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1. Introduction
It is now well known that the fractional calculus is an extension of the ordinary differentiation
and integration into arbitrary non-integer order. Fractional differential equations are used
in various fields of science and engineering, such as physics, chemistry, atomic energy,
information theory, harmonic oscillator, applied sciences, practical problems concerning
mechanics, the engineering technique fields, economy, control systems, biology, medicine,
nonlinear oscillations, conservative systems, and so on (see [3,4,12,16–18] and the references
therein).
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Ardjouni and Djoudi [1] investigated the positivity of solutions of a nonlinear Caputo
fractional differential equation of the type:{

CDα(ξ(t)− g(t,ξ(t)))= f (t,ξ(t)), 0< t ≤ 1,
ξ(0)= ξ0 > g(0,ξ0)> 0,

where 0<α≤ 1, g and f : [0,1]× [0,∞)→ [0,∞) are given continuous functions.
Chidouh et al. [8] studied the fractional relaxation equation involving the Caputo derivatives

of order α ∈ (0,1) of the type:{
CDαξ(t)+ωξ(t)= ε(t,ξ(t)), 0< t ≤ 1,ω> 0,
ξ(0)= ξ0 > 0,

where ε : [0,1]× [0,∞)→ [0,∞) is continuous.
Peng and Wang [15] obtained existence results for nonlinear fractional differential equations

with constant coefficient λ> 0 of the type:{
CDαξ(t)=λξ(t)+ f (t,ξ(t)), t ∈ [0,1],
ξ(0)= ξ0 ∈R,

where cDα is the Caputo fractional derivative of order α ∈ (0,1), f : [0,1]×R→R is a continuous
function. Recently, many authors have studied various properties of fractional differential
equations (see [5,10,11,13,14,19,21–23] and the references therein).

Inspired and motivated by the above-mentioned works, we study the existence and
uniqueness of solutions for the following nonlinear Caputo fractional relaxation differential
equation with nonlocal condition{

CDα(ξ(t)− g(t,ξ(t)))+ωξ(t)= f (t,ξ(t)), t ∈ (0,T],
ξ(0)= ξ0 −h(ξ),

(1.1)

where CDα is the Caputo’s fractional derivative of order 0<α≤ 1, ω> 0, and f : [0,T]×R→R

and g : [0,T]×R→R are given continuous functions, ξ0 is a real constant and h : C([0,T],R)→R

is a continuous function. This type of non-local Cauchy problem was introduced by Byszewski
[6,7]. The nonlocal condition can be more useful than the classical initial condition to describe
some physical phenomenons [6,7]. We take an example of non-local conditions as follows:

h(ξ)=
p∑

i=1
ciξ(ti),

where ci , i = 1, . . . , p are constants and 0< t1 < . . .< tp ≤ T .
The aim of the present paper is to prove the existence and uniqueness of a solution for a class

of nonlocal Cauchy problem for nonlinear Caputo fractional relaxation differential equations.
The main tools employed in our results are based on Banach’s and Krasnoselskii’s fixed point
theorems.

2. Preliminaries
In this section, we present some basic definitions, notations, and results of fractional calculus,
which are used throughout this article.
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Let T > 0, and let J = [0,T]. By C(J,R) we denote the Banach space of all continuous
functions from J into R with the norm

∥ξ∥ = sup{ξ(t) : t ∈ J}.

Definition 1 ([12]). The fractional integral of order α> 0 of a function ξ : J →R is given by

Iαξ(t)= 1
Γ(α)

∫ t

0
(t− s)α−1ξ(s)ds,

provided the right side is pointwise defined on J .

Definition 2 ([12]). The Caputo fractional derivative of order α > 0 of function ξ : J → R is
given by

CDαξ(t)= In−αD(n)ξ(t)= 1
Γ(n−α)

∫ t

0
(t− s)n−α−1ξ(n)(s)ds,

where n = [α]+1, provided the right side is pointwise defined on J .

Definition 3 ([2]). The two-parameter function of the Mittag-Leffler type is defined by the series
expansion

Eα,β(z)=
∞∑

n=0

zn

Γ(αn+β)
, α> 0, β ∈C, z ∈C.

For β= 1, we obtain the Mittag-Leffler function in one parameter

Eα(z)=
∞∑

n=0

zn

Γ(αn+1)
, α> 0, z ∈C .

Lemma 1 ([2]). For 0<α≤ 1, the Mittag-Leffler type function Eα,α(−ωtα) satisfies and

0≤ Eα,α(−ωtα)≤ 1
Γ(α)

, t ∈ [0,∞),ω≥ 0,

lim
t→0+ Eα,α(−ωtα)= Eα,α(0)= 1

Γ(α)
.

Lemma 2 ([9]). For t ∈ [0,∞) and 0<α≤ 1, the one-parameter Mittag-Leffler function Eα,1(−tα)
is a decreasing function of t and it is bounded from above by 1, that is,

Eα,1(−ωtα)≤ 1 .

Furthermore, it is to be noted that

lim
t→∞Eα,1(−ωtα)= 0.

Theorem 1 (Banach’s fixed point theorem [20]). Let Ω be a nonempty closed subset of a Banach
space (S,∥ ·∥). Then any contraction mapping θ of Ω into itself has a unique fixed point.

Theorem 2 (Krasnoselskii’s fixed point theorem [20]). Let Ω be a nonempty bounded closed
convex subset of a Banach space (S,∥ ·∥). Suppose that F1 and F2 map Ω into S such that

(i) F1ξ+F2ϑ ∈Ω for all ξ,ϑ ∈Ω,

(ii) F1 is continuous and compact,

(iii) F2 is a contraction.
Then there is ξ ∈Ω with F1ξ+F2ξ= ξ.
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In the following section, we obtain existence and uniqueness results for the problem (1.1) by
using fixed point theorems.

3. Existence and Uniqueness
Definition 4. A function ξ ∈ C1(J,R) is said to be a solution of the problem (1.1) if ξ satisfies
CDα(ξ(t)− g(t,ξ(t)))+ωξ(t)= f (t,ξ(t)), for any t ∈ J and ξ(0)= ξ0 −h(ξ).

For the existence and uniqueness of solutions to the problem (1.1), we need the following lemma.

Lemma 3. Let ξ ∈ C(J,R) and let ξ′ exist. Then ξ is a solution of the problem (1.1) if and only if
it is a solution of the integral equation

ξ(t)= (ξ0 −h(ξ)− g(t,ξ0))Eα,1(−ωtα)+ g(t,ξ(t))

+
∫ t

0
(t− s)α−1Eα,α(−ω(t− s)α)[ f (s,ξ(s))−ωg(s,ξ(s))]ds. (3.1)

Proof. It is easy to prove by the Laplace transform.

Now we introduce the following set of conditions to prove our main results:
(H1) There exists a constant M f ∈R+ such that

| f (t,ξ)− f (t,ϑ)| ≤M f |ξ−ϑ|,
for t ∈ J , ξ,ϑ ∈R.

(H2) There exists a constant Mg ∈ (0,1) such that

|g(t,ξ)− g(t,ϑ)| ≤Mg|ξ−ϑ|,
for t ∈ J , ξ,ϑ ∈R.

(H3) There exists a constant Mh ∈ (0,1) such that

|h(ξ)−h(ϑ)| ≤Mh|ξ−ϑ|,
for each ξ,ϑ ∈ C(J,R).

Theorem 3. Assume that the assumptions (H1)-(H3) are satisfied. If

Mh +Mg + Tα

Γ(α+1)
(M f +Mgω)< 1 (3.2)

then there exists a unique solution to the problem (1.1) on J .

Proof. We define the operator θ : C(J,R)→ C(J,R) by

(θξ)(t)= (ξ0 −h(ξ)− g(t,ξ0))Eα,1(−ωtα)+ g(t,ξ(t))

+
∫ t

0
(t− s)α−1Eα,α(−ω(t− s)α)[ f (s,ξ(s))−ωg(s,ξ(s))]ds.

For any ξ,ϑ ∈ C([0,T],R) and t ∈ J , we have

|(θξ)(t)− (θϑ)(t)| ≤ |h(ξ)−h(ϑ)|+ |g(t,ξ(t))− g(t,ϑ(t))|

+
∫ t

0
(t− s)α−1Eα,α(−ω(t− s)α)| f (s,ξ(s))− f (s,ϑ(s))|ds
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+ω
∫ t

0
(t− s)α−1Eα,α(−ω(t− s)α)|g(s,ξ(s))− g(s,ϑ(s))|ds.

By (H1), (H2) and (H3), we have

|(θξ)(t)− (θϑ)(t)| ≤Mh∥ξ−ϑ∥+Mg∥ξ−ϑ∥+
TαM f

Γ(α+1)
∥ξ−ϑ∥+ TαMgω

Γ(α+1)
∥ξ−ϑ∥

thus

∥θξ−θϑ∥ ≤
(
Mh +Mg + Tα

Γ(α+1)
(M f +Mgω

)
)∥ξ−ϑ∥.

From (3.2), θ is a contraction. As a consequence of Banach’s fixed point theorem, there is a
unique fixed point for θ which is a unique solution for the problem (1.1) on J .

Our next result is based on Krasnoselskii’s fixed point theorem.

Theorem 4. Assume (H2) and (H3) with (Mh +Mg)< 1 and the following hypotheses:
(H4) There exists r1 ∈ C(J,R+) such that

| f (t,ξ)| ≤ r1(t),

for t ∈ J and each ξ ∈R.

(H5) There exists r2 ∈ C(J,R+) such that

|g(t,ξ)| ≤ r2(t),

for t ∈ J and each ξ ∈R.

(H6) There exists r3 > 0 such that

|h(ξ)| ≤ r3,

for t ∈ J and each ξ ∈R.
Then problem (1.1) has at least one solution in Ω.

Proof. Choose

ρ ≥ |ξ0|+ r3 + s+ r∗2 +
Tα

Γ(α+1)
(r∗1 +ωr∗2), (3.3)

where r∗1 = sup
t∈J

r1(t), r∗2 = sup
t∈J

r2(t), and s = sup
t∈J

|g(t,ξ0)|. Consider the non-empty closed convex

subset

Ω= {ξ ∈ C(J,R),∥ξ∥ ≤ ρ},

and define two operators F1 and F2 on Ω, as follows:

(F1ξ)(t)=
∫ t

0
(t− s)α−1Eα,α(−ω(t− s)α)[ f (s,ξ(s))−ωg(s,ξ(s))]ds

and

(F2ξ)(t)= (ξ0 −h(ξ)− g(t,ξ0))Eα,1(−ωtα)+ g(t,ξ(t)).

The proof will be given in several steps.
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Step 1. We prove F1ξ+F2ϑ ∈Ω, for all ξ,ϑ ∈Ω.
For any ξ,ϑ ∈Ω, we have

|(F1ξ)(t)+ (F2ϑ)(t)| =
∣∣∣(ξ0 −h(ξ)− g(t,ξ0))Eα,1(−ωtα)+ g(t,ϑ(t))

+
∫ t

0
(t− s)α−1Eα,α(−ω(t− s)α)[ f (s,ξ(s))−ωg(s,ξ(s))]ds

∣∣∣
≤ |ξ0|+ r3 + s+ r∗2 +

Tα

Γ(α+1)
(r∗1 +ωr∗2).

Thus

∥F1ξ+F2ϑ∥ ≤ |ξ0|+ r3 + s+ r∗2 +
Tα

Γ(α+1)
(r∗1 +ωr∗2)≤ ρ .

Hence, F1ξ+F2ϑ ∈Ω, for all ξ,ϑ ∈Ω.

Step 2. We prove that F1 is compact and continuous.
For all ξ ∈Ω, we have

|(F1ξ)(t)| =
∣∣∣∣∫ t

0
(t− s)α−1Eα,α(−ω(t− s)α)[ f (s,ξ(s))−ωg(s,ξ(s))]ds

∣∣∣∣
≤

∫ t

0
(t− s)α−1Eα,α(−ω(t− s)α)[| f (s,ξ(s))|+ω|g(s,ξ(s))|]ds

≤ Tα

Γ(α+1)
(r∗1 +ωr∗2).

Thus

∥F1ξ∥ ≤ Tα

Γ(α+1)
(r∗1 +ωr∗2).

Hence, F1 is uniformly bounded on Ω.
Now let’s prove that F1(Ω) is equicontinuous. Let x ∈Ω. Then for any 0< t1 < t2 ≤ T , we have

|(F1ξ)(t2)− (F1ξ)(t1)| =
∣∣∣∣∫ t2

0
(t2 − s)α−1Eα,α(−ω(t2 − s)α)[ f (s,ξ(s))−ωg(s,ξ(s))]ds

−
∫ t1

0
(t1 − s)α−1Eα,α(−ω(t1 − s)α)[ f (s,ξ(s))−ωg(s,ξ(s))]ds

∣∣∣∣
≤ 1
Γ(α)

∫ t1

0
((t1 − s)α−1 − (t2 − s)α−1)(| f (s,ξ(s))|+ω|g(s,ξ(s))|)ds

+
∫ t2

t1

(t2 − s)α−1(| f (s,ξ(s))|+ω|g(s,ξ(s))|)ds

≤ (r∗1 +ωr∗2)
Γ(α+1)

(2(t2 − t1)α+ tα1 − tα2 )

≤ 2(r∗1 +ωr∗2)
Γ(α+1)

(t2 − t1)α (3.4)

As t1 → t2, the right-hand side of inequality (3.4) tends to zero and the convergence is
independent of ξ in Ω. So F1(Ω) is equicontinuous. By the Arzela-Ascoli theorem, F1 is compact.
Moreover, the continuity of f and g implies that F1 is continuous.
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Step 3. We prove that F2 :Ω→ C(J,R) is a contraction mapping.
For all ξ,ϑ ∈Ω and t ∈ J , we have

|(F2ξ)(t)− (F2ϑ)(t)| = |h(ξ)−h(ϑ)|+ |g(t,ξ(t))− g(t,ϑ(t))|
≤Mh∥ξ−ϑ∥+Mg∥ξ−ϑ∥ .

Thus

∥F2ξ−F2ϑ∥ ≤ (Mh +Mg)∥ξ−ϑ∥.

Hence, the operator F2 is a contraction.
As a consequence of Krasnoselskii’s fixed point theorem, we deduce that there exists a fixed

point ξ ∈Ω such that ξ=F1ξ+F2ξ, which is a solution of the problem (1.1).

4. Example
We consider the fractional initial value problem

CD
1
2

(
ξ(t)− 1

4
ξ(t)cos(t)

)
+ 1

2
ξ(t)= 1

(exp(t)+4)(|ξ(t)|+1)
, t ∈ J = [0,1],

ξ(0)= 1−
n∑

i=1
ciξ(ti), (4.1)

where 0< t1 < . . .< tn < 1 and ci , i = 1,2, . . . ,n are positive constants with
n∑

i=1
ci ≤ 1

5
,

T = 1, ξ0 = 1−
n∑

i=1
ciξ(ti), α=ω= 1

2 , g(t,ξ)= 1
4ξcos(t), and f (t,ξ)= 1

(exp(t)+4)(|ξ|+1) . For each ξ,ϑ ∈R
and t ∈ J , we have

| f (t,ξ)− f (t,ϑ)| =
∣∣∣∣ 1
(exp(t)+4)(|ξ|+1)

− 1
(exp(t)+4)(|ϑ|+1)

∣∣∣∣
≤ |ξ−ϑ|

(exp(t)+4)(1+|ξ|)(1+|ϑ|)
≤ 1

5
|ξ−ϑ|, (4.2)

|g(t,ξ)− g(t,ϑ)| ≤ 1
4
|ξ−ϑ| (4.3)

and

|h(ξ)−h(ϑ)| ≤
∣∣∣ n∑
i=1

ciξ−
n∑

i=1
ciϑ

∣∣∣≤ n∑
i=1

ci|ξ−ϑ| ≤ 1
5
|ξ−ϑ| . (4.4)

Hence, assumptions (H1), (H2) and (H3) are satisfied with M f = 1
5 , Mh = 1

5 and Mg = 1
4 . The

condition

Mh +Mg + Tα

Γ(α+1)
(
Mgω+M f

)≃ 0.82< 1 (4.5)

is satisfied. It follows from Theorem 3 that problem (4.1) has a unique solution on J .

Communications in Mathematics and Applications, Vol. 14, No. 2, pp. 675–683, 2023



682 On Nonlinear Fractional Relaxation Differential Equations: S. Tate et al.

Acknowledgments
The authors would like to express sincere gratitude to the reviewers for their valuable
suggestions and comments.

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

References
[1] A. Ardjouni and A. Djoudi, Existence and uniqueness of positive solutions for first-order nonlinear

Liouville–Caputo fractional differential equations, São Paulo Journal of Mathematical Sciences
14(1) (2020), 381 – 390, DOI: 10.1007/s40863-019-00147-2.

[2] Z. Bai, S. Zhang, S. Sun and C. Yin, Monotone iterative method for fractional differential
equations, Electronic Journal of Differential Equations 2016(6) (2016), 1 – 8, URL: https:
//ejde.math.txstate.edu/Volumes/2016/06/bai.pdf.

[3] D. Baleanu and A. M. Lopes, Handbook of Fractional Calculus with Applications, Vol. 7,
Applications in Engineering, Life and Social Sciences, Part A, De Gruyter, Boston (2019),
DOI: 10.1515/9783110571905.

[4] D. Baleanu, Z. B. Guvenc and J. A. T. Machado (editors), New Trends in Nanotechnology
and Fractional Calculus Applications, 1st edition, Springer, New York, xi + 531 pages (2010),
DOI: 10.1007/978-90-481-3293-5.

[5] M. Benchohra, S. Bouriah and M. A. Darwish, Nonlinear boundary value problem for implicit
differential equations of fractional order in Banach spaces, Fixed Point Theory 18(2) (2017), 457 –
470, DOI: 10.24193/fpt-ro.2017.2.36.

[6] L. Byszewski, Theorem about existence and uniqueness of continuous solution of nonlocal
problem for nonlinear hyperbolic equation, Applicable Analysis 40(2-3) (1991), 173 – 180,
DOI: 10.1080/00036819108840001.

[7] L. Byszewski, Theorems about the existence and uniqueness of solutions of a semilinear evolution
nonlocal Cauchy problem, Journal of Mathematical Analysis and Applications 162(2) (1991), 494 –
505, DOI: 10.1016/0022-247X(91)90164-U.

[8] A. Chidouh, A. Guezane-Lakoud and R. Bebbouchi, Positive solutions of the fractional relaxation
equation using lower and upper solutions, Vietnam Journal of Mathematics 44 (2016), 739 – 748,
DOI: 10.1007/s10013-016-0192-0.

[9] M. Concezzi and R. Spigler, Some analytical and numerical properties of the Mittag-Leffler
functions, Fractional Calculus and Applied Analysis 18 (2015), 64 – 94, DOI: 10.1515/fca-2015-0006.

[10] D. Dhaigude and B. Rizqan, Existence and uniqueness of solutions of fractional differential
equations with deviating arguments under integral boundary conditions, Kyungpook Mathematical
Journal 59(1) (2019), 191 – 202, DOI: 10.5666/KMJ.2019.59.1.191.

Communications in Mathematics and Applications, Vol. 14, No. 2, pp. 675–683, 2023

http://doi.org/10.1007/s40863-019-00147-2
https://ejde.math.txstate.edu/Volumes/2016/06/bai.pdf
https://ejde.math.txstate.edu/Volumes/2016/06/bai.pdf
http://doi.org/10.1515/9783110571905
http://doi.org/10.1007/978-90-481-3293-5
http://doi.org/10.24193/fpt-ro.2017.2.36
http://doi.org/10.1080/00036819108840001
http://doi.org/10.1016/0022-247X(91)90164-U
http://doi.org/10.1007/s10013-016-0192-0
http://doi.org/10.1515/fca-2015-0006
http://doi.org/10.5666/KMJ.2019.59.1.191


On Nonlinear Fractional Relaxation Differential Equations: S. Tate et al. 683

[11] V. V. Kharat, S. Tate and A. R. Reshimkar, Some existence results on implicit fractional differential
equations, Filomat 35(12) (2021), 4257 – 4265, DOI: 10.2298/FIL2112257K.

[12] A. A. Kilbas, H. M. Srivastava and J. J. Trujilio, Theory and Applications of Fractional Differential
Equations, Vol. 204, North Holland Mathematics Studies book series, x + 540 pages (2006),
URL: https://www.sciencedirect.com/bookseries/north-holland-mathematics-studies/vol/204/suppl/
C.

[13] A. Lachouri, A. Ardjouni and A. Djoudi, Initial value problems for nonlinear Caputo fractional
relaxation differential equations, Khayyam Journal of Mathematics 8(1) (2022), 86 – 94, URL: https:
//www.kjm-math.org/article_144162_400a3b982004f69162765306642fd13f.pdf.

[14] V. Lakshmikantham and A. S. Vatsala, Basic theory of fractional differential equations, Nonlinear
Analysis: Theory, Methods & Applications 69(8) (2008), 2677 – 2682, DOI: 10.1016/j.na.2007.08.042.

[15] S. Peng and J. Wang, Cauchy problem for nonlinear fractional differential equations with positive
constant coefficient, Journal of Applied Mathematics and Computing 51 (2016), 341 – 351,
DOI: 10.1007/s12190-015-0908-4.

[16] L. Petras, Handbook of Fractional Calculus with Applications: Applications in Control, Vol. 6, 1st
Edition, De Gruyter (2019).

[17] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, USA (1999).

[18] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Derivatives: Theory and
Applications, Gondon and Breach Science Publishers, Yverdon (1993).

[19] A. Seemab and M. U. Rehman, Existence and stability analysis by fixed point theorems for a class
of non-linear Caputo fractional differential equations, Dynamic Systems and Applications 27(3)
(2018), 445 – 456, DOI: 10.12732/dsa.v27i3.1.

[20] D. R. Smart, Fixed Point Theorems, Cambridge Tracts in Mathematics, Cambridge University
Press, London – New York (1974).

[21] S. Tate and H. T. Dinde, Boundary value problems for nonlinear implicit fractional differential
equations, Journal Nonlinear Analysis and Application 2019(2) (2019), 29 – 40, URL: https:
//d-nb.info/1202190936/34.

[22] S. Tate and H. T. Dinde, Existence and uniqueness results for nonlinear implicit fractional
differential equations with non local conditions, Palestine Journal of Mathematics 9(1) (2020), 212 –
219, URL: https://pjm.ppu.edu/paper/635.

[23] S. Xinwei and L. Landong, Existence of solution for boundary value problem of nonlinear fractional
differential equation, Applied Mathematics – A Journal of Chinese Universities 22 (2007), 291 –
298, DOI: 10.1007/s11766-007-0306-2.

Communications in Mathematics and Applications, Vol. 14, No. 2, pp. 675–683, 2023

http://doi.org/10.2298/FIL2112257K
https://www.sciencedirect.com/bookseries/north-holland-mathematics-studies/vol/204/suppl/C
https://www.sciencedirect.com/bookseries/north-holland-mathematics-studies/vol/204/suppl/C
https://www.kjm-math.org/article_144162_400a3b982004f69162765306642fd13f.pdf
https://www.kjm-math.org/article_144162_400a3b982004f69162765306642fd13f.pdf
http://doi.org/10.1016/j.na.2007.08.042
http://doi.org/10.1007/s12190-015-0908-4
http://doi.org/10.12732/dsa.v27i3.1
https://d-nb.info/1202190936/34
https://d-nb.info/1202190936/34
https://pjm.ppu.edu/paper/635
http://doi.org/10.1007/s11766-007-0306-2

	Introduction
	Preliminaries
	Existence and Uniqueness
	Example
	References

