 0, (1.3)

for all t ∈ (−∞,∞). This implies that the degenerate exponential function (1.1) is increasing on
t ∈ (−∞,∞).

Plot of the degenerate exponential function (1.1) for some values of λ, is shown in Figure 1.
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Figure 1. Plot of f (t)

Later on, motivated by the degenerate exponential function, a good number of researchers
have introduced degenerate versions of many special functions.

Kim and Kim [4] introduced the degenerate gamma function, the degenerate hyperbolic
functions and the degenerate Laplace transform and studied some of their properties. Kim et
al. [6] introduced the modified degenerate gamma function. Nantomah [8] established several
properties satisfied by the modified degenerate gamma function. Recently, Nantomah [9]
introduced the degenerate exponential integral function and established some of its properties.
Also, Akel et al. [1] introduced the degenerate gamma matrix function, the degenerate zeta
matrix function, the degenerate diagamma matrix function, the degenerate polygamma matrix
function and the degenerate Gauss hypergeometric matrix function. The critical role played by
the degenerate exponential function in the introduction and the study of properties of the above
mentioned functions makes its properties worth studying.

In this paper, we establish some monotonic and limit properties as well as inequlities
involving the degenerate exponential function.

2. Results
Proposition 2.1. The limit of the n-th derivative of the degenerate exponential function as λ→ 0
is given as

lim
λ→0

[
(1+λt)

1
λ−n

n−1∏
k=0

(1−λk)

]
= et, (2.1)

for λ ∈ (0,∞), n ∈N and t ∈ (−∞,∞).
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Proof. Differentiating (1.1), we have

f ′(t)= (1+λt)
1
λ−1,

f ′′(t)= (1−λ)(1+λt)
1
λ−2,

f ′′′(t)= (1−2λ)(1−λ)(1+λt)
1
λ−3,

f (4)(t)= (1−3λ)(1−2λ)(1−λ)(1+λt)
1
λ−4.

Continuing the process n number of times, gives

f (n)(t)= (1+λt)
1
λ−n

n−1∏
k=0

(1−λk).

Also, let

y= lim
λ→0

[
(1+λt)

1
λ−n

n−1∏
k=0

(1−λk)

]
. (2.2)

Taking the natural logarithm on both sides of (2.2), we have

ln y= lim
λ→0

ln

[
(1+λt)

1
λ−n

n−1∏
k=0

(1−λk)

]

= lim
λ→0

(
1
λ
−n

)
ln(1+λt)+ lim

λ→0
ln

n−1∏
k=0

(1−λk)

= lim
λ→0

(1−λn) ln(1+λt)
λ

+
n−1∑
k=0

lim
λ→0

ln(1−λk)

= lim
λ→0

(1−λn) ln(1+λt)
λ

+
n−1∑
k=0

ln(1)

= lim
λ→0

[
−n ln(1+λt)+ (1−λn)t

1+λt

]
= lim
λ→0

−n ln(1+λt)+ lim
λ→0

+ t−λnt
1+λt

= t.

Therefore,

y=et.

This concludes the proof.

Lemma 2.1. The inequality

(1+λt)
1
λ − ln[1+ (1+λt)

1
λ ]> 1− ln2, (2.3)

holds for all t,λ ∈ (0,∞).

Proof. Let h(t)= (1+λt)
1
λ − ln[1+ (1+λt)

1
λ ]. Thus,

h′(t)= (1+λt)
1
λ−1 − (1+λt)

1
λ−1

1+ (1+λt)
1
λ
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= (1+λt)
1
λ−1

[
1− 1

1+ (1+λt)
1
λ

]

= (1+λt)
2
λ−1

1+ (1+λt)
1
λ

> 0.

This shows that h(t) is increasing on (0,∞). Therefore, we have

h(t)> lim
t→0

h(t)= 1− ln2,

yielding the results (2.3).

Theorem 2.1. The inequality

(1+λt)−
1
λ ≥ 1− t (2.4)

is valid for all t ∈ [0,∞) and λ ∈ (0,∞). Equality holds when t = 0.

Proof. Let f (t)= (1+λt)−
1
λ + t−1. Thus,

f ′(t)=−(1+λt)−
1
λ−1 +1

=− 1

(1+λt)
1
λ+1

+1

≥ 0 .

This shows that f (t) is increasing. Thus,

f (t)> lim
t→0

f (t)= 0,

yielding the results (2.4).

Theorem 2.2. For all t,λ ∈ (0,∞), the function

h(t)= [1+ (1+λt)
1
λ ]1+(1+λt)−

1
λ

is increasing. Consequently, the inequality

2ln2< (1+λt)
1
λ

1+ (1+λt)
1
λ

< ln[1+ (1+λt)
1
λ ], (2.5)

is satisfied.

Proof. Let

ω(t)= lnh(t)= [1+ (1+λt)
1
λ ]

(1+λt)
1
λ

ln[1+ (1+λt)
1
λ ],

for all t,λ ∈ (0,∞). Then, we have

ω′(t)= {(1+λt)
2
λ−1 − [1+ (1+λt)

1
λ ](1+λt)

1
λ−1} ln[1+ (1+λt)

1
λ ]

(1+λt)
2
λ

+ [1+ (1+λt)
1
λ ](1+λt)

1
λ−1

(1+λt)
1
λ [1+ (1+λt)

1
λ ]

= {(1+λt)
2
λ−1 − (1+λt)

1
λ−1 − (1+λt)

2
λ−1} ln[1+ (1+λt)

1
λ ]

(1+λt)
2
λ

+ 1
(1+λt)
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= 1
(1+λt)

− (1+λt)
1
λ−1 ln[1+ (1+λt)

1
λ ]

(1+λt)
2
λ

= 1
(1+λt)

− ln[1+ (1+λt)
1
λ ]

(1+λt)
1
λ+1

= 1

(1+λt)
1
λ+1

{(1+λt)
1
λ − ln[1+ (1+λt)

1
λ ]}

> 0,

which follows from Lemma 2.1. This implies ω(t) is increasing and consequently, h(t) is also
increasing. Thus, we have

lim
t→0

ω(t)= lim
t→0

[1+ (1+λt)
1
λ ] ln[1+ (1+λt)

1
λ ]

(1+λt)
1
λ

= 2ln2 ;

lim
t→∞ω(t)= lim

t→∞
[1+ (1+λt)

1
λ ] ln[1+ (1+λt)

1
λ ]

(1+λt)
1
λ

= lim
t→∞

(1+λt)
1
λ−1 ln[1+ (1+λt)

1
λ ]+ (1+λt)

1
λ
−1

1+(1+λt)
1
λ

[1+ (1+λt)
1
λ ]

(1+λt)
1
λ−1

= lim
t→∞


(1+λt)

1
λ−1 ln[1+ (1+λt)

1
λ ]

(1+λt)
1
λ−1

+
(1+λt)

1
λ
−1[1+(1+λt)

1
λ ]

1+(1+λt)
1
λ

(1+λt)
1
λ−1


= lim

t→∞{ln[1+ (1+λt)
1
λ ]+1}

=∞.

For all t,λ ∈ (0,∞) , since ω(t) is increasing, then we have

2ln2= lim
t→0

ω(t)<ω(t)< lim
t→∞ω(t)=∞.

This completes the proof.

Theorem 2.3. For t,λ ∈ (0,∞), the inequality

ln2− 1
2
< (1+λt)

1
λ

1+ (1+λt)
1
λ

< ln[1+ (1+λt)
1
λ ], (2.6)

holds.

Proof. Let

Φ(t)= ln[1+ (1+λt)
1
λ ]− (1+λt)

1
λ

1+ (1+λt)
1
λ

. (2.7)

Then,

Φ′(t)= (1+λt)
1
λ−1

1+ (1+λt)
1
λ

− (1+λt)
1
λ−1

[1+ (1+λt)
1
λ ]2
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= (1+λt)
1
λ−1

1+ (1+λt)
1
λ

[
1− 1

1+ (1+λt)
1
λ

]

= (1+λt)
2
λ−1

[1+ (1+λt)
1
λ ]2

> 0.

This implies that Φ(t) is increasing on (0,∞). Furthermore,

lim
t→0
Φ(t)= lim

t→0

{
ln[1+ (1+λt)

1
λ ]− (1+λt)

1
λ

1+ (1+λt)
1
λ

}
= ln2− 1

2
;

lim
t→∞Φ(t)= lim

t→∞

{
ln[1+ (1+λt)

1
λ ]− (1+λt)

1
λ

1+ (1+λt)
1
λ

}

= lim
t→∞

ln[1+ (1+λt)
1
λ ]− 1

1

(1+λt)
1
λ

+1


=∞.

Thus, for t,λ ∈ (0,∞), we have

ln2− 1
2
= lim

t→0
Φ(t)<Φ(t)< lim

t→∞Φ(t)=∞,

which gives the desired inequality (2.6). This concludes the proof.

Theorem 2.4. The function

g(t)= [1+ (1+λt)
1
λ ](1+λt)−

1
λ

is decreasing. As a results, the inequality

ln[1+ (1+λt)
1
λ ]< ln2(1+λt)

1
λ , (2.8)

is valid for all t,λ ∈ (0,∞).

Proof. Let µ(t)= ln g(t)= ln[1+(1+λt)
1
λ ]

(1+λt)
1
λ

, for all t,λ ∈ (0,∞). Then, we have

µ′(t)=
(1+λt)

1
λ
−1

1+(1+λt)
1
λ

(1+λt)
1
λ − (1+λt)

1
λ−1 ln[1+ (1+λt)

1
λ ]

(1+λt)
2
λ

=
(1+λt)

2
λ
−1

1+(1+λt)
1
λ

− (1+λt)
1
λ−1 ln[1+ (1+λt)

1
λ ]

(1+λt)
2
λ

= 1

(1+λt)+ (1+λt)
1
λ+1

− ln[1+ (1+λt)
1
λ ]

(1+λt)
1
λ+1

= 1

(1+λt)
1
λ+1

{
(1+λt)

1
λ

1+ (1+λt)
1
λ

− ln[1+ (1+λt)
1
λ ]

}
< 0,
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which follows from (2.7). Hence µ(t) is decreasing and consequently, g(t) is also decreasing.
In addition,

lim
t→0

µ(t)= lim
t→0

ln[1+ (1+λt)
1
λ ]

(1+λt)
1
λ

= ln2 ;

lim
t→∞µ(t)= lim

t→∞
ln[1+ (1+λt)

1
λ ]

(1+λt)
1
λ

= lim
t→∞

(1+λt)
1
λ
−1

1+(1+λt)
1
λ

(1+λt)
1
λ−1

= lim
t→∞

1

1+ (1+λt)
1
λ

= 0.

Since µ(t) is decreasing, we have the following. For all t,λ ∈ (0,∞) , we have

0= lim
t→∞µ(t)<µ(t)< lim

t→0
µ(t)= ln2,

which yields the desired result (2.8).

3. Conclusion
We have established some limit and monotonic properties involving the degenerate exponential
function. Inequalities involving the degenerate exponential function have also been obtained.
Many fields in mathematics will benefit from these established properties.

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

References
[1] M. Akel, A. Bakhet, M. Abdalla and F. He, On degenerate gamma matrix functions and related func-

tions, Linear and Multilinear Algebra 71(4) (2023), 673 – 691, DOI: 10.1080/03081087.2022.2040942.

[2] T. Kim and D. S. Kim, λ-analogues of r-stirling numbers of the first kind, arXiv:1805.07787
[math.NT] (2018), 12 pages, DOI: 10.48550/arXiv.1805.07787.

[3] T. Kim and D. S. Kim, A note on degenerate Stirling numbers of the first kind, arXiv:1802.00896
[math.NT] (2018), 12 pages, DOI: 10.48550/arXiv.1802.00896.

[4] T. Kim and D. S. Kim, Degenerate Laplace transform and degenerate gamma function, Russian
Journal of Mathematical Physics 24(2) (2017), 241 – 248, DOI: 10.1134/S1061920817020091.

[5] T. Kim and D. S. Kim, Note on the degenerate gamma function, Russian Journal of Mathematical
Physics 7(27) (2020), 352 – 358, DOI: 10.1134/S1061920820030061.

Communications in Mathematics and Applications, Vol. 15, No. 1, pp. 483–490, 2024

http://doi.org/10.1080/03081087.2022.2040942
http://doi.org/10.48550/arXiv.1805.07787
http://doi.org/10.48550/arXiv.1802.00896
http://doi.org/10.1134/S1061920817020091
http://doi.org/10.1134/S1061920820030061


490 On Some Properties of the Degenerate Exponential Function: T. A. Akugre et al.

[6] Y. J. Kim, B. M. Kim, L.-C. Jang and J. Kwon, A note on modified degenerate gamma and Laplace
transformation, Symmetry 10(10) (2018), 471, DOI: 10.3390/sym10100471.

[7] T. Kim, D. S. Kim, J. Kwon and H. Lee, A note on degenerate gamma random variables,
arXiv:2004.08660 [math.PR] (2004), 6 pages, DOI: 10.48550/arXiv.2004.08660.

[8] K. Nantomah, Certain properties of the modified degenerate gamma function, Journal of
Mathematics 2021 (2021), 8864131, 6 pages, DOI: 10.1155/2021/8864131.

[9] K. Nantomah, Degenerate exponential integral function and its properties, Arab Journal of
Mathematical Sciences 30(1) (2024), 57 – 66, DOI: 10.1108/AJMS-09-2021-0230.

Communications in Mathematics and Applications, Vol. 15, No. 1, pp. 483–490, 2024

http://doi.org/10.3390/sym10100471
http://doi.org/10.48550/arXiv.2004.08660
http://doi.org/10.1155/2021/8864131
http://doi.org/10.1108/AJMS-09-2021-0230

	Introduction
	Results
	Conclusion
	References

