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1. Introduction

In 1951, the concept of usual convergence of real sequences was extended to statistical
convergence of real sequences based on the natural density of a set by Fast [9], and Steinhaus
[30] independently. Later on, this idea has been studied in different directions and in different
spaces by many authors e.g, Connor [6]], Cakall1 and Savas [7], Nuray et al. [8], Fridy [11]], Fridy
and Orhan [12]], Mursaleen [20]], Mursaleen and Edely [21], Nuray and Savas [25], Salat [32],
Sarabadan and Talebi [34] and references cited therein.
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In 2001, Phu [27] has initially introduced the concept of rough convergence of sequences in
finite dimensional normed linear spaces which is basically a generalization of usual convergence
and, in the same paper he has investigated that r-limit set is bounded, closed, convex and many
more interesting results and later on, this concept has been extended to infinite dimensional
normed linear spaces (Phu [29]). Also, He [28] has defined the notion of rough continuity of
linear operators. Later, Ayter [3] extended this notion to rough statistical convergence based
on natural density of a set. Malik and Maity [23},24]] has defined rough convergence and rough
statistical convergence of double sequences in normed linear spaces. After that, the research
work on this concept is still being carried out in different directions by Antal et al. [4], Ghosal
and Banerjee [13], Hossain and Banerjee [14], Kisi and Unal [18], Ozcan and Or [26] and
references cited therein.

In 1942, Menger [19] first proposed the concept of statistical metric space, now called
probabilistic metric space, which is an interesting and important generalization of the notion
of metric space. This concept, later on, was studied by Schweizer and Sklar [33]. Combining
the idea of statistical metric space and normed linear space, Serstnev [31] introduced the idea
of probabilistic normed space. In 1993, Alsina et al. [1] gave a new definition of probabilistic
normed space whic is basically a special case of the definition of Serstnev [31]. Recently, Antal et
al. [5]] defined the notion of rough convergence and rough statistical convergence in probabilistic
normed spaces. In this space, we have presented the notion of rough statistical convergence of
double sequences and investigated some interesting results associated with the sets of rough
statistical cluster points and rough statistical limits of double sequences.

2. Preliminaries

Throughout the paper N and R denote the set of positive integers and set of reals respectively.
First, we recall some basic definitions and notations.

Definition 2.1 ([33]). A triangular norm, briefly ¢£-norm, is a binary operation on [0, 1] which
is continuous, commutative, associative, non decreasing and has 1 as unit element, i.e., it is
the continuous mapping ¢ :[0,1] x [0,1] — [0, 1] such that for all a,b,c,d €[0,1]:

1) avl=aq;

(i) aob =boa;
(iii) aob =cod whenever a =c and b =d;
(iv) ao(boc)=(aob)oc.
Example 2.1 ([15]). The following are the examples of ¢-norms:
(i) xoy =min{x,y};
(1) xoy=x-y;
(iii) xoy=max{x+y—1,0}. This t-norm is known as Lukasiewicz ¢-norm.

Definition 2.2 ([10]). A function f :R — R; is said to be a distribution function if it is non

decreasing and left continuous with %nﬂ{' f(t)=0 and sup f(¢) = 1. We denote D as the set of all
€ teR
distribution functions.
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Definition 2.3 ([10]). A triplet (X, 9,9) is called a Probabilistic Normed Space (shortly PNS) if
X is a real vector space, v is a mapping from X into D (for x € X, t € (R), 9(x;t) is the value of
the distribution function 9(x) at ¢) and ¢ is a ¢-norm satisfying the following conditions:
(1) 9(x;0)=0;
(1i1) 9(x;t)=1, for all £ >0 iff x =0, 0 being the zero element of X
(i) Iax;t)=9(x; ﬁ), for all @ e R\ {0} and for all ¢ > 0;
1v) Ix+y;s+1t)=9(x;t)oI(y;s), for all x,y € X, and for all s,f € [Ra.

Example 2.2 ([2]). For a real normed space (X, ||-||), we define the probabilistic norm 9 for x € X,
t€R as 9(x;t) = —t—. Then (X,9,0) is a PNS under the ¢-norm ¢ defined by x¢y = minf{x, y}.

t+llxll -

Also, x, I, ¢ if and only if x, 9, ¢.
Definition 2.4 ([2]). Let (X, 9,¢) be a PNS. For r > 0, the open ball B(x, A;r) with center x € X
and radius A € (0,1) is the set
Bx,A;r)={ye X :9(y—x;r)>1-A}.
Similarly, the closed ball is the set B(x,A;r)={ye X : 9(y —x;r)=1-A}.

Definition 2.5 ([17]]). Let {x,,,} be a double sequence in a PNS(X,9,¢). Then {x,,,} is said to
be convergent to ¢ € X with respect to the probabilistic norm 9 if for every € >0 and A1 €(0,1),
there exists a positive integer ng such that 9(x,,, — ;) > 1— 1 whenever m,n = ng. In this case,

we write J9-limx,,,,, = & or x,,, D, ¢.
Definition 2.6. Let K < N. Then, the natural density 6(K) of K is defined by
1
oK)= T}im —{k<n:keK}|,
provided the limit exists.

It is clear that if K is finite then 6(K) = 0.

Definition 2.7 ([5]). Let {x,},en be a sequence in an PNS(X,9,¢). Then {x,},cn is said to be
rough convergent to { € X with respect to the probabilistic norm 9 if for every € >0, 1 €(0,1)
and some non negative number r there exists ng € N such that 9(x, —&;r+¢) >1—-A for all
n > ng. In this case, we write rﬁ-r}ir{zoxn =& or x, -, ¢ and ¢ is called ry-limit of {x,},en-

Definition 2.8 ([5]]). Let {x,},en be a sequence in an PNS(X, 9, x). Then {x,},en 1s said to be
rough statistically convergent to ¢ € X with respect to the probabilistic norm 9 if for every € >0

and A € (0,1) and some non negative number r, 6({n e N: 9x, —&;r+¢€)<1-A}) = 0. In this case,
r-Sty
¢.

we write r-Stg- lim x,, =¢ or x,,
n—oo

Definition 2.9 ([21]). The double natural density of the set K <N x N is defined by

5y(K) = lim H(i,j))eK:i<m and j <n}| ’
m,n—o00 mn
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where [{(i,j) € K :i <m and j < n}| denotes the number of elements of K not exceeding m
and n, respectively. It can be observed that if K is finite, then d2(K) = 0. Also, if A € B, then
62(A) < 62(B).

Definition 2.10 ([17]). Let {x,,,} be a double sequence in a PNS(X,9,¢). Then {x,,,} is said to
be statistically convergent to { € X with respect to the probabilistic norm 9 if for every € >0
and 1€(0,1), K ={(m,n),m <i,n <j:9(xpy,, —&;€) < 1- A} has double natural density zero, that
is, if K(i,j) become the numbers of (m,n) in K:
. K@,))
lim —
1,] 1]

=0.

tﬂ
In this case, we write st‘g-limxmn =& or xp,, 2, ¢.
Definition 2.11 ([24]). A subsequence x' = {x jpko) Of @ double sequence {x;;} is called a dense
subsequence, if 62({(jpkq) ENXN:p,geN}) =1.

3. Main Results

First we define rough convergence and rough statistical convergence of double sequences in
probabilistic normed spaces.

Definition 3.1. Let {x,,,} be a double sequence in a PNS(X,9,¢) and r be a non negative real
number. Then {x,,,} is said to be rough convergent to € X with respect to the probabilistic

norm 9 if for every € > 0, A €(0,1) there exists ng € N such that 9(x,,, — ;r +¢) >1- A for all
9

r
m,n = ny. In this case, § is called r‘g-limit of {xnn} and we write x,,, — B.

Definition 3.2. Let {x,,,} be a double sequence in a PNS(X,9,¢) and r be a non negative real
number. Then {x,,,} is said to be rough statistical convergent to f € X with respect to the
probabilistic norm 9 if for every € >0, 1 €(0,1), 6o({(m,n) e NxN: 9 xp,, —B;r+e)<1-1})=0.

r-st?
In this case, f is called r-stg-limit of {x;,,} and we write r-Stg-mlrlllllooxmn =B or xXmn, —2 B.

Remark 3.1. (a) If we put r =0 in Definition then the notion of rough convergence of a
double sequence with respect to the probabilistic norm 9 coincides with notion of ordinary
convergence of the double sequence with respect to the probabilistic norm 9.

(b) From Definition it is clear that rg-limit of a double sequence may not be unique. So,
we denote LIM’ to mean the set of all rg-limit of {x,,,} With respect to the probabilistic
norm 9.

(c) If we put r = 0 in Definition [3.2] then the notion of rough statistical convergence of a double
sequence with respect to the probabilistic norm 9 coincides with statistical convergence of
the double sequence with respect to the probabilistic norm 9. So, our whole discussion is
on the fact r > 0.
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(d) From Definition it is clear that r-stg-limit of a double sequence may not be unique.
So, we denote stg-LIM %,, to mean the set of all r-stg-limit of {x,,,} with respect to
the probabilistic norm 9.

The sequence {x,,,} is said to be rg-convergent if LIM;‘:’M # @. But, if the sequence is
unbounded with respect to the probabilistic norm © then LIM ;f’nn = ¢ although in this case
stg-LIM %, 7 @ may be happened which has been shown in the following example.

Example 3.1. Let (X, |-||) be a real normed linear space and let 9(x;t) = m for x € X and

t > 0. Then (X, 9,¢) is a PNS under the ¢-norm ¢ defined by x¢y = min{x, y}. For all m,n e N, we
define a sequence {x,,,} by

-D™" m,n#i% (i eN),
Xmn = .
mn, otherwise.
Then, we have
<1
stl-Livr, =% b
e [1-r,r—1], otherwise,

and st5-LIM}, =@ when r =0. Also, LIM, =g for any r=0.

Remark 3.2. From Example we have stg-LIM %, # @ does not imply LIM’ # @. But,
LIM’ +# @ always implies LIM’ # @ as 62({(m,n) e NxN: either m or n runs over finite
subsets of N}) =0. So, LIM,! < st)-LIM, .

Example 3.2. We take the PNS in Example and define the double sequence {x,,,} by

mn, m,n=1i2@GeN),
Xmn = .
0, otherwise.

Then, stg-LIM;mn = [-r,r]. Now, if we consider a subsequence {m jn, } of {x,,,} such that
m;=j%ny=k%, j,k €N, then std-LIM}, o
J

Remark 3.3. From Example for any subsequence of a double sequence we do not conclude
that st3-LIM], < st3-LIM,

xMjnk

But, this inclusion may be hold under certain condition which has been given in the following
theorem.

Theorem 3.1. Let {xm n,} be a dense subsequence of {x;,,} in a PNS(X,90,0). Then stg-LIM ;mn c
sty-LIMY,
J

Proof. The proof is obvious. Thus, we omit details. O

Definition 3.3. Let {x,,,} be a double sequence in a PNS(X,9,¢). Then {x,,,} is said to be
statistically bounded with respect to the probabilistic norm 9 if for every A € (0, 1) there exists a
positive real number G such that do({(m,n) e NxN: 9(xyn;G)<1-A}=0.
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Theorem 3.2. Let {x,,,} be a double sequence in a PNS(X,9,0). Then {x,,} is statistically
bounded if and only if stg-LIM;mn # @ for some r > 0.

Proof. Suppose that {x,,,} is statistically bounded. Then, for every A € (0,1) there exists
a positive real number G such that d9({(m,n) € Nx N : 9(x,,,;G) < 1 - A}) = 0. Now, let
M ={(m,n) e NxN: 9xpy,;G) <1-A} and 6 be the zero element in X. Now for m,n € M¢
we have 9(x,,, —0;7r +G) = Nxmn;G)o9O;r)>(1—A1)o1=1-A. This gives 0 € stg-LIM;mn and
consequently stg-LIM ey 2 D

Conversely, suppose that stg-LIM e, 7 D Let £ € stg-LIM 2y 7 @- Then, for every ¢ >0 and
A1€(0,1), 6o({(m,n) e NxN: I x,,p — ;7 +€) <1—A}) = 0. Therefore, almost all x,,,, are contained
in some ball with center ¢. This shows that {x,,,} is statistically bounded. This completes the
proof. O

Now, we give the algebraic characterization of rough statistically convergent double
sequences in probabilistic normed spaces.

Theorem 3.3. Let {x,,,} and {ym,} be double sequences in a PNS(X,19,¢). Then, for some r >0

the following statements hold:
r-s ’9 tﬁ r- st19
Q) If xmn —2 B and ymn —2 1 then Xmn + Ymn —2 B+n.

st19

(1) If xpmn r—» B and a(#0) € R then ax;,, —= ap.

Proof. Let {x;,,} and {y,,»} be double sequences in PNS (X, 9,¢) and r > 0.

_st? _st?
(1) Let x5, e B and y,, o, 1. Let € > 0. Now, for a given A € (0,1), choose s € (0,1)

such that (1-s)o(1—-s)>1-A. So, §2(A) =0 and 62(B) = 0 where A = {(m,n) e NxN:
Otmn —B; 2E) < 1-s} and B = {(m,n) € NxN: (Y —1; 7£8) < 1—s}. Now for (i, ) € A°nB°,
we have 9(x;j +y;; — (B+m);r+€) =2 Ix;; — B;5E) o (3 —1; 55 > (1—s)o(1-s)>1-A, i.e.
A°NBC c{(i,j) e NxN: x;;+ yij — (B+n);r+€) > 1—A}. Therefore, 52({(i,7) e NxN:

r- stﬂ

Nxij+yij—(B+n)r+e)<1-1}) =0, which gives Xpmn + Ymn — B+1).

(ii) Since X5 ﬁ» B and a # 0, then for every € > 0 and A € (0,1), 62({(m,n) € NxN :
O xmn — B;2E)<1-A) =01i.e., 62({(m,n) e Nx N : Hax,, —apf;r+¢&) <1-A}) =0, which

lal
t
gives axm,, N af. This completes the proof. O
We will discuss on some topological and geometrical properties of the set stg-LIM Toun
Theorem 3.4. Let {x,,,} be a double sequence in a PNS(X,9,¢). Then the set stg-LIM;mn is
closed.

Proof. If stg-LIM ;mn = @ then we have nothing to prove. So, let stg-LIM ;mn # @. Suppose that

{ymn} is a double sequence in stg-LIM;mn such that y,,, D, B. For a given A € (0,1) choose
s €(0,1) such that (1-s)¢(1—-s)>1-A. Then, for every € > 0 there exists ng € N, such that
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Ymn — B;5) > 1—s for all m,n >ng. Suppose i,j >no. Then I(y;; — f;5) > 1—s. Again, since
{yijt € stg-LIM;mn, then 62(P) = 0 where P = {(m,n) € NxN: 0(xppn — yij;7r + g) < 1-s}. Now
for (s,t) € P¢, we have O(xs; — B;r +€) = Nxgs — yij;7 + %)oﬁ(yij - ,B;g) >(1-s)o(1-s)>1-A.
Therefore, {(s,t) € (N) xN: Hxg — B;r+€) <1—- A} < P. Since 62(P) = 0, therefore d2({(s,?) €
(N)xN:9xg; — B;r+€)<1-A}) = 0. Consequently g € stg-LIM;mn. So, stg-LIM;mn is closed.
This completes the proof. O

Theorem 3.5. Let {x,,,} be a double sequence in a PNS(X,90,¢). Then the set stg-LIM;mn is
convex for some r > 0.

Proof. Let &1,¢9 € stg-LIM;mn and ¢t € (0,1). Suppose A € (0,1). Choose s € (0,1) such that
(1-5)o(1—-8)>1—A. Then 62(A) =0 and 69(B) =0 where A ={(m,n) e NxN: 9x;, — 51,2(1“;)
1-s} and B = {(m,n) € NxN : 9(xpm, — {2;55) < 1-sh. Now for i,j € A°nB° we have
Ixij = [(L=1)§1+t8alir +8) 2 (L= 1)y — §1); 5D 0 It (eij — §2); 55) = Oowij — §15 5pgy) 0 Owij —
¢2;55) > (1-5)o(1—s) > 1-A. Therefore, {(i,/) e Nx N : 9(x;j —[(1-£){1 +t&2];r+€) < 1-A} c AUB.
Hence 62({(, /) € N x N: O(x;j — [(1 - £)é1 + téolir +€) < 1- AN =0, i.e. (1 - 8)é1 + tég € std-LIMY,

Therefore, stg-LIM %,,, 1S convex. This completes the proof. O

Theorem 3.6. A double sequence {x,,,} in a PNS(X,9,¢) is rough statistically convergent to
¢ € X with respect to the probabilistic norm 9 for some r > 0 if there exists a double sequence {yy,;n}
in X such that stg-limymn =¢ and for every A1 €(0,1), Nxmn — Ymn;7)>1—A for all m,n e N.

Proof. Let € >0 be given. For a given A €(0,1), choose s € (0,1) such that (1-s)o(1-s)>1-A.
Suppose that st’g-limymn = ¢ and 9(xmn — Ymn;r) > 1— A for all m,n € N. Then 62(A) =0
where A = {(m,n) e NxN: yn, —¢;€) < 1-s}. Now for (i,7) € A°, we have O(x;; —&;r+¢) =
Nxij—yij;r)oNy;j—&;r) > (1-8)o(1—s) > 1-A. Therefore, {(i, j) e NxN: 9(x;;—&;r+e) < 1-A}c A.

)

-st
Hence 62({(i,7) eNxN: 9(x;; — &;r +€) <1-A}) = 0. Consequently, x,,, T, ¢. This completes
the proof. O

Theorem 3.7. Let {x,,,} be a double sequence in a PNS(X,0,0). Then there do not exist
X1,%X9 € stg-LIM;mn for some r > 0 and every A € (0,1) such that 9x1—x9;mr) < 1-A for
m(eR) > 2.

Proof. On contrary, we assume that there exist x1,x9 € stg-LIM ;mn for which 9(x1 —x9;mr) <
1-A for m(e R) > 2. Let £ > 0 be given. For a given A € (0,1), choose s € (0,1) such that
(1-8)0(1-8)>1—A.Then P ={(m,n) e NxN: xpyp —x1;r + %)s 1-stand @ ={(m,n)e NxN:
I Xmn — X251 + %) < 1-s} have double natural density zero. Now for (i,j) € P°NnQ¢°, we have
O(xy —x2;2r + &) 2 9(x;j —x1;7 + §)o9(x;j — x9;7 + §) > (1 -5)o(1~5) > 1~ A. Therefore,
Ix1—x9;2r+e)>1-A7. (3.1)

Now, if we choose € = mr —2r, m > 2, in eq. (3.1) then we have 9(x; —x9;mr)>1-1, m > 2,
which is a contradiction. This completes the proof. O
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Definition 3.4 (c.f. [16]). Let {x,,,} be a double sequence in a PNS(X,9,¢). Then a point { € X
is said to be statistical cluster point of {x,,,} with respect to the probabilistic norm 9 if for every
e>0and A €(0,1), 62({(m,n) e NxN: 9 xp, —E;6)>1-A}) > 0.

We denote A,,,)(sth) to mean ordinary statistical cluster points of {x,} with respect to the
probabilistic norm 9.

Definition 3.5. Let {x,,,} be a double sequence in a PNS(X,9,¢). Then a point ¢ € X is said to
be rough statistical cluster point of {x,,,} with respect to the probabilistic norm 9 if for every
>0, L€(0,1) and some r >0, do({(m,n) e NxN: 9xp, —&;r+€)>1—-2}) > 0. The set of all
rough statistical cluster points of {x,,,} is denoted as A(rxmn)(stg).

Remark 3.4. If r =0, then A(’xmn)(st’g) = Ax,)(st).

Theorem 3.8. Let {x,,,} be a double sequence in a PNS(X,0,0). Then, the set A(rxmn)(stg) is closed
for some r > 0.

Proof. If A(rxmn)(stg) = @ then we have nothing to prove. So, let A(rxmn)(stg) # @. Suppose that

{wmn} is a double sequence in A(’xmn)(stg) such that w,,, B, (. Now for given A € (0,1), choose
s €(0,1) such that (1-s)o(1-5s)>1-A. Then, for every £ > 0 there exists k. € N such that
Nwmn —C;%) >1-s for all m,n = k.. Now choose mg,ng € N such that mg,ng > k:. Then
NWmony = (3§) > 1 —s. Again, since {Wmgn,} € A, (stD), then 63(K) > 0 where K = {(m,n) €
N xl\l:ﬂ(xmn—wmono;r+§)> 1-s}. Now, for (i,j) € K, we have O(x;; —{;r+€) = 0(x;j — Wmono; T+
$)0NWmgny — (3 5) > (1—s)o(1—5) > 1~ A. Therefore, {(i,7/) eNxN:9(x;; —{;r+e)>1-A} cK.
Since 85(K) >0, 52({(,/) € NxN: 9(x;;—{;r+€) > 1=} > 0. So, { € A7, (st9). Hence A[, (st3)
is closed. O

Theorem 3.9. Let {x,,,} be a double sequence in a PNS(X,9,0) and r > 0. Then, for an arbitrary
{ € A,,,)(st9) and A€ (0,1), Iy =;r)> 1= A forall ye A, (stD).

Proof. For given A€ (0,1), choose s €(0,1) such that (1-s)¢(1—s)>1-A. Since { € A(xmn)(stg),
then for every € > 0, 62(M) > 0 where M = {(m,n) e N x N : 9(xp,,, —(;€) > 1 —s}. Now, we will
show that if y € X satisfying 9(y —{;r) > 1—s then y € A(’xmn)(stg). Now, for (i,j) € M we
have O(x;; —y;r+¢€) = 9x;j — ;)0 Ny —{;7) > (1 —s)o(1—5) > 1— A. Therefore, M < {(i,j) €
NxN:I(x;;—y;r+€)>1-A}. Hence 62({(z,7) eNxN: (x;; —y;r +€) >1-A}) > 0, Consequently,
Y€ A(rxmn)(stg). This completes the proof. O

Theorem 3.10. Let {x,,,} be a double sequence in a PNS(X,9,¢) and r > 0. Then, for 1€(0,1)
and fixed xy € X, A(’xmn)(stg) = U B(xg,A,r).

xOEA(xmn)(Stg)
Proof. For A€(0,1), choose s €(0,1) such that (1-s)o(1-s)>1-A.Letye U B(xg,A,r).

20E N i) (515)
Then, there exists a xo € A,,,) such that d(xo —7y;r) > 1-s. Since x¢ € A,,,), then for every
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>0, 69(Z) >0 where Z = {(m,n) e Nx N : 9(xp, —x0;€) > 1—38}. Now for (i,j) € Z, we have
N —y;r+€) = 0x;j —x0;6) 0 xg —y;7) > (1-5)o(1-5)>1—-A. Therefore, Z < {(i,j) e NxN:
9x;; —y;r+€) > 1—A}. Since 62(Z) >0, 62({(i,7) e Nx N : 9(x;; —y;r +€) > 1-1}) > 0. Hence

r 9 —_— r 9
Y €A, (stp)andso, U Bleo, A, r)c A, \(sty).
xoeA(xmn)(Stz)

Conversely, suppose that y € A(rxmn)(stg). Now, we show that y € U B(xg,A,r). If

erA(xmn)(Stg)

possible, let y ¢ U B(xp,A,r). Then for every x( € A(xmn)(stg), Iy —x9;7) <1—A, which

xOEA(xmn)(Stg)

contradicts the fact of Theorem Hence y € U B(xp,A,r). Therefore, A(rxmn)(st‘g) c

xOEA(xmn)(Stg)
U B(xg,A,r). This completes the proof. O
onA(xmn)(stlg)
Theorem 3.11. Let {x,,,} be a double sequence in a PNS(X,9,9). Then, for some r >0 and any
A €(0,1), the following statements hold:
(i) If x0 € A(x,,,)(stD), then st3-LIM], < B(xo,A,r).
(i) sth-LIM; = N Blxo,A,r)={y0 € X : A, (st5) = B(yo,A,r)}
onA(xmn)(Stg)
Proof. Suppose {x,,,} is a double sequence in a PNS(X,9,¢) and r > 0.
(i) Now, for a given A € (0, 1), choose s € (0,1) such that (1-s)o(1-s)>1—-A.Let f € stg-LIM;mn.
Then, for every € > 0, we have 62(K1) = 0 and d2(k2) > 0 where K; = {(m,n) e NxN:
I Xmn—P;r+e) < 1-st and Ko = {(m,n) € NxN: 9(xp, —x0;€) > 1—s}. Now for (i, /) € K{nK3g,
we have 9( —xo;7r) = I(x;; — B;r + €) o 0(x;j — x0;€) > (1 -5)o(1—5) > 1— A. Therefore,
B € B(xp,A,r). Hence stg-LIM;mn € B(xg,A,r).
(ii)) By the previous part, we have stg-LIM Ty S N B(xp,A,r). Let y €
xOEA(xmn)(Stg)

N B(xg,A,r). Then, 9(y —xp;r) = 1 - A for all xp € A(xmn)(stg) and hence

X0 EA(xmn)(Stg)

A, (stY) < B(y,A,r), ie., N Bxo, A7) S {yo € X : Ag,,)(st)) < B(yo, A, 1)}

X0E N (i) (5t9)
Further, suppose that y ¢ stg-LIM;mn. Then for € > 0, d3({(m,n) € NxN : 9y, —
Y;r+¢€) < 1-A}) # 0, which gives that there exists a statistical cluster point x¢ of
{Xmn} for which 9(y —xo;r +€) < 1 - A. Therefore, A(xmn)(stg) ¢ B(y,A,r) and y ¢ {yo €
X : A,,(st9) < B(yo,A,r)}. Therefore, {yo € X : A, )(st5) < B(yo,A,r)} € stb-LIM}, .
Therefore, sti-LIM!, = N Bxo,A,7) = {y0 € X : Ax,,)(5t9) < B(yo,A,7)}. This

onA(,Cmn)(Stg)

completes the proof. O

tﬂ
Theorem 3.12. Let {x,,,} be a double sequence in a PNS(X,0,¢) such that x,, 2, (. Then, there
exists A €(0,1) such that stg-LIM;mn =B(,A,r) for some r > 0.
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)

Proof. For given A € (0,1), choose s € (0,1) such that (1-s)o(1-38)>1-A. Since x,,, e, (,
then for every € > 0, the set Y = {(m,n) e NxN: 9(x,,, —(;¢) < 1-s} has the double natural
density zero. Now, let y, € m Then 9(y. —{;r)=1-s. Now, for (i,/) €Y, 0(x;; — ys;r+€) =
Wi j— ;)00 —ys;1) > (1-5)o(1-5) > 1-A. Therefore {(i,j) ENxN: I(x;; —y.;r+e) <1-A} Y.
Since 62(Y) =0, 62({(i,j) e Nx N : (x;; — y«;r +€) <1-A}) = 0. Consequently, y. € stg-LIM;mn.

- tﬁ
Hence B({,A,r) < stg-LIM ;mn. Again, since x,,, eR Z, A(xmn)(stg) ={{} and consequently, from

Theorem we have stg-LIM;mn c B({,A,r). Hence stg-LIM;mn = B((,A,r). This completes
the proof. O

tﬂ
Theorem 3.13. Let {x,,,} be a double sequence in a PNS(X,9,0) such that x,, sty n. Then
A(rxmn)(‘gtg) - Stg'LIM;mn for some r > 0.

9

¢ -
Proof. Since %mn —2 1, A, (st9) = {n}. By Theorem 3.10} for A €(0,1), A[, \(st3)=B(n,,r).
Again, from Theorem [3.12, B(n,A,r) = stg-LIM;mn. Therefore, Afxmn)(st’;) = stg-LIM;mn. This
completes the proof. m
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