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1. Introduction
A graph labeling involves assigning distinct labels to the edges and vertices of a graph.
For standardized terminology and notations in graph theory, the work of Clark and Holton [5] is
consulted. Gallian [6] provides a comprehensive survey with extensive bibliographic references
on various graph labeling problems. To conduct our analysis, we begin with a simple, finite,
connected, and undirected graph denoted as G = (V (G),E(G)). The subsequent section provides
a concise overview of definitions and relevant information essential for the current investigation.

2. Preliminaries
L-cordial labeling was introduced by Bapat [3] and is described in Definition 2.1. He also
shown that the triangular snakes, star, path and cycle are L-cordial graphs (Bapat [1–3]).
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Then, he extended his research to include FL(Cn), Cn, bull (Cn), shell graph Sn, S+
n and S+t

n ,
demonstrating that these graphs are likewise L-cordial.

Definition 2.1 ([3]). A graph G(V ,E) possesses an L-cordial labeling if there exists a bijection
function r from E(G) to {1,2,3, . . . , |E|}. Each vertex u is labeled 0 if the highest label on its
incident edges is even and 1 otherwise. The terms vr(1) and vr(0) denote the total count of
vertices u’s labeled as 1 and 0, respectively. The labeling function r is considered an L-cordial
labeling of the graph if the absolute difference between vr(1) and vr(0) is less than or equal to 1.
It’s important to note that isolated vertices are not included in this labeling process.

Steffi and Subhashini [9] have introduced binary L-cordial labeling and product binary
L-cordial labeling, detailed in Definition 2.2 and Definition 2.3, respectively. They have explored
the product binary L-cordial labeling of graphs such as path, comb graph Pn ⊙ k1, dumbell
graph, flag graph and crown graph Cn ⊙k1.

Definition 2.2 ([9]). A graph G(V ,E) featuring a binary operation exhibits a binary L-cordial
labeling when there exists a bijective function r from E(G) to {1,2,3, . . . , |E|}. In this scenario,
each vertex u is assigned the label 1 or 0 based on a binary operation ‘∗’, where uvi , uv j possess
the smallest and greatest r values, respectively. Label 1 is assigned if r(uvi)∗ r(uv j) is odd,
and 0 is assigned otherwise. The quantities vr(1) and vr(0) denote the total number of vertices
labeled as 1 and 0, respectively. The labeling function r is deemed a binary L-cordial labeling
of the graph if the absolute difference between vr(1) and vr(0) is less than or equal to 1. This
labeling scheme is represented by the acronym BLCL and graph which hold the said labeling
viz., binary L-cordial graph is represented by the acronym BLCG.

Definition 2.3 ([9]). A graph G(V ,E) featuring a binary operation exhibits a product binary
L-cordial labeling when there exists a bijective function r from E(G) to {1,2,3, . . . , |E|}. In this
scenario, each vertex u is assigned the label 1 or 0 based on a multiplication binary operation
‘·’, where uvi , uv j possess the smallest and greatest r values, respectively. Label 1 is assigned
if r(uvi) · r(uv j) is odd, and 0 is assigned otherwise. The quantities vr(1) and vr(0) denote the
total number of vertices labeled as 1 and 0, respectively. The labeling function r is deemed a
product binary L-cordial labeling of the graph if the absolute difference between vr(1) and vr(0)
is less than or equal to 1. This labeling scheme is represented by the acronym PBLCL and graph
which hold the said labeling viz., product binary L-cordial graph is represented by the acronym
PBLCG.

Now, the descriptions of graphs used in the present investigation are provided below.

Definition 2.4 ([4]). Degree splitting graph of G is denoted by DS(G), where G = (V (G),E(G))
is a graph with V = C1 ∪C2 ∪C3 ∪ . . .Cp ∪M. In this representation, each Ck is a set of vertices
having same degree (at least two vertices) and M =V −∪p

k=1Ck . Degree splitting graph of G is
constructed by adding vertices u1,u2,u3, . . . ,up to the graph G and joining uk to each vertex of
Ck, for 1≤ k ≤ p.

Definition 2.5. A shell graph Sn is graph made by taking (n−3) concurrent chords in Cn.
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Definition 2.6 ([7]). Cartesian product of graphs Gp and Gq is denoted by Gp ×Gq. This
graph possesses a vertex set V (Gp)×V (Gq)= {(w, c)/w ∈V (Gp) and c ∈V (Gq)}, where (w, c) is
connected to (w′, c′) if and only if either w = w′ and cc′ ∈ E(Gq) or c = c′ and ww′ ∈ E(Gp).

Definition 2.7. Ladder graph Ln is defined as Ln = Pn ×K2.

Definition 2.8 ([8]). Corona product of graphs viz., Gp and Gq is denoted by Gp ⊙ Gq.
The Gp ⊙Gq is constructed by taking one copy of Gp and |V (Gp)| copies of Gq , and joining each
vertex of the jth copies of Gq to jth vertex of Gp , for 1,2,3, . . . , |V (G)|.

By using corona product of graphs as defined in Definition 2.8 three more graphs are
generated which are defined below.

Definition 2.9. Crown graph is defined as Cn ⊙K1 in which Cn is the cycle of n vertices.

Definition 2.10. Comb graph is defined as Pn ⊙K1 in which Pn is the cycle of n vertices.

Definition 2.11. Double comb graph is defined as Cn⊙2K1 in which Pn is the cycle of n vertices.

3. Results and Discussions
Theorem 3.1. DS(Pn;n ≥ 2) is a PBLCG.

Proof. Let V (DS(Pn))= {u,v,vk : 1≤ k ≤ n} and E(DS(Pn))= {vkvk+1 : 1≤ k ≤ n−1}∪ {uvk+1 : 1≤
k ≤ n−2}∪ {vv1,vvn}, where |V (DS(Pn)| = n+2 and |E(DS(Pn))| = 2n−1.
Labeling function r : E(DS(Pn))→ {1,2,3, . . . , |E(DS(Pn))|} is defined as follows:

Case 1: n is odd:

Subcase 1: For n = 3,

r(p)=


2k−1, for p = vkvk+1, 1≤ k ≤ 2;

5, for p = vv1;

4, for p = vvn;

2, for p = uv2.

Subcase 2: For n > 3,

r(p)=



2k−1, for p = vkvk+1, 1≤ k ≤ n−1;

2k, for p = uvk+1, 1≤ k ≤ n−1
2 ;

n+2k+1, for p = uv n+2k+1
2

, 1≤ k ≤ n−3
2 ;

2n−1, for p = vv1;

n+1, for p = vvn.

Consequently, vr(1)= n+1
2 and vr(0)= n+3

2 .
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Case 2: n is even:

Subcase 1: For n = 4,

r(p)=



2k−1, for p = vkvk+1, 1≤ k ≤ 3;

2, for p = uv2;

4, for p = uv3;

7, for p = vv1;

6, for p = vv4.

Subcase 2: For n > 4,

r(p)=



2k−1, for p = vkvk+1, 1≤ k ≤ n−1;
2k, for p = uvk+1, 1≤ k ≤ n

2 ;
n+2k+2, for p = uu n+2k+2

2
, 1≤ k ≤ n−4

2 ;

2n−1, for p = vv1;
n+2, for p = vvn.

Consequently, vr(1)= n+2
2 = vr(0).

The observation of |vr(1)− vr(0)| ≤ 1 in all the cases in Theorem 3.1 highlights that the
DS(Pn;n ≥ 2) is in fact a PBLCG.

Example 3.1. DS(P6) is a PBLCG which is shown in Figure 1.

Figure 1. DS(P6) with its PBLCL

Theorem 3.2. DS(Pn ⊙k1;n ≥ 2) is a PBLCG.

Proof. Let V (DS(Pn ⊙ k1)) = {u,v, q,uk,wk : 1 ≤ k ≤ n} and E(DS(Pn ⊙ k1)) = {wkwk+1 : 1 ≤
k ≤ n−1}∪ {ukwk : 1 ≤ k ≤ n}∪ {uuk : 1 ≤ k ≤ n}∪ {qw1, qwn}∪ {vwk+1 : 1 ≤ k ≤ n−2}, where
|V (DS(Pn ⊙k1)| = 2n+3 and |E(DS(Pn ⊙k1))| = 4n−1.
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Labeling function r : E(DS(Pn ⊙k1))→ {1,2,3, . . . , |E(DS(Pn ⊙k1))|} is defined as follows:

r(p)=



2k−1, for p = wkwk+1, 1≤ k ≤ n−1;

2k, for p = ukwk, 1≤ k ≤ n;

2n+2k, for p = uuk, 1≤ k ≤ n−1;

4n−1, for p = uun;

4n−5, for p = qw1;

4n−3, for p = qwn;

2n+2k−3, for p = vwk+1, 1≤ k ≤ n−2.

Consequently, vr(1)= n+2 and vr(0)= n+1.

The observation of |vr(1)− vr(0)| ≤ 1 in all the cases in Theorem 3.2 highlights that the
DS(Pn ⊙k1;n ≥ 2) is in fact a PBLCG.

Example 3.2. DS(P5 ⊙k1) is a PBLCG which is shown in Figure 2.

Figure 2. The graph DS(P5 ⊙k1) with its PBLCL

Theorem 3.3. The graph DS(Pn ⊙2k1;n ≥ 2) is a PBLCG.

Proof. Let V (DS(Pn ⊙2k1))= {u,v, q,uk,vk,wk : 1≤ k ≤ n} and E(DS(Pn ⊙2k1))= {wkwk+1 : 1≤
k ≤ n−1}∪{ukwk : 1≤ k ≤ n}∪{vkwk : 1≤ k ≤ n}∪{uuk : 1≤ k ≤ n}∪{uvk : 1≤ k ≤ n}∪{qw1, qwn}∪
{vwk+1 : 1≤ k ≤ n−2}, where |V (DS(Pn ⊙2k1)| = 3n+3 and |E(DS(Pn ⊙2k1))| = 6n−1.
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Labeling function r : E(DS(Pn ⊙2k1))→ {1,2,3, . . . , |E(DS(Pn ⊙2k1))|} is defined as follows:

Case 1: n is odd:

r(p)=



2k−1, for p = wkvk, 1≤ k ≤ n;

2n+k, for p = vvk, 1≤ k ≤ n;

4n+2k−1, for p = ukwk, 1≤ k ≤ n;

2k, for p = uwk, 2≤ k ≤ n−1;

3n+k, for p = wkwk+1, 1≤ k ≤ n−2;

4n+2k−2, for p = vuk, 2≤ k ≤ n;

4n, for p = wn−1wn;

4n−1, for p = vu1;

2, for p = qw1;

2n, for p = qwn.

Consequently, vr(0)= 3⌊n
2 ⌋+3= vr(1).

Case 2: n is even:

Subcase 1: For n = 2 (Figure 3),

Figure 3. The graph DS(L2) with its PBLCL
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Subcase 2: For n > 2,

r(p)=



2k−1, for p = wkvk, 1≤ k ≤ n;
2n+k, for p = vvk, 1≤ k ≤ n−1;
3n+k, for p = wkwk+1, 1≤ k ≤ n−1;
4n+2k−1, for p = ukwk,1≤ k ≤ n−1;
3n, for p = unwn;
6n−2, for p = vvn;
4n+2k−2, for p = vuk, 1≤ k ≤ n−1;
6n−1, for p = vun;
2k, for p = uwk, 2≤ k ≤ n−1;
2, for p = qw1;
2n, for p = qwn.

Consequently, vr(1)= 3n
2 +1 and vr(0)= 3n

2 +2.

The observation of |vr(1)− vr(0)| ≤ 1 in all the cases in Theorem 3.3 highlights that the
DS(Pn ⊙2k1;n ≥ 2) is in fact a PBLCG.

Example 3.3. DS(P5 ⊙2k1)is a PBLCG which is shown in Figure 4.

Figure 4. The graph DS(P5 ⊙2k1) with its PBLCL
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Theorem 3.4. The graph DS(Cn) is a PBLCG.

Proof. Let V (DS(Cn))= {v,uk : 1≤ k ≤ n} and E(DS(Cn))= {ukuk+1 : 1≤ k ≤ n−1}∪{unu1}∪{vuk :
1≤ k ≤ n}, where |V (DS(Cn)| = n+1 and |E(DS(Cn))| = 2n.
Labeling function r : E(DS(Cn))→ {1,2,3, . . . , |E(DS(Cn))|} is defined as follows:

Case 1: n is odd:

r(p)=



2k−1, for p = ukuk+1, 1≤ k ≤ n−1
2 ;

n−2k+3, for p = u n−1
2 +ku n+1

2 +k, 1≤ k ≤ n−1
2 ;

2, for p = unu1;
n+2k−2, for p = vuk, 1≤ k ≤ n+1

2 ;
n+2k+1, for p = vu n+1

2 +k, 1≤ k ≤ n−1
2 .

Consequently, vr(1)= ⌈n
2 ⌉ = vr(0).

Case 2: n is even:

r(p)=



2k−1, for p = ukuk+1, 1≤ k ≤ n
2 ;

2k, for p = u n
2 +ku n

2 +k+1, 1≤ k ≤ n−2
2 ;

n, for p = unu1;
n+2k−1, for p = vuk, 1≤ k ≤ n

2 ;
n+2k, for p = vu n

2 +k, 1≤ k ≤ n
2 .

Consequently, vr(1)= n
2 and vr(0)= n

2 +1.

The observation of |vr(1)− vr(0)| ≤ 1 in all the cases in Theorem 3.4 highlights that the
DS(Cn) is in fact a PBLCG.

Example 3.4. DS(C7) is a PBLCG which is shown in Figure 5.

Figure 5. The graph DS(C7) with its PBLCL
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Theorem 3.5. The graph DS(Sn) is a PBLCG.

Proof. Let V (DS(Sn)) = {u′,u′′,uk : 1 ≤ k ≤ n} and E(DS(Sn)) = {ukuk+1 : 1 ≤ k ≤ n−1}∪ {u1uk :
3 ≤ k ≤ n − 1} ∪ {unu1,u′un,u′u2} ∪ {u′′uk : 3 ≤ k ≤ n − 1}, where |V (DS(Sn)| = n + 2 and
|E(DS(Sn))| = 3n−4.
Labeling function r : E(DS(Sn))→ {1,2,3, . . . , |E(DS(Sn))|} is defined as follows:

Case 1: n is odd:

r(p)=



2k−1, for p = ukuk+1, 1≤ k ≤ n+1
2 ;

2k, for p = u n+1
2 +ku n+3

2 +k, 1≤ k ≤ n−3
2 ;

n−1, for p = unu1;

n+2k, for p = u1uk+2, 1≤ k ≤ n−3
2 ;

n+2k−1, for p = u1u n+1
2 +k, 1≤ k ≤ n−3

2 ;

2n−2, for p = u′un;

2n−1, for p = u′u2;

2n+2k−1, for p = u′′uk+2, 1≤ k ≤ n−3
2 ;

2n+2k−2, for p = u′′u n+1
2 +k, 1≤ k ≤ n−3

2 .

Consequently, vr(1)= n+1
2 and vr(0)= n+3

2 .

Case 2: n is even:

r(p)=



2k−1, for p = ukuk+1, 1≤ k ≤ n
2 ;

n−2k+2, for p = u n
2 +ku n+2

2 +k, 1≤ k ≤ n−2
2 ;

2, for p = unu1;

n+2k−1, for p = u1uk+2, 1≤ k ≤ n−2
2 ;

n+2k, for p = u1u n+2
2 +k, 1≤ k ≤ n−4

2 ;

2n−2, for p = u′un;

3n−4, for p = u′u2;

2n+2k−3, for p = u′′uk+2, 1≤ k ≤ n−2
2 ;

2n+2k−2, for p = u′′u n+2
2 +k, 1≤ k ≤ n−4

2 .

Consequently, vr(1)= n+2
2 = vr(0).

The observation of |vr(1)−vr(0)| ≤ 1 in all the cases in Theorem 3.5 highlights that the DS(Sn)
is in fact a PBLCG.

Example 3.5. DS(S8) is a PBLCG which is shown in Figure 6.
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Figure 6. The graph DS(S8) with its PBLCL

Theorem 3.6. The graph DS(Ln) is a PBLCG.

Proof. Let V (DS(Ln)) = {u′,w′,uk,wk : 1 ≤ k ≤ n} and E(DS(Ln)) = {ukuk+1,wkwk+1 : 1 ≤ k ≤
n−1}∪ {u′wk,u′uk : 2 ≤ k ≤ n−1}∪ {w′u1,w′un,w′w1,w′wn}, where |V (DS(Ln)| = 2n+2 and
|E(DS(Ln))| = 5n−2.
Labeling function r : E(DS(Ln))→ {1,2,3, . . . , |E(DS(Ln))|} is defined as follows:

Case 1: n is odd:

Subcase 1: For n = 3 (Figure 7),

Figure 7. The graph DS(L3) with its PBLCL
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Subcase 2: For n = 5,

r(p)=



n−2k, for p = ukuk+1, 1≤ k ≤ n−1
2 ;

2k, for p = u n−1
2 +ku n+1

2 +k, 1≤ k ≤ n−1
2 ;

2n+2k−1, for p = wkwk+1, 1≤ k ≤ n−1
2 ;

n+2k−1, for p = w n−1
2 +kw n+1

2 +k, 1≤ k ≤ n−1
2 ;

n+2k−2, for p = ukwk, 1≤ k ≤ n+1
2 ;

2n+2k−2, for p = u n+1
2 +kw n+1

2 +k, 1≤ k ≤ n−1
2 ;

3n+2k−2, for p = u′uk+1, 1≤ k ≤ n−1
2 ;

3n+2k−3, for p = u′u n+1
2 +k, 1≤ k ≤ n−3

2 ;

5n−4, for p = u′w n−1
2

;

4n+2k−6, for p = u′w n−1
2 +k, 1≤ k ≤ n−1

2 ;

5n−6, for p = w′u1;

5n−2, for p = w′w1;

5n−5, for p = w′un;

5n−3, for p = w′wn.

Subcase 3: For n ≥ 7, In addition to edge labeling conditions required for n = 5 this case requires
one more additional edge labeling condition which is given below.

r(p)= 4n+2k−3, for p = u′wk+1, 1≤ k ≤ n−5
2

.

Consequently, vr(1)= n+1= vr(0).

Case 2: For n is even:

Subcase 1: For n = 4 (Figure 8),

Figure 8. The graph DS(L4) with its PBLCL
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Subcase 2: For n ≥ 6,

r(p)=



2k−1, for p = ukuk+1, 1≤ k ≤ n
2 ;

2k, for p = u n
2 +ku n+2

2 +k, 1≤ k ≤ n−2
2 ;

2n+2k−1, for p = wkwk+1, 1≤ k ≤ n−2
2 ;

2n+2k−2, for p = w n−2
2 +kw n

2 +k, 1≤ k ≤ n
2 ;

n+2k−1, for p = ukwk, 1≤ k ≤ n
2 ;

n+2k−2, for p = u n
2 +kw n

2 +k, 1≤ k ≤ n
2 ;

3n+2k−3, for p = u′uk+1, 1≤ k ≤ n−2
2 ;

3n+2k−2, for p = u′u n
2 +k, 1≤ k ≤ n−2

2 ;

5n−5, for p = u′w n
2
;

4n+2k−5, for p = u′wk+1, 1≤ k ≤ n−4
2 ;

4n+2k−4, for p = u′w n
2 +k, 1≤ k ≤ n−2

2 ;

5n−7, for p = w′u1;

5n−3, for p = w′w1;

5n−4, for p = w′un;

5n−2, for p = w′wn.

Consequently, vr(1)= n+1= vr(0).
The observation of |vr(1)−vr(0)| ≤ 1 in all the cases in Theorem 3.6 highlights that the DS(Ln)
is in fact a PBLCG.

Example 3.6. DS(L7) is a PBLCG which is shown in Figure 9.

Figure 9. The graph DS(L7) with its PBLCL
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4. Conclusions
The potential that the degree splitting graphs of path graph (Pn), comb graph (Pn ⊙k1), double
comb graph (Pn ⊙2k1), cycle graph (Cn), shell graph (Sn) and ladder graph (Ln) are product
binary L-cordial graph has been investigated in this study. It has been determined that the
examined graphs are, in fact, product binary L-cordial graphs by using product binary L-cordial
labeling. Future study can also be conducted in a similar manner on other operations viz.,
shadow, mirror etc. and other types of graphs.
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