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Abstract. Let G = (V (G),E(G)) be a simple graph. A set S ⊆V (G) is a restrained dominating set S if
every vertex not in S is adjacent to a vertex in S and to a vertex in V (G)\S. It is a super restrained
dominating set if for every vertex u ∈ V (G)\S, there exists v ∈ S such that NG(v)∩ (V (G)\S) = {u}.
The minimum cardinality of a super restrained dominating set in G, denoted by γspr(G), is called
the super restrained domination number of G. In this paper, the researchers obtained the super
restrained domination number of the following graphs: Fn ∼= K1 +Pn, Wn ∼= K1 +Cn, Sn ∼= K1 +Kn,
D(m)

n
∼= K1 +mKn−1 and Km,n ∼= Km +Kn.
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1. Introduction
All graphs considered in this paper are all connected, finite, and simple. Let graph G = (V ,E), be
connected, finite, and simple. The graph G has a vertex set V =V (G) and an edge set E = E(G).
Further, let the order of the graph G be m, that is |V | = |V (G)| = m and the size of the graph G
be n, that is, |E| = |E(G)| = n.

A subset S of V (G) is a dominating set of G if for every v ∈ (V (G)\S), there exists x ∈ S such
that xv ∈ E(G). The domination number γ(G) of G is the smallest cardinality of a dominating
set of G (Enriquez [3]).
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One variant of domination is the restrained domination in graphs and it was introduced
by Telle and Proskurowski [5] as a vertex partitioning problem. A set S ⊆V (G) is a restrained
dominating set if every vertex not in S denoted as V (G)\S is adjacent to a vertex in S and to a
vertex in V (G)\S (Domke et al. [2]). Alternately, a subset S of V (G) is a restrained dominating
set if S =V (G) or 〈V (G)\S〉 has no isolated. The restrained domination number of G, denoted
by γr(G), is the minimum cardinality of a restrained dominating set of graph G (Monsanto and
Rara [4]). A set D ⊂V (G) is called a super dominating set if for every vertex u ∈V (G)\D, there
exist v ∈ D such that NG(v)∩(V (G)\D)= {u}. The super domination number of G is the minimum
cardinality among all super dominating set in G denoted by γsp(G). A restrained dominating
set S is a super restrained dominating set in a graph G if for every vertex u ∈V (G)\S, there
exists v ∈ S such that NG(v)∩ (V (G)\S)= {u}. The minimum cardinality of a super restrained
dominating set in G, denoted by γspr(G), is called the super restrained domination number of G
(Enriquez [3]). For general concepts and graph theoretic terminologies, may refer to the book of
Chartrand and Zhang [1].

2. Results
This section presents the super restrained domination of Fn ∼= K1 +Pn, Wn ∼= K1 +Cn, Sn ∼=
K1 +Kn, D(m)

n
∼= mKn−1 +K1, and Km,n ∼= Km +Kn.

Remark 2.1 ([3]). The super retrained dominating set is a super dominating set and a restrained
dominating set.

Theorem 2.2 ([3]). Let G = Kn. Then γspr(G)= n.

Theorem 2.3. For any graphs G of order n ≥ 2, γsp(G)≤ γspr(G).

Proof. Let G be a graph of order n ≥ 2. Let S be a super restrained dominating set in
G with minimum cardinality. Then by Remark 2.1, S is a super dominating set. Thus,
γsp(G)≤ |S| ≤ γspr(G). Therefore, γsp(G)≤ γspr(G).

Theorem 2.4. Let H be a graph of order n ≥ 2 and K1 = 〈v〉 be a trivial graph. Then S ⊆V (K1+H)
is a super restrained dominating set of K1 +H if and only if

S = Sv ∪ {v} ,

where Sv is a super restrained dominating set in H.

Proof. Let H be a graph of order n ≥ 2 and K1 = 〈v〉 be a trivial graph. Let S ⊆V (K1+H) be a
super restrained dominating set of K1 +H. Suppose to the contrary that v ∉ S. Then S ⊆V (H).
Since S is a restrained dominating set, S ̸= V (H), otherwise 〈V (H)\S〉 is a trivial graph K1.
Thus, |V (H)\S| ≥ 1. Let x ∈V (H)\S. Then for every u ∈ S ⊆V (H),

NK1+H(u)∩ (V (K1 +H)\S)= (NH(u)∪ {v})∩ ((V (H)\S)∪ {v})

̸= {x}, since v ̸= x.
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This is a contradiction to the assumption since S is a super restrained dominating set. Hence,
v ∈ S.

Next, let Sv = S ∩V (H). Then S = Sv ∪ {v}. If Sv = V (H), then Sv is a super restrained
dominating set in H. Suppose that Sv ̸=V (H). Since S = Sv∪{v} is a super restrained dominating
set of K1+H, 〈V (K1+H)\S〉 = 〈V (H)\S〉 = 〈V (H)\Sv〉 has no isolated vertices. Suppose that Sv

is not a dominating set in H. Then, there exists a vertex w ∈V (H)\Sv that is not dominated by
any vertex in Sv. Since 〈V (H)\Sv〉 has no isolated vertices, w has a neighbor, say y ∈V (H)\Sv.
This imply that for every u ∈ Sv,

NK1+H(u)∩ (V (K1 +H)\Sv)= (NH(u)∪ {v})∩ (V (H)\Sv)

̸= {w}, since w ∉ NH(u).

Also,

NK1+H(v)∩ (V (K1 +H)\S)=V (H)∩ (V (K1 +H)\S)

=V (H)\S

̸= {w}, since w, y ∈ NH(u)∩ (V (H)\S) and w ̸= y.

Thus, there exists w ∈V (K1 +H)\S such that for all d ∈ S = Sv ∪ {v},

NK1+H(d)∩ (V (K1 +H)\S) ̸= {w}.

This is a contradiction since S is a super restrained dominating set of K1 +H. Thus, Sv is a
restrained dominating set in H. Next, suppose that Sv is not a super dominating set in H. Then
there exists a vertex a ∈V (H)\Sv such that for every b ∈ Sv,

NH(b)∩ (V (H)\Sv) ̸= {a}.

This implies that for every b ∈ Sv,

NK1+H(b)∩ (V (K1 +H)\S)= (NH(b)∪ {v})∩ (V (H)\Sv)

= (NH(b)∩V (H)\Sv)∪ ({v}∩ (V (H)\Sv))

= (NH(b)∩V (H)\Sv)∪;
= NH(b)∩V (H)\Sv

̸= {a}.

For v ∈ S,

NK1+H(v)∩ (V (K1 +H)\S)

=V (H)∩ (V (H)\Sv)

=V (H)\Sv

̸= {a}, since 〈V (H)\Sv〉 has no isolated vertices.

Hence, there exists a ∈V (H)\Sv =V (K1 +H)\S such that for every u ∈ S,

NK1+H(u)∩ (V (K1 +H)\S) ̸= {a}.

This is a contradiction since S is a super restrained dominating set of K1 +H. Thus, Sv is a
super dominating set in H. Therefore, Sv is a super restrained dominating set in H.
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Suppose that S = Sv ∪ {v} where Sv is a super restrained dominating set in H. Since
v ∈ S, it follows that S is a dominating set in K1 +H. If Sv = V (H), then S = V (K1 +H) is a
super restrained dominating set in K1 +H. If Sv ̸=V (H), then 〈V (K1 +H)\S〉 = 〈V (H)\Sv〉 has
no isolated vertices since Sv is a restrained dominating set in H. Hence, S is a restrained
dominating set in K1 +H. Moreover, since Sv is a super restrained dominating set in H, for
every c ∈V (H)\Sv, there exists a vertex t ∈ Sv such that

NH(t)∩ (V (H)\Sv)= {c}.

Thus, for every c ∈V (H)\Sv =V (K1 +H)\S, there exists a vertex t ∈ Sv ⊆ S such that

NK1+H(t)∩ (V (K1 +H)\S)= (NH(t)∪ {v})∩ (V (H)\Sv)

= (NH(t)∩ (V (H)\Sv))∪ ({v}∩ (V (H)\Sv))

= {c}∪;, since v ∉V (H)

= {c}.

Hence, S is a super dominating set of K1 +H. Consequently, S = Sv ∪ {v} is super restrained
dominating set in K1 +H.

Corollary 2.5. Let Fn ∼= K1 +Pn be a fan graph of order n+1 with n ≥ 2. Then

γspr(Fn)= 1+γspr(Pn).

Corollary 2.6. Let Wn ∼= K1 +Cn be a wheel graph of order n+1 with n ≥ 3. Then

γspr(Wn)= 1+γspr(Cn).

Corollary 2.7. Let Sn ∼= K1 +Kn be a star graph of order n+1 with n ≥ 2. Then

γspr(Sn)= 1+γspr(Kn)= 1+n.

Corollary 2.8. Let D(m)
n

∼= K1+mKn−1 be a windmill graph of order m(n−1)+1 with m ≥ 2 and
n ≥ 2. Then

γspr(D(m)
n )= 1+γspr(mKn−1)= 1+m(n−1).

Proof. By Theorem 2.2, γspr(Kn−1)= n−1. Thus, by Theorem 2.4,

γspr(D(m)
n )= 1+m(n−1).

Theorem 2.9. Let Pn be a path graph of order n such that n ≥ 4, then

γspr(Pn)≤



⌈n
2 ⌉, if n ≡ 0 (mod 4);

2⌊n−1
4 ⌋+1, if n ≡ 1 (mod 4);

2⌊n−2
4 ⌋+2, if n ≡ 2 (mod 4);

2⌊n−3
4 ⌋+3, if n ≡ 3(mod 4).
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Proof. Consider the graph K1 +Pn in Figure 1, where {vi : 1≤ i ≤ n} is the vertex set of Pn.

Figure 1. Path graph Pn

Consider the following cases:

Case 1: n ≡ 0(mod 4).
Let n ≡ 0(mod 4). Then n = 4k for some positive integer k. This implies that k = n

4 . Then we
take the ceiling function of ⌈k⌉ = ⌈n

4 ⌉. Let S = S1 ∪S2, where S1 = {v4i|i = 1,2, · · · ,⌈n
4 ⌉} and S2 =

{v4i+1|i = 0,1,2, · · · ,⌈n
4 ⌉−1}. Then V (Pn)\S = {v4i−1|i = 1,2, · · · ,⌈n

4 ⌉}∪ {v4i+2|i = 0,1,2, · · · ,⌈n
4 ⌉−1}.

Observe that for each 1≤ i ≤ ⌈n
4 ⌉, v4i−1v4i ∈ E(Pn) and for each 0≤ i ≤ ⌈n

4 ⌉−1, v4i+2v4i+1 ∈ E(Pn).
Hence, for every u ∈V (Pn)\S, there exists w ∈ S such that uw ∈ E(Pn). Thus, S is a dominating
set of Pn. Note that the subgraph of Pn induced by V (Pn)\S is shown Figure 3. Observe that
〈V (Pn)\S〉 has no isolated vertices. Thus, S is a restrained dominating set of Pn.

Figure 2. Path graph P4k

Figure 3. The subgraph of Pn induced by V (Pn)\S

Now, we need to show that S is a super dominating set. Note that

V (Pn)\S =
{
v4i−1|i = 1,2, · · · ,

⌈n
4

⌉}
∪

{
v4i+2|i = 0,1,2, · · · ,

⌈n
4

⌉
−1

}
and for each v4i−1 ∈ V (Pn)\S, where 1 ≤ i ≤ ⌈n

4 ⌉, there exists v4i ∈ S such that N(v4i)∩
(V (Pn)\S) = {v4i−1}. Also, for each v4i+2 ∈ V (Pn)\S, where 0 ≤ i ≤ ⌈n

4 ⌉−1, there exist v4i+1 ∈ S
such that N(v4i+1)∩ (V (Pn)\S)= {v4i+2}. Thus, S is a super dominating set of Pn. Consequently,
S is a super restrained dominating set of Pn. Thus, for n ≡ 0(mod 4),

γspr(Pn)≤ |S| =
⌈n

4

⌉
+

⌈n
4

⌉
= 2

⌈n
4

⌉
=

⌈n
2

⌉
.

Case 2: n ≡ 1(mod 4)
Let n ≡ 1(mod 4). Then n = 4k+1 for some positive integer k. This implies that k = n−1

4 . Then
we take the floor function of ⌊k⌋ = ⌊n−1

4 ⌋. Let T = T1 ∪T2, where T1 = {v4i|i = 1,2, · · · ,⌊n−1
4 ⌋}

and T2 = {v4i+1|i = 0,1,2, · · · ,⌊n−1
4 ⌋}. Then V (Pn)\T = {v4i−1|i = 1,2, · · · ,⌊n−1

4 ⌋} ∪ {v4i+2|i =
0,1,2, · · · ,⌊n−1

4 ⌋−1}. Thus, for each v4i−1 ∈ V (Pn)\T , there exists v4i ∈ T such that v4i−1v4i ∈
E(Pn) for each 1 ≤ i ≤ ⌊n−1

4 ⌋. Also, for each v4i+2 ∈ V (Pn)\T , there exists v4i+1 ∈ T such that
v4i+2v4i+1 ∈ E(Pn) for each 0 ≤ i ≤ ⌊n−1

4 ⌋. Thus, T is a dominating set of Pn. Note that the
subgraph of Pn induced by V (Pn)\T is shown in Figure 5 has no isolated vertices. Thus, T is a
restrained dominating set.
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Figure 4. Path graph P4k+1

Figure 5. The subgraph of Pn induced by V (Pn)\T

Now, we need to show that T is a super dominating set of Pn. Note that

V (Pn)\T =
{

v4i−1|i = 1,2, · · · ,
⌊

n−1
4

⌋}
∪

{
v4i+2|i = 0,1,2, · · · ,

⌊
n−1

4

⌋
−1

}
and for each v4i−1 ∈ V (Pn)\T , where 1 ≤ i ≤ ⌊n−1

4 ⌋, there exists v4i ∈ T such that N(v4i)∩
(V (Pn)\T)= {v4i−1}. Also, for each v4i+2 ∈V (Pn)\T , where 0≤ i ≤ ⌊n−1

4 ⌋−1, there exist v4i+1 ∈ T
such that N(v4i+1)∩ (V (Pn)\T)= {v4i+2}. Thus, T is a super dominating set of Pn. Consequently,
T is a super restrained dominating set of Pn. Hence, for n ≡ 1(mod 4),

γspr(Pn)≤ |T| =
⌊

n−1
4

⌋
+

⌊
n−1

4

⌋
+1= 2

⌊
n−1

4

⌋
+1.

Case 3: n ≡ 2(mod 4)
Let n ≡ 2(mod 4). Then n = 4k+2 for some positive integer k. This implies that k = n−2

4 . Then we
take the floor of ⌊k⌋ = ⌊n−2

4 ⌋. Let X = X1 ∪ X2 ∪ {vn}, where X1 = {v4i|i = 1,2, · · · ,⌊n−2
4 ⌋} and X2 =

{v4i+1|i = 0,1,2, · · · ,⌊n−2
4 ⌋}. Then V (Pn)\X = {v4i−1|i = 1,2, · · · ,⌊n−2

4 ⌋}∪ {v4i+2|i = 0,1,2, · · · ,⌊n−2
4 ⌋}.

Thus, for each v4i−1 ∈ V (Pn)\X , there exists v4i ∈ X such that v4i−1v4i ∈ E(Pn) for each
1≤ i ≤ ⌊n−2

4 ⌋. Also, for each v4i+2 ∈V (Pn)\X , there exists v4i+1 ∈ X such that v4i+2v4i+1 ∈ E(Pn)
for each 0≤ i ≤ ⌊n−2

4 ⌋. Thus, X is a dominating set of Pn. Note that the subgraph of Pn induced
by V (Pn)\X as shown in Figure 7 has no isolated vertices. Thus, X is a restrained dominating
set.

Figure 6. Path graph P4k+2

Figure 7. The subgraph of Pn induced by V (Pn)\X

Now, we need to show that X is a super dominating set of Pn. Note that

V (Pn)\X =
{

v4i−1|i = 1,2, · · · ,
⌊

n−2
4

⌋}
∪

{
v4i+2|i = 0,1,2, · · · ,

⌊
n−2

4

⌋}
and for each v4i−1 ∈ V (Pn)\X , where 1 ≤ i ≤ ⌊n−2

4 ⌋, there exists v4i ∈ X such that N(v4i)∩
(V (Pn)\X ) = {v4i−1}. Also, for each v4i+2 ∈ V (Pn)\X , where 0 ≤ i ≤ ⌊n−2

4 ⌋, there exist v4i+1 ∈ X
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such that N(v4i+1)∩(V (Pn)\X )= {v4i+2}. Thus, X is a super dominating set of Pn. Consequently,
X is a super restrained dominating set of Pn. Hence, for n ≡ 2(mod 4),

γspr(Pn)≤ |X | =
⌊

n−2
4

⌋
+

⌊
n−2

4

⌋
+2= 2

⌊
n−2

4

⌋
+2.

Case 4: n ≡ 3(mod 4)
Let n ≡ 3(mod 4). Then n = 4k+3 for some positive integer k. This implies that k = n−3

4 . Then
we take the floor of ⌊k⌋ = ⌊n−3

4 ⌋. Let Y = Y1 ∪Y2 ∪ {vn−1,vn}, where Y1 = {v4i|i = 1,2, · · · ,⌊n−3
4 ⌋},

Y2 = {v4i+1|i = 0,1,2, · · · ,⌊n−3
4 ⌋}. Thus, for each v4i−1 ∈ V (Pn)\Y , there exists v4i ∈ Y such that

v4i−1v4i ∈ E(Pn) for each 1 ≤ i ≤ ⌊n−3
4 ⌋. Also, for each v4i+2 ∈ V (Pn)\X , there exists v4i+1 ∈ Y

such that v4i+2v4i+1 ∈ E(Pn) for each 0≤ i ≤ ⌊n−3
4 ⌋. Thus, Y is a dominating set of Pn. Note that

the subgraph of Pn induced by V (Pn)\Y is shown in Figure 9. Observe that 〈V (Pn)\Y 〉 has no
isolated vertices. Thus, Y is a restrained dominating set.

Figure 8. Path graph P4k+3

Figure 9. The subgraph of Pn induced by V (Pn)\Y

Now, we need to show that Y is a super dominating set of Pn. Note that

V (Pn)\Y =
{

v4i−1|i = 1,2, · · · ,
⌊

n−3
4

⌋}
∪

{
v4i+2|i = 0,1,2, · · · ,

⌊
n−3

4

⌋}
and for each v4i−1 ∈ V (Pn)\Y , where 1 ≤ i ≤ ⌊n−3

4 ⌋, there exists v4i ∈ Y such that N(v4i)∩
(V (Pn)\Y ) = {v4i−1}. Also, for each v4i+2 ∈ V (Pn)\Y , where 0 ≤ i ≤ ⌊n−3

4 ⌋, there exist v4i+1 ∈ Y
such that N(v4i+1)∩(V (Pn)\Y )= {v4i+2}. Thus, Y is a super dominating set of Pn. Consequently,
Y is a super restrained dominating set of Pn. Hence, for n ≡ 3(mod 4),

γspr(Pn)≤ |Y | =
⌊

n−3
4

⌋
+

⌊
n−3

4

⌋
+3= 2

⌊
n−2

4

⌋
+3.

Therefore,

γspr(Pn)≤



⌈n
2 ⌉, if n ≡ 0(mod 4);

2⌊n−1
4 ⌋+1, if n ≡ 1(mod 4);

2⌊n−2
4 ⌋+2, if n ≡ 2(mod 4);

2⌊n−3
4 ⌋+3, if n ≡ 3(mod 4).
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Corollary 2.10. Let Fn ∼= K1 +Pn be a fan graph of order n+1 with n ≥ 2. Then

γspr(Fn)≤



⌈n
2 ⌉+1, if n ≡ 0(mod 4);

2⌊n−1
4 ⌋+2, if n ≡ 1(mod 4);

2⌊n−2
4 ⌋+3, if n ≡ 2(mod 4);

2⌊n−3
4 ⌋+4, if n ≡ 3(mod 4).

Proof. Follows from Theorem 2.4 and Theorem 2.9.

Theorem 2.11. Let graph Cn be a cycle graph of order n such that n ≥ 3. Then

γspr(Cn)≤



⌈n
2 ⌉, if n ≡ 0(mod 4);

2⌊n−1
4 ⌋+1, if n ≡ 1(mod 4);

2⌊n−2
4 ⌋+2, if n ≡ 2(mod 4);

2⌊n−3
4 ⌋+3, if n ≡ 3(mod 4).

Proof. Consider the graph Cn in Figure 10 where {vi : 1≤ i ≤ n} is the vertex set of Cn.

Figure 10. Cycle graph Cn

We consider the following four cases:

Case 1: n ≡ 0(mod 4)
Let n ≡ 0(mod 4). Then n = 4k for some positive integer k. This implies that k = n

4 . Then
we take the ceiling function of ⌈k⌉ = ⌈n

4 ⌉. Let D = D1 ∪D2, where D1 = {v4i|i = 1,2, · · · ,⌈n
4 ⌉}

and D2 = {v4i+1|i = 0,1,2, · · · ,⌈n
4 ⌉−1}. Thus, for each v4i−1 ∈V (Pn)\D, where 1≤ i ≤ ⌈n

4 ⌉, there
exists v4i ∈ D such that v4i−1v4i ∈ E(Cn). Also, for each v4i+2 ∈V (Cn)\D, where 0≤ i ≤ ⌈n

4 ⌉−1,
there exists v4i+1 ∈ D such that v4i+1v4i+2 ∈ E(Cn). Thus, D is a dominating set. Note that the
subgraph of Cn induced by V (Cn)\D is shown in Figure 12. Observe that 〈V (Cn)\D〉 has no
isolated vertices. Thus D is a restrained dominating set of Cn.
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Figure 11. Cycle graph C4k

Figure 12. The subgraph of Cn induced by V (Cn)\D

Now, we need to show that D is a super dominating set of Cn. Note that

V (Cn)\D =
{
v4i−1|i = 1,2, · · · ,

⌈n
4

⌉}
∪

{
v4i+2|i = 0,1,2, · · · ,

⌈n
4

⌉
−1

}
and for each v4i−1 ∈ V (Cn)\D, where 1 ≤ i ≤ ⌈n

4 ⌉, there exists a vertex v4i ∈ D such that
N(v4i)∩ (V (Cn)\D)= {v4i−1}. Also, for each v4i+2 ∈V (Cn)\D, where 0≤ i ≤ ⌈n

4 ⌉−1 there exists a
vertex v4i+1 ∈ D such that N(v4i+1)∩ (V (Cn)\D)= {v4i+2}. Thus, D is a super dominating set of
Cn. Consequently, D is a super restrained dominating set of Cn. Hence, for n ≡ 0(mod 4),

γspr(Cn)≤ |D| =
⌈n

4

⌉
+

⌈n
4

⌉
= 2

⌈n
4

⌉
=

⌈n
2

⌉
.

Case 2: n ≡ 1(mod 4)
Let n ≡ 1(mod 4). Then n = 4k+1 for some positive integer k. This implies that k = n−1

4 . Then
we take the floor function of ⌊k⌋ = ⌊n−1

4 ⌋. Let S = S1∪S2, where S1 = {v4i|i = 1,2, · · · ,⌊n−1
4 ⌋}, S2 =

{v4i+1|i = 0,1,2, · · · ,⌊n−1
4 ⌋}. Then V (Cn)\S = {v4i−1|i = 1,2, · · · ,⌊n−1

4 ⌋}∪{v4i+2|i = 0,1,2, · · · ,⌊n−1
4 ⌋−

1}. Thus, for each v4i−1 ∈ V (Cn)\S, where 1 ≤ i ≤ ⌊n−1
4 ⌋, there exists v4i ∈ S such that

v4i−1v4i ∈ E(Cn). Also, for each v4i+2 ∈ V (Cn)\S, where 0 ≤ i ≤ ⌊n−1
4 ⌋, there exists v4i+1 ∈ S

such that v4i+1v4i+2 ∈ E(Cn). Thus, S is a dominating set of Cn. Note that the subgraph of Cn

induced by V (Cn)\S is shown in Figure 14. Observe that 〈V (Cn)\S〉 has no isolated vertices.
Thus, S is a restrained dominating set of Cn.
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Figure 13. Join graph C4k+1

Figure 14. The subgraph of Cn induced by V (Cn)\S

Now, we need to show that S is a super dominating set. Note that

V (Cn)\S =
{

v4i−1|i = 1,2, · · · ,
⌊

n−1
4

⌋}
∪

{
v4i+2|i = 0,1,2, · · · ,

⌊
n−1

4

⌋
−1

}
and for each v4i−1 ∈ V (Cn)\S, where 1 ≤ i ≤ ⌊n−1

4 ⌋, there exists a vertex v4i ∈ S such that
N(v4i)∩ (V (Cn)\S) = {v4i−1}. Also, for each vertex v4i+2 ∈ V (Cn)\S, where 0 ≤ i ≤ ⌊n−1

4 ⌋−1,
there exists a vertex v4i+1 ∈ S such that N(v4i+1)∩ (V (Cn)\S) = {v4i+2}. Thus S is a super
dominating set of Cn. Consequently, S is a super restrained dominating set of Cn. Hence, for
n ≡ 1(mod 4),

γspr(Cn)≤ |S| =
⌊

n−1
4

⌋
+

⌊
n−1

4

⌋
+1= 2

⌊
n−1

4

⌋
+1.

Case 3: n ≡ 2(mod 4)
Let n ≡ 2(mod 4). Then n = 4k + 2 for some positive integer k. This implies that k = n−2

4 .
Then we take the floor function of ⌊k⌋ = ⌊n−2

4 ⌋. Let T = T1 ∪ T2 ∪ {vn}, where T1 = {v4i|i =
1,2, · · · ,⌊n−2

4 ⌋}, T2 = {v4i+1|i = 0,1,2, · · · ,⌊n−2
4 ⌋}. Then V (Cn)\T = {v4i−1|i = 1,2, · · · ,⌊n−2

4 ⌋} ∪
{v4i+2|i = 0,1,2, · · · ,⌊n−2

4 ⌋}. Thus, for each v4i−1 ∈ V (Cn)\T , where 1 ≤ i ≤ ⌊n−2
4 ⌋, there exists

v4i ∈ T such that v4i−1v4i ∈ E(Cn). Also, for each v4i+2 ∈ V (Cn)\T , where 0 ≤ i ≤ ⌊n−2
4 ⌋, there

exists v4i+1 ∈ T such that v4i+1v4i+2 ∈ E(Cn). Thus, T is a dominating set of Cn. Note that the
subgraph of Cn induced by V (Cn)\T is shown in Figure 16. Observe that 〈V (Cn)\T〉 has no
isolated vertices. Thus, T is a restrained dominating set of Cn.
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Figure 15. Cycle graph C4k+2

Figure 16. The subgraph of Cn induced by V (C4k+2)\T

Now, we need to show that T is a super dominating set of Cn. Note that

V (Cn)\T =
{

v4i−1|i = 1,2, · · · ,
⌊

n−2
4

⌋}
∪

{
v4i+2|i = 0,1,2, · · · ,

⌊
n−2

4

⌋}
and for each v4i−1 ∈ V (Cn)\T , where 1 ≤ i ≤ ⌊n−2

4 ⌋, there exists a vertex v4i ∈ T such that
N(v4i)∩ (V (Cn)\T)= {v4i−1}. Also, for each vertex v4i+2 ∈V (Cn)\T , where 0≤ i ≤ ⌊n−2

4 ⌋, there
exists a vertex v4i+1 ∈ T such that N(v4i+1)∩ (V (Cn)\T)= {v4i+2}. Thus T is a super dominating
set of Cn. Consequently, T is a super restrained dominating set of Cn. Hence, for n ≡ 2(mod 4),

γspr(Cn)≤ |T| =
⌊

n−2
4

⌋
+

⌊
n−2

4

⌋
+2= 2

⌊
n−2

4

⌋
+2.

Case 4: n ≡ 3(mod 4)
Let n ≡ 3(mod 4). Then n = 4k+3 for some positive integer k. This implies that k = n−3

4 . Then
we take the floor function of ⌊k⌋ = ⌊n−3

4 ⌋. Let X = X1 ∪ X2 ∪ {vn−1,vn}, where X1 = {v4i|i =
1,2, · · · ,⌊n−3

4 ⌋}, X2 = {v4i+1|i = 0,1,2, · · · ,⌊n−3
4 ⌋}. Then, V (Cn)\X = {v4i−1|i = 1,2, · · · ,⌊n−3

4 ⌋}∪
{v4i+2|i = 0,1,2, · · · ,⌊n−3

4 ⌋}. Thus, for each v4i−1 ∈ V (Cn)\X , where 1 ≤ i ≤ ⌊n−3
4 ⌋, there exists

v4i ∈ X such that v4i−1v4i ∈ E(Cn). Also, for each v4i+2 ∈ V (Cn)\X , where 0 ≤ i ≤ ⌊n−3
4 ⌋, there

exists v4i+1 ∈ X such that v4i+1v4i+2 ∈ E(Cn). Thus, X is a dominating set of Cn. Note that the
subgraph of Cn induced by V (Cn)\X is shown in Figure 18. Observe that 〈V (Cn)\X 〉 has no
isolated vertices. Thus, X is a restrained dominating set.
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Figure 17. Cycle graph C4k+3

Figure 18. The subgraph of Cn induced by V (Cn)\X

Now, we need to show that X is a super dominating set. Note that

V (Cn)\X =
{

v4i−1|i = 1,2, · · · ,
⌊

n−3
4

⌋}
∪

{
v4i+2|i = 0,1,2, · · · ,

⌊
n−3

4

⌋}
and for each v4i−1 ∈ V (Cn)\X , where 1 ≤ i ≤ ⌊n−3

4 ⌋, there exists a vertex v4i ∈ X such that
N(v4i)∩ (V (Cn)\X )= {v4i−1}. Also, for each vertex v4i+2 ∈V (Cn)\X , where 0≤ i ≤ ⌊n−3

4 ⌋, there
exists a vertex v4i+1 ∈ X such that N(v4i+1)∩ (V (Cn)\X )
= {v4i+2}. Thus X is a super dominating set of Cn. Consequently, X is a super restrained
dominating set of Cn. Hence, for n ≡ 3(mod 4),

γspr(Cn)≤ |X | =
⌊

n−3
4

⌋
+

⌊
n−3

4

⌋
+3= 2

⌊
n−2

4

⌋
+3.

Therefore,

γspr(Cn)≤



⌈n
2 ⌉, if n ≡ 0(mod 4);

2⌊n−1
4 ⌋+1, if n ≡ 1(mod 4);

2⌊n−2
4 ⌋+2, if n ≡ 2(mod 4);

2⌊n−3
4 ⌋+3, if n ≡ 3(mod 4).
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Corollary 2.12. Let Wn ∼= K1 +Cn be a wheel graph of order n+1 with n ≥ 3. Then

γspr(Wn)≤



⌈n
2 ⌉+1, if n ≡ 0(mod 4);

2⌊n−1
4 ⌋+2, if n ≡ 1(mod 4);

2⌊n−2
4 ⌋+3, if n ≡ 2(mod 4);

2⌊n−3
4 ⌋+4, if n ≡ 3(mod 4).

Proof. Follows from Theorem 2.4 and Theorem 2.11.

Theorem 2.13. Let Km,n ∼= Km +Kn be a complete bipartite graph such that m ≥ 2 and n ≥ 2.
Then D ⊆ V (Km,n) is a super restrained dominating set of Km,n if and only if D = V (Km,n) or
D =V (Km,n)\{ui,v j}, where ui ∈V (Km) and v j ∈V (Kn).

Proof. Let m,n ≥ 2, V (Km) = {ui|1 ≤ i ≤ m}, V (Kn) = {vi|1 ≤ i ≤ n} and let Km,n be a complete
bipartite graph as shown in Figure 19. Let D ⊆V (Km,n).

Figure 19. Complete bipartite graph Km,n ∼= Km +Kn

Suppose that D is a super restrained dominating set of Km,n. If D = V (Km,n), then we
are done. Suppose that D ̸= V (Km,n). Since D is a restrained dominating set, it follows that
|V (Km,n)\D| ≥ 2, since the subgraph of Km,n induced by (V (Km,n)\D) has no isolated vertices.

Case 1: Suppose that |V (Km,n)\D| = 2 and consider the following subcases:

Subcase 1.1: |V (Km)\D| = 2 and |V (Kn)\D| = 0.
Then V (Km)\D = {ui,uk} where i,k ∈ {1,2,3, · · · ,m} with i ̸= k. Let c ∈ D and consider the
following subcases:

Subcase 1.1.1: c ∈V (Kn).
Then NKm,n(c)∩ (V (Km,n)\D)=V (Km)∩ {ui,uk}= {ui,uk}.

Subcase 1.1.2: c ∈V (Km).
Then NKm,n(c)∩ (V (Km,n)\D)=V (Kn)∩ {ui,uk}=;.
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Thus, there exist ui ∈V (Km,n)\D such that for all c ∈ D, NKm,n(c)∩ (V (Km,n)\D) ̸= {ui}. Hence,
if ui,uk ∈V (Km), D is not a super restrained dominating set of Km,n.

Subcase 1.2: |V (Kn)\D| = 2 and |V (Km)\D| = 0.
Then V (Kn)\D = {vi,vk} where i,k ∈ {1,2,3, · · · ,m} with i ̸= k. Let c ∈ D and consider the
following subcases:

Subcase 1.2.1: c ∈V (Km).
Then NKm,n(c)∩ (V (Km,n)\D)=V (Kn)∩ {vi,vk}= {vi,vk}.

Subcase 1.2.2: c ∈V (Kn).
Then NKm,n(c)∩ (V (Km,n)\D)=V (Km)∩ {vi,vk}=;.
Thus, there exist vi ∈V (Km,n)\D such that for all c ∈ D, NKm,n(c)∩ (V (Km,n)\D) ̸= {vi}. Hence,
if vi,vk ∈V (Kn), D is not a super restrained dominating set of Km,n.

Subcase 1.3: |V (Kn)\D| = 1 and |V (Km)\D| = 1.
Let v j ∈V (Kn)\D and ui ∈V (Km)\D, where j ∈ {1,2,3, · · · ,n} and i ∈ {1,2,3, · · · ,m}. Since m ≥ 2,
then there exist uk ∈V (Kn) with i ̸= k such that

NKm,n(uk)∩ (V (Km,n)\D)=V (Kn)∩ {v j,ui}= {v j}

and since n ≥ 2, then there exist vt ∈V (Kn) with t ̸= j such that

NKm,n(vt)∩ (V (Km,n)\D)=V (Km)∩ {v j,ui}= {ui}.

Hence, D = V (Km,n)\{v j,ui} is a super restrained dominating set of Km,n. Moreover, the
subgraph of Km,n induced by V (Km,n)\D = {v j,ui} is isomorphic to path P2. Thus, D is a
super restrained dominating set of Km,n.

Case 2: Suppose that |(V (Km,n)\D| > 2, that is, |(V (Km,n)\D| ≥ 3.
Since |V (Km,n)\D| ≥ 3, it follows that either |(V (Km,n)\D)∩V (Km)| ≥ 2 and |(V (Km,n)\D)∩
V (Kn)| ≥ 1 or |(V (Km,n)\D)∩V (Km)| ≥ 1 and |(V (Km,n)\D)∩V (Kn)| ≥ 2 or |(V (Km,n)\D)∩
V (Km)| ≥ 3 and |(V (Km,n)\D)∩V (Kn)| = 0 or |(V (Km,n)\D)∩V (Kn)| ≥ 3 and |(V (Km,n)\D)∩
V (Km)| = 0 . Suppose that |(V (Km,n)\D)∩V (Km)| ≥ 2 and |(V (Km,n)\D)∩V (Kn)| ≥ 1. Let
p ∈ (V (Km,n)\D)∩V (Km) and let c ∈ D. If c ∈ D∩V (Km), then

NKm,n(c)∩ (V (Km,n)\D)=V (Kn)∩ ((V (Km,n)\D) ̸= {p}, since p ∉V (Kn).

If c ∈ D∩V (Kn), then

NKm,n(c)∩ (V (Km,n)\D)=V (Km)∩ ((V (Km,n)\D) ̸= {p}.

since |V (Km,n)\D∩V (Km)| ≥ 2. Thus, there exists p ∈ (V (Km,n)\D such that for all c ∈ D,

N(c)∩ (V (Km,n)\D) ̸= {p}.

Thus, D is not a super restrained dominating set of Km,n. Similarly, if |(V (Km,n)\D)∩V (Km)| ≥ 1
and |(V (Km,n)\D)∩V (Kn)| ≥ 2, then D is not a super restrained dominating set of Km,n.
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Suppose that |(V (Km,n)\D) ∩ V (Km)| ≥ 3 and |(V (Km,n)\D) ∩ V (Kn)| = 0. let q ∈
(V (Km,n)\D)∩V (Km) and let d ∈ D. If d ∈ D∩V (Km), then

NKm,n(d)∩ (V (Km,n)\D)=V (Kn)∩ ((V (Km)\D)

=;, since |(V (Km,n)\D)∩V (Kn)| = 0

̸= {q}.

If d ∈ D∩V (Kn), then

NKm,n(d)∩ (V (Km,n)\D)=V (Km)∩ ((V (Km)\D)

̸= {q}, since |(V (Km,n)\D)∩V (Km)| ≥ 3.

Similarly, if |(V (Km,n)\D)∩V (Kn)| ≥ 3 and |(V (Km,n)\D)∩V (Km)| = 0. Let r ∈ (V (Km,n)\D)∩
V (Kn) and let f ∈ D. Suppose that f ∈ D∩V (Kn), then

NKm,n( f )∩ (V (Km,n)\D)=V (Km)∩ ((V (Km,n)\D)

=;, since |(V (Km,n)\D)∩V (Km)| = 0

̸= {r}.

If f ∈ D∩V (Km), then

NKm,n( f )∩ (V (Km,n)\D)=V (Kn)∩ ((V (Km,n)\D)

̸= {r}, since |(V (Km,n)\D)∩V (Km)| ≥ 3.

Thus D is not a super restrained dominating set of Km,n. Hence, D is not a super restrained
dominating set of Km,n.

Thus, if |V (Km,n)\D| ≥ 3, then D is not a super restrained dominating set of Km,n.
Therefore, from Case 1 and Case 2, if D is a super restrained dominating set of Km,n with

D ̸=V (Km,n), then D =V (Km,n)\{ui,v j} where ui ∈V (Km) and v j ∈V (Kn).
Suppose that D =V (Km,n). Then D is a super restrained dominating set of Km,n. Suppose

that D =V (Km,n)\{ui,v j}, where ui ∈V (Km) and v j ∈V (Kn). Then V (Km,n)\D = {ui,v j}, where
i ∈ {1,2,3, · · · ,m} and j ∈ {1,2,3, · · · ,n}. Since n ≥ 2, then there exists vk ∈V (Kn)∩D with j ̸= k
such that

NKm,n(vk)∩ (V (Km,n)\D)=V (Km)∩ {ui,v j}= {ui}

and since m ≥ 2, then there exist ut ∈V (Km)∩D with i ̸= t such that

NKm,n(ut)∩ (V (Km,n)\D)=V (Kn)∩ {ui,v j}= {v j}.

Thus, for all x ∈V (Km,n)\D, there exist y ∈ D such that

NKm,n(y)∩ (V (Km,n)\D)= {x}.

Hence, D is a super dominating set of Km,n. Moreover, since ui ∈ V (Km) and v j ∈ (Kn), the
subgraph of Km,n induced by {ui,v j} is isomorphic to the path graph P2. Hence, D is a super
restrained dominating set of Km,n.
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Corollary 2.14. Let Km,n be a complete bipartite graph such that m ≥ 2 and n ≥ 2, then
γspr(Km,n)= m+n−2.
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