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1. Introduction
Let A denote the family of all holomorphic functions of the Maclaurin series expansion form

f(z):z+Zanz”, Vzel (1.1)

n=2
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in the open unit disc U with the normalization property f(0) = f'(0) — 1 = 0. The subfamily of A
denoted by 8, containing all univalent functions of the form (1.1).

A function f € A is said to subordinate to g € A if there exists an analytic function w defined
on A with w(0) =0 and |w(z)| < 1 for all z € U (such functions are called Schwarz functions)
such that f(z) = g(w(2)) for all z € U. In this case, we write f < g. If g is univalent, then f < g if
and only if g(0) = £(0) and f(U) < g(U).

Pommerenke [14] introduced the gth Hankel determinant for the sequence a,,a,+1,an+2-.

Forn,g=1
an an+1 An+2 «vr Qp+ig-1
@n+1  QGn+2 QAnp+3 ... Qn+q
Hym=| " . o | (1.2)
An+qg-1 Qn+q Qntqg+l .-+ An+2¢-2

Ali et al. [2] studied the symmetric Toeplitz determinant T';(n) in 2018, it is given by

an Op+1 ... Qp+ig-1
Qn+1 Gn ... Qpigq
T,n)=| . . . (1.3)
An+q-1 Qn+q --- an

where n,q =1, a1 =1 and a,,a,+1,a,+2--- are the coefficients of analytic function f given
by (1.1).

The pioneering work of Babalola [4], Bansal [5], Zaprawa [17], Orhan and Zaprawa [|13]],
Kowalczyk et al. [9], Kwon et al. [10], on third hankel determinants for certain subclasses of
class 8 motivated Arif et al. [3] to take up a problem of finding fourth Hankel determinant for
bounded turning functions and analytic functions associated with Bernoulli Lemniscate (see [3]
and reference therein).

In [11], Libera and Zlotkiewicz studied early coefficients of the inverse of a regular convex
function as well as coefficient bounds for the inverse of a function with derivatives in P. Inspired
by the works of Libera and Zlotkiewicz [[11]], subsequently several other researchers studied
inverse of certain subclasses of class 8 (see [2]], [6] and [7]]). Venkateswarlu et al. [15] studied the
third Hankel determinant for the inverse of reciprocal of bounded turning functions. Yakaiah
et al. [16], studied fourth Hankel and Toeplitz determinants for a class of analytic univalent
functions subordinated to cosz (see [16]).

Let ¢(z) = cosz. Then it is non-univalent analytic function which maps the unit disc onto the
circular region in the right half plane which is symmetric about the real axis with normalization
conditions ¢(0) =1 and ¢'(0) =0.

Motivated by the above stated work, in the present paper we introduced two new subclasses
ﬁ’cosz and in RT.

Cosz

fE€RT s, and fERT

and we study the Hankel and Toeplitz determinants of order four for

cosz*

Definition 1.1. A function f € A is said to be function of the class f € I/BTCOS 2, if and only if

<cosz, Vzel.

f'(2)

Commaunications in Mathematics and Applications, Vol. 14, No. 2, pp. @ 980, 2023



Fourth Hankel and Toeplitz Determinants for Reciprocal of Bounded Turning Functions. . . : K. Yakaiahetal. 971

*
Cosz

1
gw)=fw)=w+ Y dpw", forlwl<ro(f),ro(=7. (1.4)

n=2

Definition 1.2. A function g is said to be in the class RT if fe ﬁcos » and

2. A Set of Useful Lemmas

Let P be the family of holomorphic functions p in U with the conditions p(0) =1 and %(p(z)) >0
for all z € U and of the form

p(z):1+p12+p222+p3z3+---, 2.1)
are called functions with positive real part.
The following lemmas concerning functions with positive real part of the form (2.1) are
useful in the sequel.
Lemma 2.1 ([14]). If p € P, then
lpnl<2, Vn=1. (2.2)

Lemma 2.2 ([3]). If p € P, then
|7p7 ~Kp1p2+Lpsl <2(J|+|K ~2J|+|J — K +L)). (2.3)
For any real numbers J,K,L.

For J=1,K =2 and L =1, we have |p§—2p1p2 + psl < 2.

Lemma 2.3 ([12]). If p € P, then

|p2 — up?| < 2max{1,|2u - 1]}. (2.4)
For any complex number u. Sharpness holds for p(z) = %fzz and p(z)= %2
Lemma 2.4 ([17]). If p € P, then

|pn—UprPn-1l<2, Vkn=12--- n>k, ucl0,1]. (2.5)

In the case when u=1, we have |p, — prpn-r| <2 holds.

3. Main Results
Let f € ETCOS z. Then by the technique of subordination
1
f'(2)

where w in B is a Schwarz’s function which satisfies w(0) =0 and |w(z)|—1<0. Let p € P be

= cos(w(2)), (3.1)

defined as
p@) =[1-wEI M1+wE@)]=1+p1z+p2z’+pszd+--,
_p(2)-1

p(z)+1°
By simple computations we get

w(z)

= 1+(=2bg)z + (~3b3 +4b3)2% + (—4by + 12b2b3 — 8b3)2>

f'(2)
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+(~bbs +16b2by +9b2 — 36b3b3 + 16b3)z*
+(—6bg — 32b5 — 54bob3 +96b5bs — 48b3by + 24b3b g +20b2b5)2°
+(=Tb7+24bybe +64b5 +216b3b2 — 240b5b3 + 128b5b, — 144b2b3by

—60b3b5 —27b3 +30b3b5 +16b62)2% + -, (3.2)
1 1 1
cos(w(z)):1+(0)z+(——p%)z2+(——p1p2+ p?l’)
8 4 8
1(1 1. 8, 35 )4
9 2PlpS 4p2 4171172 192P1
(L3, 3 2+11535 1 )5
4P1p4 8P1p3 8P1p2 192 96P1p2 4P2p32
(_ 1501 ¢ 35 5 5 1 , 55
1608071 6aP1P2 " gPs + ggP1P2
3 35 1 3., 1 1 3 6
+— += -— += + 3.3
1 P1P2P3 = 96171193 2P1Ps 8p1p4 L P2ps 81322 (3.3)
From relations (3.1), (3.2) and (3.3)), we get
by =0, 3.4)
2
Py
bs=—, 3.5
37 54 (3.5)
3
_Pip2 P
by= 16 39 (3.6)
1 (41 ps 3
bs=—(—pi+ +=2-=p? ) 3.7
5 20(96171 p1p3+ 5 ~5P1P2|; 3.7
1(41 17 1 1 3 3
b 3 + + 2ps—=p1p2|, 3.8
6= 6(96p1p2 192p1 g P1P4t  P2P3~ oPIP3~ gP1Py (3.8)
1(3361 6,41 5 5 41 5 61 1, 3 L1
7= 7 4608 64p1p2 96p1p3 192p1p2 8p 4p1p2p3 4plp5
3., 1 1 3)
—2p2pa+paps—=pil. 3.9
gP1Pat 1 P2P4~ Py (3.9

We now obtain the initial coefficient bounds for f € }/37’005 » in the next theorem.

Theorem 3.1. Let f € RTcos,. Then |ba| =0, b3l <3, [bsl <1, |65 < 505, |bgl < 2 and [by| < %5

< 540
Proof. By using Lemmas and [2.4]to the relations (3.4) to (3.9), we acquire

b2l =0, (3.10)
pal®

byl =L

b3 o1

b3l = . (3.11)

3l = 6’ .

be = P, p_%

16 2|
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1
|b4lsz, (8.12)
b= 21l 41p3 — 144p 1 ps +96p3| | b2l
517 790 96 40
79
bs|l< — 3.13
|65 240" ( )
1[1p1l?|,, 3 Ip1l o |pal P1P2 ]
bgl==| —|[17p3 — 82 +72p3| + =——|ps—p2|+ —|p3 —
|66l 6[192 pPi pP1P2 P3 1 |p4—psl 1 |P3 9 ,
5
Ibelsg, (3.14)
61 3361 3 41 |pal 1
brl= ——Ip1l*|pe— ——p2|+ — -— +—=|ps—=p?
|b7] 1344Ipll p2 14640p1 28I101||102| ps3 48plpz o8 P4—5P3
3 15 5 Ipsl®  Ip1lipsl
+ — - +— + +
56|101| |p4a—p1psl 2016Ipll |p3l 56 98
45
brl< —. 3.15
|b7] 11 (3.15)

Theorem 3.2. If f Eﬁ’cosz, then
1
by —ub3l <=,
b3 — ubs| 6
where u is any complex number. The function f1(z) =z + %23 + 3—1625 +...€ RT cos5 is an extremal
function for this inequality.

Proof. Let f € RTcos». Then from the relations (3.4) and (3.5) and using the fact [p1| < 2, we
have

|b3—yb§|:|b3|:|l;fsé. O
Theorem 3.3. If f € RT cos, then |H3(1)| <0.1219.
Proof. By making use of the relations to we acquire
\H3(1)| < |baba— b3lbs| +|ba— bsballbal +|bs — b3||bs5 (3.16)
< |bsl|b3] + |b4llbal + 5]1b3|
<0.1219. (3.17)
0

We now obtain an upper bounds of |H4(1)|, |T4(1)| and |T'4(2)| for the function f in I/%Tcos 2
and RT.

cosz*

Theorem 3.4.If f(z)=z+ Y. bp2" € RT o5, then |H4(1)| <0.7148.

n=2
Proof. Khan et al. [|8] have given the expansion of the fourth Hankel determinant as below:
|H4 ()| < |b7]|H3(1)] +2|b4l1bgllbaby — b3| +21b5|1bg|1b2b3 — byl + 1bel?|b3 — b2
+1b5%1b2bg — b2 + b5 2 1boby + 23] + b5 > + |bal* +3|b3]1b4I%|b5]. (3.18)
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By making use of the relations (3.10) to (3.17) we acquire

|[H4(1)] <0.7148. (3.19)
Theorem 3.5. If f € RT cos2, then
1
b3 —bsl < 5 (3.20)
247
b2-b 3.21
| 5| < 720’ ( )
687
b2 —bql< —. 3.22
| 4 7| 168 ( )
Proof. Let f €§TCOSZ. Then choosing =1 in Theoremwe get Ibg —bs|=|bs| = %. Consider
4 2
p; 1 (41 4 P2 3 9 )
b2 — by =L - —[—pt+ P2 _°
163 — b5l 576 20|ggP1 TPIP3 T 5 ~5PIP2
|p1l Ipzlz]
<— 113 432 +28 + — 3.23
20 288| P} —432p1ps 8psl 5 (3.23)
By making use of Lemmas 2.1 and [2.2] to the relation (3.23) we get the relation (3.21). Consider
pip2  Pi 1(3361 6, 41 oo 41 61 , 1, 3
b2 —bq| = e i _2
16% - o7l ( 16 32) 7\ 160871 * 64 P 1P+ ggP1Pa ™ TggP1P2 ¥ gP3 ™ {P1P2P3
L1 8, 1 1 3)
4P1p5 8p1p4 4p2p4 8p2
<1 @| | __1523 2 | sl _ﬁ +@ _1 2
7768 P11 [P2 ™ 5eo0? pillp2lips = 750 P1P2 1 |P47 5Pz
L Ipsl Ip1l 1 3
41p7+12 +12p3| + 2 |ps— = + = . 3.24
96 P} Dp1P2 D3 1 P35~ gP2Ps 8Ipll |p4l (3.24)
By making use of Lemmas and to the relation (3.24) we get the relation
(13.22). L]

Remark 3.1. Zalcman conjectured that the coefficients of f € S of the form satisfy the
inequality
Ia,zl —aon-1l<(n- 1)2, for n = 2.
From the previous theorem we can conclude that Zalcman conjecture is true for n = 2,3,4 when
f € RT cos5.
Theorem 3.6. If f(2) =z + °z°2 bp2z" € RT oz, then
n=

725
T4(D| =< 3.25
IT4(1)] = 618" (3.25)

Proof. Let f(z)=z+ OZO b,z" € RT cs. Then by making use of inequalities as in Theorem
=2
we get "
IT4(D)] = (1-b3)* = (bzbz — ba)* + (b3 — baba)? — (b — bab3)” +2(b5 — b3)(bs — baby)|
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<1+]bygl?+ b3t +2|bs|2

725
<22 (3.26)
648
O
Theorem 3.7. If f(z) =z + Z b,z" ERTcosz, then
o
709
T4(2)| € ——. 3.27
|T4(2)] 57600 ( )
) —
Proof. Let f(z)=z+ Y b,z2" € RT .. Since |bs| =0, we get
n=2
IT4(2)] = (b3 — b3)” — (b3bs — babs)* +(b] — b3bs)” — (bobs — b3bs)?
+2(b% — baby)(baby —b3bs)|
< |b3|* + 1632 [bal* + 105 — b3bs|” + b3 bal® + 2131 (b5 (3.28)
Consider
2
pl 11( ) p( 12) 11( 24 )]
b —bsb .
305 = 39 [ 120 P4—DPy 40 pb2— 9p1 120 Pa— 33p1p3
By an application of modulus on either side of above relation and execution of Lemmas to
2.4 we get
b2 — b3bs| < 17 (3.29)
3701 = 940" '
Making use of bounds as in the inequality (3.29) along with inequalities as in Theorem in
(3.28), we get the required result. O

4. Fourth Hankel and Toeplitz Determinants for Inverse of Certain
Analytic Functions Related to cos z

Let g € RT.,,,,. Then there exists f € RT s such that w = f(gw)) = f(f~'(w)). On substituing
the expansion of g and f as in (I.4) and (I.1), respectively in w = f(gw)) = f(f “"(w)) and using
the coefficient values of b;’s from Equations (3.4)-(3.9), we get

d2=0, 4.1)
2
Py
d3=-54 4.2
3T oy’ (4.2)
3
bip2 Pq
d4=- T 397 4.3
716 32 (4.3)
1( 31 p5 3
%5=56 P 5 T3P 4.4
5 20( 96 TPip3T 5 t5P1P2|- (4.4)
1{ 61 13 1 1 3 3
d6=5 1 Y= P1Pa=7P2D3+ SPIPs 3 2) 45
: 6( ToaP1P2 ¥ 5ggP1™ gP1P4~ 4 P2P3 ¥ gP1P3 TGPP3, (4.5)
P _1( 13, 227 , , 49 19 1,3 18, 1 1, )
"= 7\3079P 1 280P P2~ 480P1P3 120171192 8p3 7 P1P2P3 = P1P5 8P1p4 1 P2PatgPy
(4.6)
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Theorem 4.1. If g(w) =w+ ) d,w" eﬁ’zosz, then |dg| =0, |ds| <

n=2
497
and |d7| < 510"

Proof. By using Lemmas|2.1] [2.2] [2.3] and [2.4] to the relations (4.1) to (4.6), we acquire
ldg| = (4.7)

|pl|2
d :
|d3| = o4

1

= 6’ |d4| = 4’ |d5| = 240’ |d6|

|p1| p3
py— 1

16 2
1

ld4l =

b

|p1]131p3 —144p1ps + 96ps| . Ipal?
20 26 40

89
d 4.10
lds| = 5= 240 (4.10)
5

17 |2

idgl = = | 2L |18p3 - 122p1 ps + 144p3

del <2, 411
|dgl 6 ( )
P2

384
+ =
p1ip2 28

lds| =

|p1l |p2l

1P2
+ Ll 1py—p3l+ L5 |pg - B0

2

1

d7| = 19| 4 8| lIpal 221 2
7 D1 28171 p2l|P3 360 P4 2p2

ga0 P P27

65
243271

49 Ipsl®  Ip1lipsl
+— -— +
Ip11%p4 18010110 3l + 56 28

dil= —. 4.12
ld7| 210" (4.12)

Theorem 4.2. If g € RT.. ., is of the form (L.4), then

Cosz
1

ds—ud? <=,

lds — uds| 6

where p is any complex number. The function g1(w) =w - %w?’ - iw‘r’ +...€ I/ET:OSZ is an extremal
function for this inequality.

Proof. Since g € RTCOS ,» then from relations (4.1) and (4.2), consider
1
Ids—ud§|=ldslsg. O

Theorem 4.3. If g eRT. then |H3(1)| <0.1289.

cosz’

Proof. By making use of the relations (4.7) to (4 we acquire
\H3(1)| < |dad s — d3llds| +|ds — dsdalldsl +1d3 - d3]ds|
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< |d3lld3] +|d4lldsl +|d5lId3]

<0.1289. (4.13)
O
Theorem 4.4. If g(w)=w + Z d,w" e RTCOSZ, then
n=
|[H4(1)] < 0.5981. (4.14)

Proof. Khan et al. [[8] have given the expansion of the fourth Hankel determinant as below:

|H4(1)| < |d7I|H3(1)| +2|d4lIdgl|dad s — d3] +2|d5ldslld2ds — dy| + d6|*|d3 — d3|

+1d51%|dady — d2] +|d5 1 |dady + 2d5] +|dsl? + |dal* +3Id3lId4l?|d5l. (4.15)

By making use of the relations (4.7) to (4.13) we acquire
|[H4(1)] < 0.5981. (4.16)
L]

Theorem 4.5. If g € ETZOS . of the form (1.4), then

1

|d§—d3|S—, (4.17)
257

|d2 - ds| < 750 (4.18)
1209

|d2 —dq| < 510 (4.19)

Proof. Since g € ﬁ’:os »» then from relations (4.1) and (4.2), consider
1
d5 —dl=Ids| < 2.

Consider
2
Py 1( 31 4 Py 3 9 )
—dsl= |k - =gt pips -2+ 2
|d3 —ds| = ’576 50| “9gP1 T P1P3T 5 T oP1P2
|p1l |p2|2]
<— 103 432 +288ps| + 4.20
20 288| p3—432p1p2 p3l (4.20)
By making use of Lemmas [2.1|and [2.2] to the relation (4.20) we get the relation (4.18).
Consider
2
P pips 1( 18 o 221 5 5 49 19 1,
d2-d ==
s —dal = ‘(32 16 ) 7\5072P1 ™ 2807 1P2 ~ 280P1P3 + 130P1P2 " gPs
L3 18, 1 1 3)
2 P1P2P3 = 1 P1P5+ gP1P4~ 1 P2P4~+ D)
<1 713| | 10 3| l1ps] 1921 |p2| 1,
7 | 3820 P! |P2 ~ 7z P1| + 4 IP1lP2liPs 28801?1172 1 P4 3P2
|p3| |p1l 1 9
49p7 + 60 +60pg|+ — - = . 4.21
* 480 P} +60p1ps+60p3 1 P35 gP2ps|t |p1| |p4l (4.21)

By making use of Lemmas and[2.4]to the relation (4.21) we get the relation (4.19). O
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Remark 4.1. One can conclude from Theorem 4.5/ that Zalcman conjecture is true for n = 2,3,4
when g€ RT .

Ccosz*
*
cosz?

) —
Theorem 4.6. If g(z)=z+ Y d,z"€RT then
n=2

725
T4 < —. 4.22
Tl = =2 (4.22)

oo —— %
Proof. Let g(z)=2z+ } d,2"€RT,y,. Since |d2| =0,
n=2

IT4(D] < 1+|d4l? +|d3|* +2|d3 /%, (4.23)
The required inequality follows by using bounds obtained in Theorem in the relation
(4.23). O

S %
Theorem 4.7. If g(z)=z+ ) d,2"€RT,,, then
n=2
6581
T4(2)| < . 4.24
|T4(2)] 518400 ( )
oo —%
Proof. Let g(z)=z+ Y} d,2"€RT,,. Since |d2| =0, we get
n=2

IT4(2)] < |ds|* + |ds[?|dal® +1d} - dads|” + |d3I?|d4l® +2|d3I°|d5|. (4.25)

Consider
2 2
o R S e e A |
d?-dsds=—=| - —|ps-— - —=|p2——=pi|+—|pPs1—— .
474505 32[ 120\P4 7 P2) " 4o |P2 7 18P1) T 120\ P4 T 55 P13

By an application of modulus on either side of above relation and execution of Lemmas to
2.4 we get

|d3 — dsds| < 17 (4.26)

4 - 240 :

Substitute the bounds obtained in Theorem 4.1 and relation (4.26) in (4.25) we get the required
result. N
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