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1. Introduction
Class of regular function is M with normalized condition f (0) = 0 = f ′(0)−1 on ∆ and it is
defined as ∆= {z ∈C/|z| < 1}. Let F be the class of all functions, f ∈M which are regular in ∆.
Let f ( f −1(w))= w,

(|w| < r0( f ); r0( f )≥ 1
4

)
f ∈F, f (z)= z+

∞∑
j=2

a j z j, z ∈∆ . (1.1)
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Inverse of f (z) is f −1(z) and defined as f −1( f (z)) = z, z ∈ ∆ and f ( f −1) = w,
(|w| < r0( f );

r0( f )≥ 1
4

)
, where

f −1(w)= w−a2w2 + (2a2
2 −a3)w3 − (5a3

2 −5a2a3 +a4)w4 + . . . , (1.2)

f ∈F is called as bi-univalent in the unit disk if f and f −1 are univalent in unit disk ∆.
Many authors worked on bi-univalent functions subclasses and obtained bounds, e.g.,

Bulut [2], Lewin [8], Porwal and Darus [9], Srivastava et al. [10], Xu et al. [12], and it is
motivated from the work of Darus and Singh [4].

Definition 1.1. Let α≥ 0, n ∈N. Denote by Ln
α the operator given by Ln

α f (z)= (1−α)Rn f (z)+
αSn f (z), z ∈∆.

Remark 1.2. If f (z) ∈M, f (z)= z+∑∞
j=2 a j z j , z ∈∆ then

Ln
α f (z)= z+

∞∑
j=2

α jn + (1−α)Cn
n+ j−1a j z j, z ∈∆ .

This operator was studied by Frasin and Aouf [7].

Remark 1.3. If f ∈M, f (z)= z+∑∞
j=2 a j z j , then

Sn f (z)= z+
∞∑
j=2

jna j z j, z ∈∆ .

Remark 1.4. If f ∈M, f (z)= z+∑∞
j=2 a j z j , then

Rn f (z)= z+
∞∑
j=2

Cn
n+ j−1a j z j, z ∈∆.

Definition 1.5. Let f defined by (1.1) is belongs to the class ℘Σ(n,γ, j) comply with the below
mentioned criteria:
The subclass ℘Σ (n,γ, j) for n ∈Z, 0≤ γ< 1, β≥ 1, α≥ 0 of F for the function f of the form (1.1)
satisfying the conditions:

f ∈Σ and
∣∣∣∣arg

(
(1−β)Ln

α f (z)+βLn+1
α f (z)

z

)∣∣∣∣< γπ

2
, z ∈∆ , (1.3)

f ∈Σ and
∣∣∣∣arg

(
(1−β)Ln

αg(w)+αLn+1
α g(w)

z

)∣∣∣∣< γπ

2
, z ∈∆ , (1.4)

where

g(w)= w−a2w2 + (2a2
2 −a3)w3 − (5a3

2 −5a2a3 +a4)w4 + . . .

and

Ln
α f (z)= z+

∞∑
j=2

α jn + (1−α)Cn
n+ j−1a j z j, z ∈∆, α≥ 0, n ∈Z .

This paper is sequel to some of the aforecited works (Darus and Singh [4], Porwal and Darus [9],
Srivastava et al. [10], and Xu et al. [12]). Here, we introduce the new subclass ℘Σ(n,γ, j),
(0 ≤ γ < 1, β ≥ 1, α ≥ 0, n ∈ Z) of analytic function class M with Ruscheweyh derivative and
Sălăgean operator on the initial coefficients.
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Lemma 1.6. If l ∈ L then |ck| ≤ 2 for each l, where L is the family of all functions l(z) regular in
∆ for which Re l(z)> 0, l(z)= 1+ c1z+ c2z2 + . . . for z ∈∆.

2. Coefficient Estimates for ℘Σ(n,γ, j)
Theorem 2.1. Let f (z) defined by (1.1) belongs to ℘Σ(n,γ, j), j ∈N, n ∈Z, 0≤ γ< 1, β≥ 1, α≥ 0
then

|a2| ≤ 2γ√(
2γ[3nα(1+2β)+ (1−α)((1−β)Cn

n+2 +βCn+1
n+3)]

· (γ−1)[2nα(1+β)+ (1−γ)((1−β)Cn
n+1 +βCn+1

n+2)]

)
and

|a3| ≤ 2γ
(1−β)(3nα+ (1−α)Cn

n+2)+β(3n+1α+ (1−α)Cn+1
n+3)

+ 4γ2

[(1−β)(2nα+ (1−α)Cn
n+1)+β(2n+1α+ (1−α)Cn+1

n+2)]2
.

Proof. From equation (1.3) and (1.4),
(1−β)Ln

α f (z)+βLn+1
α f (z)

z
= (b(z))γ , (2.1)

where b(z)= 1+b1z+b2z2 +b3z3 + . . . in F. Now,
(1−β)Ln

αg(w)+βLn+1
α g(w)

w
= (h(w))γ , (2.2)

where h(w)= 1+h1w+h2w2 +h3w3 + . . . in B

[(1−β)(α2n + (1−α)Cn
n+1)+β(α2n+1 + (1−α)Cn+1

n+2)]a2 = γb1 (2.3)

[(1−β)(α3n + (1−α)Cn
n+2)+β(α3n+1 + (1−α)Cn+1

n+3)]a3 = γb2 + γ(γ−1)
2

b2
1 , (2.4)

− [(1−β)(α2n + (1−α)Cn
n+1)+β(α2n+1 + (1−α)Cn+1

n+2)]a2 = γh1 , (2.5)

[(1−β)(α3n + (1−α)Cn
n+2)+β(α3n+1 + (1−α)Cn+1

n+3)](2a2
2 −a3)= γh2 + γ(γ−1)

2
h2

1 . (2.6)

From equation (2.3) and (2.5)

b1 =−h1 , (2.7)

2[(1−β)(α2n + (1−α)Cn
n+1)+β(α2n+1 + (1−α)Cn+1

n+2)]2a2
2 = γ2(b2

1 +h2
1) . (2.8)

From (2.4), (2.6) and (2.8)

2γ[3n(1+2β)+ (1−α)((1−β)Cn
n+2 +βCn+1

n+3)]a2
2

− (γ−1)[2nα(1+β)+ (1−α)((1−β)Cn
n+1 +βCn+1

n+2)]2a2
2 = γ2(b2 +h2),

a2
2 =

γ2(b2 +h2)(
2γ[3n(1+2β)+ (1−α)((1−β)Cn

n+2 +βCn+1
n+3)]

−(γ−1)[2nα(1+β)+ (1−α)((1−β)Cn
n+1 +βCn+1

n+2)]2

) . (2.9)
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Applying Lemma 1.6 for equation (2.9), we get

|a2| ≤ 2γ√(
2γ[3n(1+2β)+ (1−α)((1−β)Cn

n+2 +βCn+1
n+3)]

−(γ−1)[2nα(1+β)+ (1−α)((1−β)Cn
n+1 +βCn+1

n+2)]

) . (2.10)

Now, subtracting (2.6) from (2.4)

2[(1−β)(3nα+ (1−α)Cn
n+2)+β(3n+1α+ (1−α)Cn+1

n+3)](a3 −a2
2)

= γ(b2 −h2)+ γ(γ−1)
2

(b2
1 −h2

1) ,

a3 =
γ2(b2

1 +h2
1)

2[(1−β)(2nα+ (1−α)Cn
n+1)+β(2n+1α+ (1−α)Cn+1

n+2]2

+ γ(b2 −h2)
2[(1−β)(3nα+ (1−α)Cn

n+2)+β(3n+1α+ (1−α)Cn+1
n+3)]

. (2.11)

Applying Lemma 1.6 for (2.11), we get

|a3| ≤ 2γ
(1−β)(3nα+ (1−α)Cn

n+2)+β(3n+1α+ (1−α)Cn+1
n+3)

+ 4γ2

[(1−β)(2nα+ (1−α)Cn
n+1)+β(2n+1α+ (1−α)Cn+1

n+2)]2 .

3. Coefficient Estimates for ξΣ(n,γ, j)
Definition 3.1. Let f defined by (1.1) is belongs ξΣ(n,γ, j) comply with the below mentioned
criteria:
The subclass ξΣ(n,γ, j) for n ∈Z, 0≤λ< 1, β≥ 1, α≥ 0 of F for the function f of the form (1.1)
satisfying the conditions:

f ∈Σ and Re
(
(1−β)Ln

α f (z)+βLn+1
α f (z)

z

)
>λ, z ∈∆ , (3.1)

f ∈Σ and Re
(
(1−β)Ln

αg(w)+βLn+1
α g(w)

w

)
>λ, z ∈∆ , (3.2)

where

g(w)= w−a2w2 + (2a2
2 −a3)w3 − (5a3

2 −5a2a3 +a4)w4 + . . .

and

Ln
α f (z)= z+

∞∑
j=2

α jn + (1−α)Cn
n+ j−1a j z j, z ∈∆, α≥ 0, n ∈Z .

Theorem 3.2. Let f (z) defined by (1.1) belongs to the class ξΣ(n,γ, j), n ∈ Z, 0 ≤ λ < 1, β ≥ 1,
α≥ 0. Then

|a2| ≤
√

2(1−λ)
(1−β)(α3n + (1−α)Cn

n+2)+β(α3n+1 + (1−α)Cn+1
n+3)
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and

|a3| ≤ 4(1−λ)2

[(1−β)(α2n + (1−α)Cn
n+1)+β(α2n+1 + (1−α)Cn+1

n+2)]2

+ 2(1−λ)
(1−β)(α3n + (1−α)Cn

n+2)+β(α3n+1 + (1−α)Cn+1
n+3)

.

Proof. From (3.1) and (3.2),
(1−β)Ln

α f (z)+βLn+1
α f (z)

z
=λ+ (1−λ)b(z) , (3.3)

where b(z)= 1+b1z+b2z2 +b3z3 + . . . in F,
(1−β)Ln

αg(w)+βLn+1
α g(w)

w
=λ+ (1−λ)h(w) , (3.4)

where h(w)= 1+h1w+h2w2 +h3w3 + . . . in B.
Comparing coefficients,

[(1−β)(α2n + (1−α)Cn
n+1)+β(α2n+1 + (1−α)Cn+1

n+2)]a2 = (1−λ)b1 , (3.5)

[(1−β)(α3n + (1−α)Cn
n+2)+β(α3n+1 + (1−α)Cn+1

n+3)]a3 = (1−λ)b2 , (3.6)

− [(1−β)(α2n + (1−α)Cn
n+1)+β(α2n+1 + (1−α)Cn+1

n+2)]a2 = h1(1−λ), (3.7)

[(1−β)(α3n + (1−α)Cn
n+2)+β(α3n+1 + (1−α)Cn+1

n+3)](2a2
2 −a3)= h2(1−λ) . (3.8)

From (3.5) and (3.7)

b1 =−h1 . (3.9)

Squaring and adding (3.5) and (3.7)

2[(1−β)(α2n + (1−α)Cn
n+1)+β(α2n+1 + (1−α)Cn+1

n+2)]2a2
2 = (1−λ)2(b2

1 +h2
1) . (3.10)

From (3.6) and (3.8)

2[(1−β)(α3n + (1−α)Cn
n+2)+β(α3n+1 + (1−α)Cn+1

n+3)]a2
2 = (1−λ)(b2 +h2), (3.11)

a2
2 =

(1−λ)(b2 +h2)
2[(1−β)(α3n + (1−α)Cn

n+2)+β(α3n+1 + (1−α)Cn+1
n+3)]

, (3.12)

|a2
2| =

4(1−λ)
2[(1−β)(α3n + (1−α)Cn

n+2)+β(α3n+1 + (1−α)Cn+1
n+3)]

,

|a2| ≤
√

2(1−λ)
[(1−β)(α3n + (1−α)Cn

n+2)+β(α3n+1 + (1−α)Cn+1
n+3)]

. (3.13)

Subtracting (3.8) from (3.6)

2[(1−β)(α3n + (1−α)Cn
n+2)+β(α3n+1 + (1−α)Cn+1

n+3)](a3 −a2
2)= (1−λ)(b2 −h2) , (3.14)

a3 = (1−λ)(b2 −h2)
2[(1−β)(α3n + (1−α)Cn

n+2)+β(α3n+1 + (1−α)Cn+1
n+3)]

+a2
2 . (3.15)

On applying Lemma 1.6 we get

|a3| ≤ 4(1−λ)2

[(1−β)(α2n + (1−α)Cn
n+1)+β(α2n+1 + (1−α)Cn+1

n+2)]2
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+ 2(1−λ)
(1−β)(α3n + (1−α)Cn

n+2)+β(α3n+1 + (1−α)Cn+1
n+3)

.
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