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Abstract. In this paper, we establish the Hyers-Ulam, Hyers-Ulam-Rassias, generalized Hyers-Ulam-
Rassias, and Rassias stability results of the quadratic-reciprocal functional equation:

f (x+ y)= f (x) f (y)

f (x)+ f (y)+2
√

f (x) f (y)
connected with fuzzy homomorphisms and fuzzy derivations between fuzzy Banach algebras using
direct method.
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1. Introduction
Functional equations are equations that involve functions rather than just numbers. They are
used in mathematics to solve for unknown functions. In a functional equation, the unknown
functions are usually denoted by variables, and the functional equation provides a relationship
between the variables that must be satisfied for the equation to hold true. Functional equations
can be used to study a wide range of problems, such as describing the behavior of physical
systems, solving mathematical puzzles, and understanding data.
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Functional equation stability is the study of how solutions to a functional equation change
when the terms of the equation are modified. Specifically, it studies how the solutions of a
functional equation vary when the parameters of the equation are changed. The study of
functional equation stability examines how small changes to the equation can cause large
changes in the solutions. It is an important concept in mathematics, economics, and other fields.

In the fall of 1940, S.M. Ulam [23] gave a wide-ranging talk before a Mathematical
Colloquium at the University of Wisconsin in which he discussed a number of important unsolved
problems. Among those was the following question concerning the stability of homomorphisms:

Let (G1,∗) be a group and let (G2,⋄,d) be a metric group with the metric d(·, ·). Given ϵ> 0,
does there exists δ(ϵ)> 0 such that if h : G1 →G2 satisfies the inequality

d(h(x∗ y),h(x)⋄h(y))< δ , ∀ x, y ∈G1,

then there is a homomorphism H : G1 →G2 with d(h(x),H(x))< ϵ for all x ∈G1.
If the answer is affirmative, we say that the functional equation for homomorphisms is

stable.
In the next year, Hyers [8] gave a affirmative answer to this question for additive groups

under the assumption that groups are Banach spaces. He brilliantly answered the question of
Ulam for the case where G1 and G2 are assumed to be Banach spaces. The result of Hyers is
stated as follows:

Theorem 1.1. Let f : E1 → E2 be a function between Banach spaces such that

∥ f (x+ y)− f (x)− f (y)∥ ≤ ϵ (1.1)

for all x, y ∈ E1 and ϵ> 0 is a constant. Then the limit

A(x)= lim
n→∞2−n f (2nx) (1.2)

exists for each x ∈ E1 and A : E1 → E2 is unique additive mapping satisfying

∥ f (x)− A(x)∥ ≤ ϵ (1.3)

for all x ∈ E1. Moreover, if f (tx) is continuous in t for each fixed x ∈ E1, then the function A is
linear.

Taking this famous result into consideration, the additive Cauchy functional equation
f (x+ y) = f (x)+ f (y) is said to have the Hyers-Ulam stability on (E1,E2) if for every function
f : E1 → E2 satisfying the inequality (1.1) for some ϵ≥ 0 and for all x, y ∈ E1, there exists an
additive function A : E1 → E2 such that f − A is bounded on E1.

The method in (1.2) provided by Hyers which produces the additive function A will be called
a direct method. This method is the most important and powerful tool to study the stability of
various functional equations.

It is possible to prove a stability result similar to Hyers functions that do not have bounded
Cauchy difference. In the year 1950, Aoki [1] first generalized the Hyers theorem for unbounded
Cauchy difference having sum of norms (∥x∥p +∥y∥p).

The same result was rediscovered by Rassias [21] in 1978 and proved a generalization
of Hyers theorem for additive mappings. This stability result is named Hyers-Ulam-Rassias
stability or Hyers-Ulam-Aoki-Rassias stability for the functional equation.
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In 1982, Rassias [18] followed the innovative approach of Rassias theorem in which he
replaced the factor ∥x∥p+∥y∥p by ∥x∥p∥y∥q with p+q ̸= 1. Later, this stability result was called
Ulam-Gavruta-Rassias stability of functional equation.

In 1991, Gajda [6] provided an affirmative solution to Th. M. Rassias’ question for p strictly
greater than one.

In 1994, Gavruta [7] provided a further generalization of Rassias [21] theorem in which he
replaced the bound ϵ(∥x∥p +∥y∥p) by a general control function φ(x, y). This stability result is
called Generalized Hyers-Ulam-Rassias stability of functional equation.

In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference was
obtained by Ravi et al. [22] by considering the summation of both the sum and the product
of two p-norms in the sprite of Rassias approach and is named J. M. Rassias Stability of
functional equation. Last seven decades the stability problems of several functional equations
have been extensively investigated by a number of authors and there are many interesting
results concerning this problem (see Gavruta [7], Karthikeyan et al. [9–11], Rassias et al. [20],
and Ravi et al. [22]).

In this paper, we prove the generalized Hyers-Ulam stability for a new simple quadratic
reciprocal functional equation

f (x+ y)= f (x) f (y)

f (x)+ f (y)+2
√

f (x) f (y)
(1.4)

in fuzzy Banach algebras by using direct method. It is easily verified that the quadratic
reciprocal function f (x) = 1

x2 x is a solution of the functional equation (1.4). We apply the
definition of fuzzy normed spaces and fuzzy Banach algebras briefly as given by Katsaras [12],
Kramosil and Michálek [13], Mirmostafaee and Moslehian [14], and Park [17].

Throughout this paper, assume that (A, N) is a fuzzy normed algebra and that (B, N ′) is a
fuzzy Banach algebra.

2. Fuzzy Homomorphism Stability Results
In this section, using Hyers direct method, we establish the stability of fuzzy homomorphisms
connected to quadratic reciprocal functional equation (1.4) in fuzzy Banach algebras.

Definition 2.1. A C-linear mapping H : A → B is called a quadratic reciprocal fuzzy
homomorphism if H(xy)=H(x)H(y) for all x, y ∈A.

Theorem 2.2. Let α :A2 → [0,∞) be a mapping such that for some d with 0< ( d
22

)< 1,

N ′
(
α

(
x

2n ,
x

2n

)
, r

)
≥ N ′(dnα(x, x), r), (2.1)

for all x ∈A and all r > 0, d > 0, and

lim
n→∞N ′

(
α

(
x

2n ,
y

2n

)
, r

)
= 1, (2.2)

for all x, y ∈A and all r > 0. Suppose that a function f :A→B satisfies the inequality

N
(
f (x+ y)− f (x) f (y)

f (x)+ f (y)+2
√

f (x) f (y)
, r

)
≥ N ′(α(x, y), r) (2.3)
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and

N( f (xy)− f (x) f (y), r)≥ N ′(α(x, y), r), (2.4)

for all x, y ∈A and all r > 0. Then, there exists a unique quadratic reciprocal homomorphism
H :A→B such that

N( f (x)−H(x), r)≥ N ′
(
α(x, x),

r|22 −d|
22

)
(2.5)

for all x ∈A and all r > 0, d > 0. The mapping H(x) is defined by

H(x)= N − lim
n→∞

f
( x

2n

)
22n (2.6)

for all x ∈A.

Proof. Replacing (x, y) by
( x

2 , x
2

)
in (2.3), we get

N
(
f (x)− 1

4
f
(

x
2

)
, r

)
≥ N ′

(
α

(
x
2

,
x
2

)
, r

)
(2.7)

for all x ∈A and all r > 0. Again replacing x by x
2n and r by dnr, and using (2.1) in (2.7), we

reach

N
( f

( x
2n

)
22n −

f
( x

2n+1

)
22(n+1) ,

dnr
22n

)
≥ N ′(α(x, x), r) (2.8)

for all x ∈A and all r > 0. It is easy to see that

f (x)− f
( x

2n

)
22n =

n−1∑
i=0

[
f
( x

2i

)
22i −

f
( x

2i+1

)
22(i+1)

]
(2.9)

for all x ∈A. From equations (2.8) and (2.9), we arrive

N
(
f (x)− f

( x
2n

)
22n ,

n−1∑
i=0

d ir
22i

)
≥min

n−1⋃
i=0

{
f
( x

2i

)
22i −

f
( x

2i+1

)
22(i+1) ,

d i r
22i

}

≥min
n−1⋃
i=0

{
N ′

(
α

(
x
2i ,

x
2i

)
, r

)}
= N ′(α(x, x), r) (2.10)

for all x ∈A and all r > 0. Replacing x by x
2m in (2.10) and using (2.1), we obtain

N
( f

( x
2m

)
22m − f

( x
2m+n

)
22(m+n) ,

n−1∑
i=0

d i r
22(i+m)

)
≥ N ′

(
α(x, x),

r
dm

)
(2.11)

for all x ∈A and all r > 0 and all m,n ≥ 0. Replacing r by dmr in (2.11), we get

N
( f

( x
2m

)
22m − f

( x
2m+n

)
22(m+n) ,

m+n−1∑
i=m

d i r
22i

)
≥ N ′(α(x, x), r) (2.12)

for all x ∈A and all r > 0 and all m,n ≥ 0. From (2.12), we reach

N
( f

( x
2m

)
22m − f

( x
2m+n

)
22(m+n) , r

)
≥ N ′

(
α(x, x),

r∑m+n−1
i=m

d i

22i

)
(2.13)

Communications in Mathematics and Applications, Vol. 14, No. 5, pp. 1615–1624, 2023



Stability of a Quadratic-Reciprocal Functional Equation: Direct Method: S. Karthikeyan et al. 1619

for all x ∈ A and all r > 0 and all m,n ≥ 0. Since 0 < d < 22 and
n∑

i=0

( d
22

)i < ∞, the Cauchy

criterion for convergence and implies that
{ f

(
x

2n

)
22n

}
is a Cauchy sequence in (B, N). Since (B, N)

is a fuzzy Banach algebra, this sequence converges to some point H(x) ∈B. So one can we define

the mapping H :A→B by H(x)= N − lim
n→∞

( f
(

x
2n

)
22n

)
for all x ∈A. Letting m = 0 in (2.13), we get

N
(
f (x)− f

( x
2n

)
22n , r

)
≥ N ′

(
α(x, x),

r∑n−1
i=0

d i

22i

)
(2.14)

for all x ∈A and all r > 0. Letting n →∞ in (2.14), we arrive N( f (x)−H(x), r)≥ N ′(α(x, x), r(4−d)
4

)
for all x ∈ A and all r > 0. Now, we need to prove H satisfies the functional equation (1.4),
replacing (x, y) by

( x
2n , y

2n

)
in (2.3), we obtain

N
(

1
22n

(
f
(

x
2n + y

2n

)
− f

( x
2n

)
f
( y

2n

)
f
( x

2n

)+ f
( y

2n

)+2
√

f
( x

2n

)
f
( y

2n

)), r
)
≥ N ′

(
α

(
x

2n ,
y

2n

)
,22nr

)
(2.15)

for all r > 0 and all x, y ∈A. Now,

N
(
H(x+ y)− H(x)H(y)

H(x)+H(y)+2
√
H(x)H(y)

, r
)

≥min
{

N
(
H(x+ y)− 1

22n f
(
2n(x+ y)

22n

)
,
r
3

)
,

N
(
− H(x)H(y)

H(x)+H(y)+2
√
H(x)H(y)

+
1

22n f
( x

2n

)
f
( y

2n

)
f
( x

2n

)+ f
( y

2n

)+2
√

f
( x

2n

)
f
( y

2n )
) ,

r
3

)
,

N
(
−

1
22n f

( x
2n

)
f
( y

2n

)
f
( x

2n

)+ f
( y

2n

)+2
√

f
( x

2n

)
f
( y

2n

) ,
r
3

)}
(2.16)

for all x, y ∈A and all r > 0. Using (2.15) in (2.16), we arrive

N
(
H(x+ y)− H(x)H(y)

H(x)+H(y)+2
√
H(x)H(y)

, r
)
≥min

{
1,1, N ′

(
α

(
x

2n ,
x

2n

)
,22nr

)}
≥ N ′

(
α

(
x

2n ,
x

2n

)
,22nr

)
(2.17)

for all x, y ∈A and all r > 0. Letting n →∞ in (2.17) and using (2.2), we see that

N
(
H(x+ y)− H(x)H(y)

H(x)+H(y)+2
√
H(x)H(y)

, r
)
= 1 (2.18)

for all x, y ∈A and all r > 0. From (2.18), we get

H(x+ y)= H(x)H(y)

H(x)+H(y)+2
√
H(x)H(y)

for all x, y ∈A. Hence H satisfies the quadratic reciprocal functional equation (1.4).
This shows that H is quadratic reciprocal. So, it follows that

N
(
H(xy)−H(x)H(y), r

)
= N

(
1

24n ( f (22nxy)− f (2nx) f (2n y)),
r

24n

)
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≥ N ′
(
α

(
x

2n ,
x

2n

)
, r

)
(2.19)

for all x, y ∈A and all r > 0. Letting n →∞ in (2.19) and using (2.2), we obtain

N(H(xy)−H(x)H(y), r)= 1

for all x, y ∈A and all r > 0. Hence, we have H(xy)=H(x)H(y) for all x, y ∈A. Therefore, H is
a quadratic reciprocal homomorphism. In order to prove H(x) is unique, let H′(x) be another
quadratic reciprocal function satisfying (1.4) and (2.6). Hence,

N(H(x)−H′(x), r)= N
(
H

( x
2n

)
22n −H′( x

2n

)
22n , r

)
≥min

{
N

(
H

( x
2n

)
22n − f

( x
2n

)
22n ,

r
2

)
, N

( f
( x

2n

)
22n −H′( x

2n

)
22n ,

r
2

)}
≥ N ′

(
α

(
x

2n ,
x

2n

)
,
22nr(22 −d)

2.22

)
≥ N ′

(
α(x, x),

22nr(22 −d)
8dn

)
for all x ∈A and all r > 0. Since

lim
n→∞

22nr(22 −d)
8dn =∞,

we obtain

lim
n→∞N ′

(
α(x, x),

22nr(22 −d)
8dn

)
= 1

for all x ∈ A and all r > 0. Thus the mapping H : A → B is a unique quadratic reciprocal
homomorphism. This completes the proof of the theorem.

From Theorem 2.2, we obtain the following Corollary 2.3 concerning the generalized Ulam-
Hyers stability for the functional equation (1.4).

Corollary 2.3. Suppose that a function f :A→B satisfies the inequalities

N
(
f (x+ y)− f (x) f (y)

f (x)+ f (y)+2
√

f (x) f (y)
, r

)

≥


N ′(ς, r),
N ′(ς(∥x∥υ+∥y∥υ), r), υ ̸= −2;
N ′(ς(∥x∥υ∥y∥υ), r), υ ̸= −1;
N ′(ς{∥x∥υ∥y∥υ+∥x∥2υ+∥y∥2υ}, r), υ ̸= −1,

(2.20)

and

N(H(xy)−H(x)H(y), r)≥


N ′(ς, r) ;
N ′(ς(∥x∥υ+∥y∥υ), r) ;
N ′(ς(∥x∥υ∥y∥υ), r) ;
N ′(ς{∥x∥υ∥y∥υ+∥x∥2υ+∥y∥2υ}, r)

(2.21)

for all x, y ∈A and all r > 0, where ς,υ are constants with ς> 0.
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Then there exists a unique quadratic reciprocal homomorphism H :A→B such that

N( f (x)−H(x), r)≥



N ′(ς, |2|r) ;
N ′(ς∥x∥υ,2|22 −2−υ|r) ;
N ′(4ς∥x∥2υ, |22 −2−2υ|r) ;

N ′
(
9ς
2
∥x∥2υ, |22 −2−2υ|r

)
,

(2.22)

for all x ∈A and all r > 0.

3. Fuzzy Derivations Stability Results
In this section, using Hyers direct method, we prove the generalized Hyers-Ulam stability of
fuzzy derivations associated with quadratic reciprocal functional equation (1.4) in fuzzy Banach
algebras.

Definition 3.1. A C-linear mapping D :A→A is called a quadratic reciprocal fuzzy derivation
if D(xy)=D(x) 1

y2 + 1
x2D(y) for all x, y ∈A.

The proof of the following theorem is similar to that of Theorem 2.2. Hence the details of the
proof is omitted.

Theorem 3.2. Let α : A2 → [0,∞) be a mapping such that for some d with 0 < ( d
22

)β < 1 and
the conditions (2.1) and (2.2) for all x, y ∈A and all r > 0. Suppose that a function f : A→A

satisfies the inequalities (2.3) and

N
(
f (xy)− f (x)

1
y2 − 1

x2 f (y), r
)
≥ N ′(α(x, y), r) (3.1)

for all x, y ∈A and all r > 0. Then, there exists a unique quadratic reciprocal derivation D :A→A

such that

N( f (x)−D(x), r)≥ N ′
(
α(x, x),

r|22 −d|
22

)
(3.2)

for all x ∈A and all r > 0. The mapping D(x) is defined by

D(x)= N − lim
n→∞

( f
( x

2n

)
22n

)
(3.3)

for all x ∈A.

Proof. By the same reasoning as that in the proof of Theorem 2.2, there exists a unique quartic
mapping D :A→A satisfying (3.2) The mapping D :A→A given by D(x)= N − lim

n→∞22n f (2nx)
for all x ∈A. It follows from (2.3) that

N
(
D(xy)−D(x)

1
y2 − 1

x2D(y), r
)
= N

(
24n

(
f (22nxy)− f (2nx)

1
22n y2 − 1

22nx2 f (2n y)
)
,

r
24n

)
≥ N ′(α(2nx,2n y,2nz), r) (3.4)

for all r > 0 and all x, y ∈A. Letting n →∞ in (3.4) and using (2.2), we reach

N
(
D(xy)−D(x)

1
y2 − 1

x2D(y), r
)
= 1
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for all x, y ∈A and r > 0. Hence, we have D(xy) =D(x) 1
y2 + 1

x2D(y) for all x, y ∈A. Therefore,
D :A→A is a quartic reciprocal derivation satisfying (3.2). The rest of the proof is similar to
that of Theorem 2.2.

From Theorem 2.2, we obtain the following Corollary 3.3 concerning the generalized Ulam-
Hyers stability for the functional equation (1.4).

Corollary 3.3. Suppose that a function f :A→A satisfies the inequalities (2.20) and

N
(
D(xy)−D(x)

1
y2 − 1

x2D(y), r
)
≥


N ′(ς, r),
N ′(ς(∥x∥υ+∥y∥υ), r) ;
N ′(ς(∥x∥υ∥y∥υ), r) ;
N ′(ς{∥x∥υ∥y∥υ+∥x∥2υ+∥y∥2υ}, r)

(3.5)

for all x, y ∈A and all r > 0, where ς, υ are constants with ς > 0. Then, there exists a unique
quadratic reciprocal derivation D :A→A such that

N( f (x)−D(x), r)≥



N ′(ς, |2|r) ;
N ′(ς∥x∥υ,2|22 −2−υ|r) ;
N ′(4ς∥x∥2υ, |22 −2−2υ|r) ;

N ′
(
9ς
2
∥x∥2υ, |22 −2−2υ|r

) (3.6)

for all x ∈A and all r > 0.

4. Conclusion
This article has proved the Hyers-Ulam, Hyers-Ulam-Rassias, generalized Hyers-Ulam-Rassias,
and Rassias stability results of the quadratic-reciprocal functional equation connected with
fuzzy homomorphisms and fuzzy derivations between fuzzy Banach algebras using direct
method.
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