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Abstract. In this article, we consider difference polynomials with difference operators, weakly
weighted sharing, and relaxed weighted sharing, we investigate the uniqueness problem of
difference polynomials. We use Φ = (Q( f (z))L(∆c f ))(k) and Ψ = (Q(g(z))L(∆c g))(k). Accordingly, we
have proved three uniqueness results, which extends and improves the results due to G. Haldar
(Uniqueness of entire functions concerning differential-difference polynomials sharing small functions,
arXiv:2103.09889v1 [math.CV], (2021)).

Keywords. Uniqueness, Weakly weighted sharing, Relaxed weighted sharing, Entire functions, Small
function and difference polynomial with difference operator

Mathematics Subject Classification (2020). Primary 30D35

Copyright © 2023 C. N. Chaithra, S. H. Naveenkumar and S. Rajeshwari. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction, Definitions and Main Results
For this article, we deal with the uniqueness of difference polynomials of meromorphic functions
sharing small function with finite order. Let f and g be a two non-constant meromorphic
functions defined in the open complex plane C. If for some a ∈ C∪ {∞}, the zero of f −a and
g−a have the same locations as well as same multiplicities, we say that f and g share the
value a CM (Counting Multiplicities). If we do not consider the multiplicities, then f and g are
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said to share the value a IM (Ignoring Multiplicities). We adopt the standard notations of the
Nevanlinna theory of meromorphic functions (see Hayman [6], Yang and Yi [18], and Lahiri [11]).
For a non-constant meromorphic function f , we denote by T(r, f ) the characteristic function f
and by S(r, f ) any quantity satisfying S(r, f )= o{T(r, f )} as r →∞ outside of an exceptional set
of finite measure. We say that α(z) is a small function of f , if α(z) is a meromorphic function
satisfying T(r,α(z))= S(r, f ).

We denote by Ek)(a, f ) the set of all a-points of f with multiplicities not exceeding k, where
a-point is counted according to its multiplicity. Also, we denote by Ek)(a, f ) the set of distinct
a-points of f with multiplicities not exceeding k. We define shift and difference operators of
f (z) by f (z+η) and ∆η f (z)= f (z+η)− f (z), respectively.

The q-th order difference operator ∆q
η f (z) is defined by ∆q

η f (z) = ∆q−1
η (∆η f (z)), where

q(≥ 2) ∈ N and η ∈ C{0}, while the difference polynomial of difference operator is given by

L(∆η f )=
q∑

i=1
ai∆

i
η f , where ai (i = 1,2, . . . , q) are non-zero constants.

We can also deduce that,

∆
q
η f =

q∑
i=1

(
i
q

)
f (z+ (q− i)η). (1.1)

Let Q(z)= anzn+anzn+. . .+a0 be a non-zero polynomial where an (̸= 0),an−1, . . . ,a0 are complex
constants. We denote Θ1 = τ1 +τ2 and Θ2 = τ1 +2τ2, respectively, where τ1 is the number of
simple zeros of Q(z) and τ2 is the number of multiple zeros of Q(z). In addition, we need some
following definitions:

Definition 1.1 ([9]). Let p be a positive integer and a ∈C∪ {∞}.
(i) N(r,a; f | ≥ p)(N̄(r,a; f | ≥ p)) denotes the counting function (reduced counting function) of

those a-points of f whose multiplicities are not less than p.

(ii) N(r,a; f | ≤ p)(N̄(r,a; f | ≤ p)) denotes the counting function (reduced counting function) of
those a-points of f whose multiplicities are not greater than p.

Definition 1.2 ([13]). Let a ∈C∪ {∞} and k be a positive integer or infinity. If

N̄(r,a; f | ≤ k)− N̄E
k)(r,a; f , g)= S(r, f ),

N̄(r,a; g| ≤ k)− N̄E
k)(r,a; f , g)= S(r, g),

N̄(r,a; f | ≥ k+1)− N̄(k+1)
0 (r,a; f , g)= S(r, f ),

N̄(r,a; g| ≥ k+1)− N̄(k+1)
0 (r,a; f , g)= S(r, g),

or if k = 0 and,

N̄(r,a; f )− N̄0(r,a; f , g)= S(r, f ),

N̄(r,a; g)− N̄0(r,a; f , g)= S(r, g),

then we say that f and g share the value a weakly with weight k and we write f and g share
“(a,k)”.

Definition 1.3 ([1]). Let a ∈C∪ {∞} and k be a positive integer or infinity. Suppose that f and
g share the value a “IM”. If for p ̸= q,
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∑
p,q≤k

N(r,a; f | = p; g| = q)= S(r).

Then, we say that f and g share the value a with weight k in a relaxed manner and we write f
and g share (a,k)∗.

Let P(z)= amzm +am−1zm−1 + . . .+a0 be a non-zero polynomial of degree m, where am( ̸= 0),
am−1, . . . ,a0( ̸= 0) are complex constants and m is a positive integer.

Definition 1.4 ([12]). Let a,b ∈C∪ {∞}. We denote by N(r,a; f |g = b) the counting function of
those a-points of f , counted according to multiplicity, which are not the b-points of g.

Definition 1.5 ([12]). Let a,b ∈C∪ {∞}. We denote by N(r,a; f |g ̸= b) the counting function of
those a-points of f , counted according to multiplicity, which are not the b-points of g.

We define shift and difference operators of f (z) by f (z + c) and ∆c f (z) = f (z + c)− f (z),
respectively. Note that ∆n

c f (z)=∆n−1
c (∆c f (z)), where c is a non-zero complex number and n ≥ 2

is a positive integer.

Definition 1.6 ([10,11]). Let k be a non-negative integer or infinity. For a ∈C∪ {∞}, we denote
by Ek(a; f ) the set of all a-points of f , where an a-point of multiplicity m is counted m times if
m ≤ k and k+1 times if m > k. If Ek(a; f ) = Ek(a; g), we say that f , g share the value a with
weight k.

Clearly, if f , g share (a,k) then f , g share (a, p) for any integer p, 0≤ p ≤ k. Also, we note
that f , g share a value a Im or CM if and only if f , g share (a,0) or (a,∞), respectively.

In 1959, Hayman [7] proved following result.

Theorem A ([7]). Let f be a transcendental entire function and let n(≥ 1) be an integer. Then
f n f ′ = 1 has infinitely many solutions.

In 2022, Haldar [5] proved the following result:

Theorem B ([5]). Let f and g be two-transcendental entire functions of finite order, P ̸≡ 0
be a polynomial. Let c be a non-zero complex constant, and n be a positive integer such that
2deg(P)< n+1. Let l be a non-negative integer such that f (z)nLc( f )−P(z) and g(z)nLc(g)−P(z)
share (0, l) and g(z), g(z+c) share 0 CM. If n ≥ 4 and f (z)nLc( f )/P(z) is a Mobius transformation
of g(z)nLc(g)/P(z), or one of the following conditions holds:

(i) l ≥ 2 and n ≥ 5;

(ii) l ≥ 1 and n ≥ 6;

(iii) l = 0 and n ≥ 11, then one of the following conclusions can be realized:

(a) f = tg, where t is a constant satisfying tn+1 = 1;
(b) when c0 = 0, f = eU and g = te−U , where P(z) reduces to a non-zero constant d, t is a

constant such that tn+1 = d2 and U is a non-constant polynomial;
(c) when c0 ̸= 0, f = c1eaz, g = c2e−az, where a, c1, c2 and d are non-zero constants

satisfying (c1c2)n+1(eac + c0)(e−ac + c0)= d2.
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Theorem C ([4]). Let f (z) and g(z) be two-transcendental entire functions of finite order α(z) (̸≡
0,∞) be a small function with respect to both f (z) and g(z). Suppose c be a non-zero complex
constant n, k(≥ 0), m(≥ k+1) are integers such that n ≥ 2k+m+6. If ( f (z)nP( f (z))Lc( f ))(k) and
(g(z)nP(g(z))Lc(g))(k) share “(α(z),2)”, then one of the following two conclusions can be realized.

(a) f (z)≡ tg(z), where t is a constant such that td = 1, d = gcd(λ0,λ1, . . . ,λm), where λ j ’s are

defined by λ j =
{

n+1+ j, if a j ̸= 0,
n+1+m, if a j = 0,

where j = 0,1, . . . ,m.

(b) f and g satisfy the algebraic equation R(ω1,ω2) = 0, where R(ω1,ω2) is given by
R(ω1,ω2)=ωn

1 P(ω1)Lc(ω1)−ωn
2 P(ω2)Lc(ω2).

Theorem D ([4]). Let f (z) and g(z) be two-transcendental entire functions of finite order α(z)
(̸≡ 0,∞) be a small function with respect to both f (z) and g(z). Suppose c be a non-zero complex
constant, n, k(≥ 0), m(≥ k+1) are integers such that n ≥ 3k+2m+8. If ( f (z)nP( f (z))Lc( f ))(k)

and (g(z)nP(g(z))Lc(g))(k) share (α(z),2)∗, then the conclusions of Theorem C holds.

Theorem E ([4]). Let f (z) and g(z) be two-transcendental entire functions of finite order
α(z)(̸≡ 0,∞) be a small function with respect to both f (z) and g(z). Suppose c be a non-
zero complex constant, n, k(≥ 0), m(≥ k + 1) are integers such that n ≥ 9 + (7k + 5m)/2.
If E2)(α(z)( f (z)nP( f (z))Lc( f ))(k)) = E2)(α(z), (g(z)nP(g(z))Lc(g))(k)), then the conclusions of
Theorem C holds.

Question 1.1. What can be said about the uniqueness of f and g if we consider the difference
polynomial with difference operator of the form Q( f )L(∆c f ) and Q(g)L(∆c g) in Theorems C
and D?

In this article, we paid our attention to above question and proved the following three results
that improve and extend Theorems C and D, respectively. Indeed, the following theorems are
the main results of the paper.

Theorem 1.1. Let f (z) and g(z) be two-transcendental entire functions of finite order α(z)(̸≡ 0,∞)
be a small function with respect to both f (z) and g(z). Suppose η be a non-zero complex constant,
n, k(≥ 0), m(≥ k+ 1) are integers such that n ≥ q+Θ1 + kτ2 + 1. If (Q( f (z))L(∆η( f )))(k) and
(Q(g(z))L(∆η(g))(k) share “(α(z),2)”, then one of the following two conclusions can be realized.

(a) f (z)≡ hg(z), where h is a constant such that hd = 1,

d = gcd(m+1, . . . ,m+1− i, . . . ,1), am−i ̸= 0

for i = 0,1, . . . ,m.

(b) f and g satisfy the algebraic equation R(ω1,ω2) = 0, where R(ω1,ω2) is given by
R(ω1,ω2)=Q(ω1)L(∆η(ω1))−Q(ω2)L(∆η(ω2)).

Theorem 1.2. Let f (z) and g(z) be two-transcendental entire functions of finite order α(z) ( ̸≡ 0,∞)
be a small function with respect to both f (z) and g(z). Suppose η be a non-zero complex constant,
n, k(≥ 0), m(≥ k+1) are integers such that n ≥ q+Θ1 +Θ2 +2kτ2+1. If (Q( f (z))L(∆η( f )))(k) and
(Q(g(z))L(∆η(g)))(k) share (α(z),2)∗, then the conclusions of Theorem 1.1 holds.
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Theorem 1.3. Let f (z) and g(z) be two-transcendental entire functions of finite order α(z)
(̸≡ 0,∞) be a small function with respect to both f (z) and g(z). Suppose η be a non-zero
complex constant, n, k(≥ 0), m(≥ k+1) are integers such that n ≥ q+1+ (5Θ1 + (5k+1)τ2)/2. If
E2)(α(z)(Q( f (z))L(∆η( f )))(k))= E2)(α(z), (Q(g(z))L(∆η(g)))(k)), then the conclusions of Theorem 1.1
holds.

Corollary 1.1. Let f (z) and g(z) be two-transcendental entire functions of finite order α(z)(̸≡
0,∞) be a small function with respect to both f (z) and g(z). Suppose η be a non-zero complex
constant, n, k(≥ 0), m(≥ k+1) are integers such that n ≥ q+Θ1 +kτ2 +1. If (Q( f (z))L(Lc( f )))(k)

and (Q(g(z))L(Lc(g)))(k) share “(α(z),2)”, then the conclusions of Theorem 1.1 holds.

Corollary 1.2. Let f (z) and g(z) be two-transcendental entire functions of finite order
α(z)(̸≡ 0,∞) be a small function with respect to both f (z) and g(z). Suppose η be a non-zero
complex constant, n,k(≥ 0), m(≥ k + 1) are integers such that n ≥ q +Θ1 +Θ2 + 2kτ2 + 1. If
(Q( f (z))L(Lη( f )))(k) and (Q(g(z))L(Lη(g)))(k) share (α(z),2)∗, then the conclusions of Theorem 1.1
holds.

Corollary 1.3. Let f (z) and g(z) be two-transcendental entire functions of finite order
α(z)(̸≡ 0,∞) be a small function with respect to both f (z) and g(z). Suppose η be a non-
zero complex constant, n,k(≥ 0), m(≥ k + 1) are integers such that n ≥ q + 1+ (5Θ1 + (5k +
1)τ2)/2. If E2)(α(z)(Q( f (z))L(Lη( f )))(k))= E2)(α(z), (Q(g(z))L(Lη(g)))(k)), then the conclusions of
Theorem 1.1 holds.

2. Some Lemmas
In this section, we present some lemmas which will be needed in the proof of our results.
Henceforth, we denote by H the function defined by

H =
(

F ′′

F ′ −
2F ′

F −1

)
−

(
G′′

G′ −
2G′

G−1

)
.

Lemma 2.1 ([21]). Let f (z) be a non-constant meromorphic function and Q( f ) = an f n +
an−1 f n−1 + . . .+a0, where a0(̸= 0),an−1, . . . ,a0 are complex constant. Then

T(r,Q( f ))= nT(r, f )+S(r, f ).

Lemma 2.2 ([2]). Let f (z) be a non-constant meromorphic function of finite order and let η be a
non-zero complex constant. Then

m
(
r,

f (z+η)
f (z)

)
+m

(
r,

f (z)
f (z+η)

)
=O(rρ−1+ϵ).

Lemma 2.3 ([16]). Let f (z) be a non-constant meromorphic function of finite order and let η be a
non-zero complex constant. Then

T(r,L(∆η( f )))= qT(r, f )+S(r, f ).
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Lemma 2.4 ([3]). If N(r,0; f (k)| f ̸= 0) denotes the counting function of those zeros of f (k) which
are not the zeros of f , where a zero of f (k) is counted according to its multiplicity then

N(r,0; f (k)| f ̸= 0)≤ kN̄(r,∞; f )+N(r,0; f | < k)+kN̄(r,0; f | ≥ k)+S(r, f ).

Lemma 2.5. Let Φ = Q( f (z))L(∆η f ) where f (z) is an entire function of finite order and
f (z), f (z+η) share 0 CM. Then

T(r,Φ)= (n+ q+1)T(r, f )+S(r, f ).

Proof. Keeping in view of Lemmas 2.2 and 2.3, we have

T(r, f n+1)= T(r,Q( f )L(∆η f ))

≤ T(r,Φ)+T
(
r,

L(∆η f )
f (z)

)
+S(r, f )

≤ T(r,Φ)+T
(
r,

f (z)
L(∆η f )

)
+S(r, f )

≤ T(r,Φ)+N
(
r,∞;

f (z)
L(∆η f )

)
+m

(
r,∞;

f (z)
L(∆η f )

)
+S(r, f )

≤ T(r,Φ)+ qT(r, f )+S(r, f ),

i.e.,

T(r,Φ)≤ (n+ q+1)T(r, f )+S(r, f ).

Lemma 2.6 ([19]). Let f (z) and g(z) be two non-constant meromorphic functions. Then

N
(
r,∞;

f
g

)
−N

(
r,∞;

g
f

)
= N(r,∞; f )+N(r,0; g)−N(r,∞; g)+N(r,0; f ).

Lemma 2.7. Let f (z) be a transcendental entire function of finite order, η ∈ C− {0} be finite
complex constant and n ∈N. Let Φ(z)=Q( f (z))L(∆η( f )), where L(∆η f ) ̸≡ 0. Then

(n+ q+1)T(r, f )≤ T(r,Φ)−N(r,0;∆η( f ))+S(r, f ).

Proof. Using Lemmas 2.2, 2.6 and the First Fundamental Theorem of Nevanlinna (Yang and Yi
[18]), we obtain

m(r,Q( f ))= m
(
r,

Q( f )Φ
L(∆η f )

)
≤ m(r,Φ)+m

(
r,

Q( f )
L(∆η f )

)
+S(r, f )

≤ m(r,Φ)+m
(
r,

Q( f )
L(∆η f )

)
−N

(
r,∞;

Q( f )
L(∆η f )

)
+S(r, f )

≤ m(r,Φ)+m
(
r,

L(∆η f )
Q( f )

)
−N

(
r,∞;

Q( f )
L(∆η f )

)
+S(r, f )

≤ m(r,F)+N
(
r,∞;

L(∆η f )
Q( f )

)
+m

(
r,

L(∆η f )
Q( f )

)
−N

(
r,∞;

Q( f )
L(∆η f )

)
+S(r, f )

≤ m(r,Φ)+N(r,0; f )−N(r,0;L(∆η f ))+S(r, f )
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i.e.,

m(r,Q( f ))≤ T(r,Φ)+T(r, f )−N(r,0;L(∆η f ))+S(r, f ).

By Lemma 2.3, we obtain

qT(r, f )= m(r,Q( f ))≤ T(r,Φ)+T(r, f )−N(r,0;∆η f )+S(r, f ),

i.e.,

(n+ q+1)T(r, f )= T(r,Φ)−N(r,0;∆η f )+S(r, f ).

Lemma 2.8 ([1]). Let F and G be two non-constant meromorphic functions that share (1,2)∗.
Then

N̄L(r,1;F)+ N̄F≥3(r,1;G| = 1)

≤ N̄(r,0;F)+ N̄(r,∞;F)−
∞∑

p=3
N̄

(
r,0;

F ′

F

∣∣∣≥ p
)
− N̄2(r,0;F ′)+S(r),

where by N̄2(r,0;F ′) is the counting function of those zeros of F ′ which are not the zeros of
F(F −1), where each simple zero is counted once and all other zeros are counted two times.

Lemma 2.9 ([4]). Let F and G be two non-constant meromorphic functions such that E2)(1,F)=
E2)(1,G) and H ̸≡ 0. Then

N(r,∞;H)≤ N̄(r,0;F| ≥ 2)+ N̄(r,0;G| ≥ 2)+ N̄L(r,1;F)+ N̄L(r,1;G)+ N̄(r,∞;F| ≥ 2)

+ N̄(r,∞;G| ≥ 2)+ N̄F≥3(r,∞;F|G ̸= 1)+ N̄G≥3(r,∞;G|F ̸= 1)+ N̄0(r,0;F ′)

+ N̄0(r,0;G′)+S(r,F)+S(r,G).

Lemma 2.10 ([1]). If f , g be share “(1,1)” and H ̸≡ 0, then

N(r,1; f | ≤ 1)≤ N(r,0;H)+S(r, f )≤ N(r,∞;H)+S(r, f )+S(r, g).

Lemma 2.11 ([1]). If f , g be two non-constant meromorphic functions such that E2)(1, f ) =
E2)(1, g) and H ̸≡ 0. Then

N(r,1; f | ≤ 1)≤ N(r,0;H)≤ N(r,∞;H)+S(r, f )+S(r, g).

Lemma 2.12 ([1]). If f , g be share (1,1)∗ and H ̸≡ 0, then

NE(r,1; f , g| ≤ 1)≤ N(r,0;H)≤ N(r,∞;H)+S(r, f )+S(r, g).

Lemma 2.13 ([1]). If f , g be share (1,1)∗ and H ̸≡ 0, then

N(r,∞;H)≤ N̄(r,0; f | ≥ 2)+ N̄(r,0; g| ≥ 2)+ N̄(r,∞; f | ≥ 2)+ N̄∗(r,1; f , g)

+ N̄(r,∞; g| ≥ 2)+ N̄0(r,0; f ′)+ N̄0(r,0; g′)+S(r, f )+S(r, g),

where N̄0(r,0; f ′) is the reduced counting function of those zeros of f ′ which are not the zeros of
f ( f −1) and N̄0(r,0; g′) is similarly defined.

Lemma 2.14 ([1]). Let E2)(1, f )= E2)(1, g). Then

N̄ f≥3(r,1; f |g ̸= 1)≤ 1
2

N̄(r,0; f )+ 1
2

N̄(r,∞; f )− 1
2

∞∑
p=3

N̄
(
r,0;

f ′

F

∣∣∣≥ p
)
− 1

2
N̄2

0 (r,0; f ′)+S(r).
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Lemma 2.15 ([20]). Let f be a non-constant meromorphic function, and p,k be positive integers.
Then

Np(r,0; f (k))≤ T(r, f (k))−T(r, f )+Np+k(r,0; f )+S(r, f )

≤ kN̄(r,∞; f )+Np+k(r,0; f )+S(r, f ).

3. Proofs of the Theorems

Proof of Theorem 1.1. Let Φ = Φ(k)
∗

α(z) and Ψ = Ψ(k)
∗

α(z) , where Φ∗ = Q( f (z))L(∆η( f )) and Ψ∗ =
Q(g(z))L(∆η(g)). Then Φ and Ψ are two-transcendental meromorphic functions that share
“(1,2)” except the zeros and poles of α(z). We consider the following two cases:

Case 1: Suppose H ̸≡ 0. Since Φ and Ψ share “(1,2)”, it follows that Φ and Ψ share (1,1)∗.
Keeping in view of Lemmas 2.10 and 2.13, we see that

N̄(r,1;Φ)= N(r,1;Φ| ≤ 1)+ N̄(r,1;Φ| ≥ 2)
≤ N(r,∞;H)+ N̄(r,1;Φ| ≥ 2)
≤ N̄(r,0;Φ| ≥ 2)+ N̄(r,0;Ψ| ≥ 2)+ N̄∗(r,1;Φ,Ψ)+ N̄(r,1;Φ| ≥ 2)+ N̄0(r,1;Φ′)

+ N̄0(r,1;Ψ′)+S(r,Φ)+S(r,Ψ). (3.1)

Since Φ and Ψ share “(1,2)”, we must have N̄Φ≥2(r,1;Φ|Ψ ̸= 1) = S(r,Φ) and N̄(r,1;Φ| ≥ 2,
Ψ| = 1)= S(r,Φ). Therefore, keeping in view of the above equation and Lemma 2.4, we get

N̄0(r,0;Ψ′)+ N̄(r,0;Φ| ≥ 2)+ N̄∗(r,1;Φ,Ψ)
≤ N̄0(r,0;Ψ′)+ N̄(r,0;Φ| ≥ 3)+ N̄Φ≥2(r,1;Φ|Ψ ̸= 1)+ N̄(r,1;Φ| ≥ 2,Ψ| = 1)
+ N̄(r,1;Φ| ≥ 2,Ψ| ≥ 2)+S(r,Ψ)

≤ N̄0(r,0;Ψ′)+ N̄(r,0;Φ| ≥ 3)+ N̄(r,1;Ψ| ≥ 2)+S(r,Φ)+S(r,Ψ)
≤ N̄(r,0;′ |Ψ ̸= 0)

≤ N̄0(r,0;Ψ)+S(r,Ψ). (3.2)

Hence using (3.1), (3.2), Lemmas 2.2, 2.7 and 2.15, we get from the Second Fundamental
Theorem of Nevanlinna (Yang and Yi [18]) that

(n+ q+1)T(r, f )≤ T(r,Φ∗)−N(r,0;L(∆η f ))+S(r, f )
≤ T(r,Φ)+Nk+2(r,0;Φ∗)−N2(r,0;Φ)−N(r,0;L(∆η f ))+S(r, f )
≤ N̄(r,0;Φ)+ N̄(r,1;Φ)+ N̄(r,∞;Φ)+Nk+2(r,0;Φ∗)−N2(r,0;Φ)
−N(r,0;L(∆η f ))− N̄0(r,0;Φ′)+S(r, f )

≤ N̄(r,0;Φ)+ N̄(r,0;Φ| ≥ 2)+ N̄(r,0;Ψ| ≥ 2)+ N̄(r,1;Φ| ≥ 2)+ N̄L(r,1;Φ)
+ N̄L(r,1;Ψ)+ N̄0(r,0;Ψ′)+Nk+2(r,0;Φ∗)+N2(r,0;Φ)−N(r,0;L(∆η f ))

≤ Nk+2(r,0;Φ∗)+N2(r,0;Ψ)−N(r,0;L(∆η f ))+S(r, f )+S(r, g)
≤ Nk+2(r,0;Q( f )L(∆η f ))+Nk+2(r,0;Q(g)L(∆ηg))−N(r,0;L(∆η f ))
+S(r, f )+S(r, g)

≤ (τ1 + (k+2)τ2)(T(r, f )+T(r, g))+T(r,L(∆η f ))+S(r, f )+S(r, g),

i.e.,

(n+ q+1)T(r, f )≤ (τ1 + (k+2)τ2)(T(r, f )+T(r, g))+m(r,L(∆η f ))+S(r, f )+S(r, g)
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≤ (τ1+(k+2)τ2)(T(r, f )+T(r, g))+m
(
r,

L(∆ηg)
g

)
+m(r, g)+S(r, f )+S(r, g)

≤ (τ1 + (k+2)τ2)(T(r, f )+T(r, g))+T(r, g)+S(r, f )+S(r, g). (3.3)

Similarly, we get

(n+ q+1)T(r, g)≤ (τ1 + (k+2)τ2)(T(r, f )+T(r, g))+T(r, f )+S(r, f )+S(r, g). (3.4)

Combining (3.3) and (3.4), we get

(n+ q−τ1 −kτ2 −2τ2)(T(r, f )+T(r, g))≤ S(r, f )+S(r, g),

which is a contradicts with n ≥ q+Θ1 +kτ2 +1, where Θ1 = τ1 +τ2.

Case 2: Suppose H ≡ 0. Then, by integration we get

Φ= AΨ+B
CΨ+D

, (3.5)

where A,B,C,D are complex constant satisfying AD−BC ̸= 0.

Subcase 2.1: Suppose AC ̸= 0. Then Φ− A
C = −(AD−BC)

C(CΨ+D) ̸= 0. So Φ omits the value A
C .

Therefore, by Lemma 2.7 and the Second Fundamental Theorem of Nevanlinna (Yang and
Yi [18]), we get

(n+ q+1)T(r, f )≤ T(r,Q( f (z))L(∆η( f )))−N(r,0;L(∆η( f )))+S(r, f )

≤ T(r,Φ∗))−N(r,0;L(∆η( f )))+S(r, f )

≤ T(r,Φ)+Nk+1(r,0;Φ∗)− N̄(r,0;Ψ)−N(r,0;L(∆η( f )))+S(r, f )

≤ N̄(r,0;Φ)+ N̄(r,∞;Φ)+ N̄
(
r,

A
C

;Φ
)
+Nk+1(r,0;Φ∗)−N(r,0;Φ)

−N(r,0;L(∆η( f )))+S(r, f )

≤ Nk+1(r,0;Q( f (z))L(∆η( f )))−N(r,0;L(∆η( f )))+S(r, f )

≤ (τ1 + (k+1)τ2 +1)T(r, f )+S(r, f )

≤ (Θ1 +kτ2 +1)T(r, f )+S(r, f ),

which is a contradicts with n ≥ q+Θ1 +kτ2 +1, where Θ1 = τ1 +τ2.

Subcase 2.2: Suppose AC = 0. Since AD−BC ̸= 0, a and C both can not be simultaneously zero.

Subcase 2.2.1: Let A ̸= 0 and C = 0. Then (3.5) becomes Φ = A1Ψ+B1, where A1 = A
D and

B1 = B
D . If f has no 1-point, then by Lemma 2.7 and the Second Fundamental Theorem of

Nevanlinna (Yang and Yi [18]), we get

(n+ q+1)T(r, f )≤ T(r,Q( f (z))L(∆η( f ))−N(r,0;L(∆η( f )))+S(r, f )

≤ T(r,Φ∗)−N(r,0;L(∆η( f ))+S(r, f )

≤ T(r,Φ)+Nk+1(r,0;Φ∗)− N̄(r,0;Φ)−N(r,0;L(∆η( f )))+S(r, f )

≤ N̄(r,0;Φ)+ N̄(r,∞;Φ)+ N̄(r,1;Φ)+Nk+1(r,0;Φ∗)−N(r,0;Φ)

−N(r,0;L(∆η( f )))+S(r, f )

≤ Nk+1(r,0;Q( f (z))L(∆η( f )))−N(r,0;L(∆η( f )))+S(r, f )

≤ (τ1 + (k+1)τ2 +1)T(r, f )+S(r, f )
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≤ (Θ1 +kτ2 +1)T(r, f )+S(r, f ),

which is a contradiction since n ≥ q+Θ1 +kτ2 +1, where Θ1 = τ1 +τ2. Let f has some 1-point.
Then A1 +B1 = 1. Therefore, Φ= A1Ψ+1− A1. If A1 ̸= 1, then using Lemmas 2.7, 2.5, 2.15 and
the Second Fundamental Theorem of Nevanlinna (Yang and Yi [18]), we get

(n+ q+1)T(r, g)≤ T(r,Q(g(z))L(∆η(g)))−N(r,0;L(∆η(g)))+S(r, g)

≤ T(r,Ψ∗))−N(r,0;L(∆η(g)))+S(r, g)

≤ T(r,Ψ)+Nk+1(r,0;Ψ∗)− N̄(r,0;Ψ)−N(r,0;L(∆η(g)))+S(r, g)

≤ N̄(r,0;Ψ)+ N̄(r,∞;Ψ)+ N̄
(
r,

1− A1

A1
;Ψ

)
+Nk+1(r,0;Ψ∗)−N(r,0;Ψ)−N(r,0;L(∆η(g)))+S(r, g)

≤ Nk+1(r,0;Ψ∗)+ N̄(r,0;Φ)−N(r,0;L(∆η(g)))+S(r, g)

≤ Nk+1(r,0;Φ∗)+Nk+1(r,0;Ψ∗)−N(r,0;L(∆η(g)))+S(r, g)

≤ (τ1+(k+1)τ2)T(r, f )+T(r,L(∆η f ))+(τ1+(k+1)τ2)T(r, g)+S(r, f )+S(r, g)

≤ (τ1 + (k+1)τ2 +1)T(r, g)+S(r, g),

i.e.,

(n+ q+1)T(r, g)≤ (Θ1 +kτ2 +1)T(r, g)+S(r, g),

which is a contradiction since n ≥ q+Θ1+kτ2+1, where Θ1 = τ1+τ2. Hence A1 = 1, and therefore
we have Φ=Ψ, i.e.,

(Q( f )L(∆η f ))(k) ≡ (Q(g)L(∆ηg))(k).

Integrating k times, we get

Q( f )L(∆η f )≡Q(g)L(∆ηg)+ p(z), (3.6)

where p(z) is a polynomial of degree at most k−1. Suppose p(z) ̸≡ 0. Then from (3.6), we have
Q( f )L(∆η f )

p(z)
≡ Q(g)L(∆ηg)

p(z)
+1. (3.7)

Now, using Lemmas 2.2, 2.6 and the Second Fundamental Theorem of Nevanlinna (Yang and
Yi [18]), we get

(n+ q+1)T(r, f )≤ T(r,Q( f (z))L(∆η( f )))−N(r,0;L(∆η( f )))+S(r, f )

≤ T(r,Q( f (z))L(∆η( f ))/p(z))−N(r,0;L(∆η( f )))+S(r, f )

≤ N̄
(
r,0;

Q( f (z))L(∆η( f ))
p

)
+ N̄

(
r,∞;

Q( f (z))L(∆η( f ))
p

)
+ N̄

(
r,1;

Q( f (z))L(∆η( f ))
p

)
−N(r,0;L(∆η( f )))+S(r, f )

≤ N̄(r,0;Q( f ))+ N̄
(
r,0;

Q(g(z))L(∆η(g))
p

)
+S(r, f )

≤ N̄(r,0;Q( f ))+ N̄(r,0;Q(g))+ N̄(r,0;L(∆η( f )))+S(r, f )

≤ (τ1+(k+1)τ2)T(r, f )+(τ1+(k+1)τ2)T(r, g)+T(r,L(∆η f ))+S(r, f )+S(r, g)
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≤ (τ1 + (k+1)τ2)T(r, f )+ (τ1 + (k+1)τ2)T(r, g)+m
(
r,

L(∆ηg)
g

)
+m(r, g)+S(r, f )+S(r, g)

≤ (τ1 + (k+1)τ2)T(r, f )+ (τ1 + (k+1)τ2 +1)T(r, g)+S(r, f )+S(r, g). (3.8)

Similarly, we get

(n+ q+1)T(r, g)≤ (τ1 + (k+1)τ2)T(r, g)+ (τ1 + (k+1)τ2 +1)T(r, f )+S(r, f )+S(r, g). (3.9)

Combining (3.8) and (3.9), we get

(n+ q−Θ1 −kτ2)(T(r, f )+T(r, g))≤ S(r, f )+S(r, g),

which contradicts to the fact that n ≥ q+Θ1 +kτ2 +1, where Θ1 = τ1 +τ2. Hence p(z)≡ 0, and
thus from (3.6)

Q( f )L(∆η f )≡Q(g)L(∆ηg),

i.e.,

(am f m +am−1 f m−1 + . . .+a1 f +a0)( f (z+η)− f (z))
≡ (am gm +am−1 gm−1 + . . .+a1 g+a0)(g(z+η)− g(z)). (3.10)

Let h = f
g .

If h is a constant then substituting f = gh and f (z+η)= g(z+η)h(z+η) in (3.10), we deduce

am gm[(hmh(z+η)−1)g(z+η)− (hmh(z)−1)g(z)]
+am−1 gm−1[(hm−1h(z+η)−1)g(z+η)− (hm−1h(z)−1)g(z)]+ . . .
+a0[(h(z+η)−1)g(z+η)− (h(z)−1)g(z)]= 0,

which implies hd = 1, where

d = gcd(m+1, . . . ,m+1− i, . . . ,1), am−i ̸= 0,

for i = 0,1, . . . ,m.
Thus f (z) = tg(z) for a constant t such that td = 1, where d = gcd(m+1, . . . ,m+1− i, . . . ,1),
am−i ̸= 0 for i = 0,1, . . . ,m which is the conclusion in Case 2 in [17, Proof of Theorem 11].
If h is not a constant then f (z) and g(z) satisfy the algebraic difference equation R( f , g) ≡ 0,
where

R(ω1,ω2)= (amω
m
1 +am−1ω

m−1
1 + . . .+a0)[ω1(z+η)−ω1(z)]

− (amω
m
2 +am−1ω

m−1
2 + . . .+a0)[ω2(z+η)−ω2(z)].

Subcase 2.2.2: Let A = 0 and C ̸= 0. Then (3.5) becomes

Φ= 1
A2Ψ+B2

, (3.11)

where A2 = C
D and B2 = D

B . If Φ has no 1-point, then by a similar argument as done in
Subcase 2.2.1, we can get a contradiction. Let Φ has some 1-point. Then A2 +B2 = 1. If A2 ̸= 1,
then (3.11) can be written as

Φ= 1
A2Ψ+1− A2

. (3.12)
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Since Φ is entire and A2 ̸= 0, Ψ omits the value (1− A2/A2). Therefore, by Lemma 2.7 and
the Second Fundamental Theorem (Yang and Yi [18]), we get

(n+ q+1)T(r, g)≤ T(r,Q(g(z))L(∆η(g)))−N(r,0;L(∆η(g)))+S(r, g)
≤ T(r,Ψ∗))−N(r,0;L(∆η(g)))+S(r, g)
≤ T(r,Ψ)+Nk+1(r,0;Ψ∗)− N̄(r,0;Ψ)−N(r,0;L(∆η(g)))+S(r, g)

≤ N̄(r,0;Ψ)+ N̄(r,∞;Ψ)+ N̄
(
r,

1− A2

A2
;Ψ

)
+Nk+1(r,0;Ψ∗)−N(r,0;Ψ)

−N(r,0;∆η(g))+S(r, g)
≤ Nk+1(r,0;P( f )∆η f )−N(r,0;∆η(g))+S(r, g)
≤ (τ1 + (k+1)τ2 +1)T(r, g)+S(r, g)
≤ (Θ1 +kτ2 +1)T(r, g)+S(r, g),

which is a contradiction since n ≥ q+Θ1 +kτ2 +1, where Θ1 = τ1 +τ2. Hence A2 = 1. So, from
(3.12), we get ΦΨ≡ 1, i.e.,

(Q( f )L(∆η f ))(k)(Q(g)L(∆ηg))(k) ≡α2(z). (3.13)

Let u1,u2, . . . ,ut, 1≤ t ≤ m be the distinct zeros of P(z). Since m ≥ k+1, a0 ̸= 0 and f is entire,
it is easily seen from (3.13) that f has atleast two finite Picard exceptional values, which is not
possible. Hence the proof is complete.

Proof of Theorem 1.2. Let Φ and Ψ be defined as in Theorem 1.1. Then Φ and Ψ are two-
transcendental meromorphic functions that share (1,2)∗ except the zeros and poles of α(z).
We consider the following two cases:

Case 1: Suppose H ̸≡ 0. Since Φ and Ψ share (1,2)∗, it follows that Φ and Ψ share (1,1)∗. Also,
we note that N̄(r,1;Φ| = 1,Ψ| = 0)= S(r,Φ)+S(r,Ψ). Keeping in view of Lemmas 2.12 and 2.13,
we see that

N̄(r,1;Φ)= N̄(r,1;Φ| ≤ 1)+ N̄(r,1;Φ| ≥ 2)
≤ N̄(r,1;Φ| = 1,Ψ| = 0)+ N̄E(r,1;Φ,Ψ| ≤ 1)+ N̄(r,1;Φ| ≥ 2)
≤ N(r,∞;H)+ N̄(r,1;Φ| ≥ 2)+S(r,Φ)+S(r,Ψ)
≤ N̄(r,0;Φ| ≥ 2)+ N̄(r,0;Ψ| ≥ 2)+ N̄∗(r,1;Φ,Ψ)
+ N̄(r,1;Φ| ≥ 2)+ N̄0(r,1;Φ′)+ N̄0(r,1;Ψ′)+S(r,Φ)+S(r,Ψ). (3.14)

Since Φ and Ψ share (1,2)∗, we must have N̄F≥2(r,1;Φ|Ψ ̸= 1)= S(r,Φ)+S(r,Ψ), N̄(r,1;Φ| = 2,
Ψ= 1)= S(r,Φ)+S(r,Ψ). Therefore, using Lemma 2.8, we get

N̄(r,1;Φ| ≥ 2)≤ N̄F≥2(r,1;Φ|Ψ ̸= 1)+ N̄(r,1;Φ| ≥ 2,Ψ= 1)+ N̄(r,1;Φ| ≥ 2,Ψ≥ 2)
≤ N̄F≥2(r,1;Φ|Ψ ̸= 1)+ N̄(r,1;Φ| = 2,Ψ= 1)+ N̄F≥3(r,1;Ψ= 1)
+ N̄(r,1;Ψ| ≥ 2)+S(r,Φ)+S(r,Ψ)

≤ N̄(r,0;Φ)+ N̄(r,1;Ψ≥ 2)+S(r,Φ)+S(r,Ψ). (3.15)

Again using (3.15) and Lemma 2.4, we get

N̄(r,0;Ψ′)+ N̄(r,1;Φ| ≥ 2)+ N̄∗(r,1;Φ,Ψ)

≤ N̄(r,0;Ψ′)+ N̄(r,1;Ψ| ≥ 2)+ N̄(r,1;Ψ| ≥ 3)+ N̄(r,0;Φ)+S(r,Ψ)
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≤ N̄(r,0;Ψ′)+N(r,1;Ψ)− N̄(r,1;Ψ)+ N̄(r,0;Φ)+S(r,Φ)+S(r,Ψ)

≤ N̄(r,0;Ψ′|Ψ ̸= 0)+ N̄(r,0;Φ)+S(r,Φ)+S(r,Ψ)

≤ N̄(r,0;Φ)+ N̄(r,0;Ψ)+S(r,Φ)+S(r,Ψ). (3.16)

Hence using (3.14), (3.16), Lemmas 2.2 and 2.7, the Second Fundamental Theorem of
Nevanlinna (Yang and Yi [18]), we get

(n+ q+1)T(r, f )≤ T(r,Φ∗)−N(r,0;L(∆η f ))+S(r, f )
≤ T(r,Φ)+Nk+2(r,0;Φ∗)−N2(r,0;Φ)−N(r,0;L(∆η f ))+S(r, f )
≤ N̄(r,0;Φ)+ N̄(r,1;Φ)+ N̄(r,∞;Φ)+ N̄k+2(r,0;Φ∗)− N̄2(r,0;Φ)
−N(r,0;L(∆η f ))− N̄0(r,0;Φ′)+S(r, f )

≤ N2(r,0;Φ)+N2(r,0;Ψ)+ N̄0(r,0;Φ)+Nk+2(r,0;Φ∗)−N2(r,0;Φ)
−N(r,0;L(∆η f ))+S(r, f )+S(r, g)

≤ Nk+2(r,0;Φ∗)+Nk+2(r,0;Ψ∗)+Nk+1(r,0;Φ∗)
−N(r,0;L(∆η f ))+S(r, f )+S(r, g)

≤ (τ1 + (k+2)τ2)(T(r, f )+T(r, g))+ (τ1 + (k+1)τ2)(T(r, f ))
+T(r,L(∆η f ))+T(r,L(∆ηg))+S(r, f )+S(r, g)

≤ (τ1 + (k+2)τ2)(T(r, f )+T(r, g))+ (τ1 + (k+1)τ2)(T(r, f ))+m
(
r,

L(∆η f )
f

)
+m(r, f )+m

(
r,

L(∆ηg)
g

)
+m(r, g)+T(r,L(∆ηg))+S(r, f )+S(r, g)

≤ (τ1 + (k+2)τ2 +1)(T(r, f )+T(r, g))+ (τ1 + (k+1)τ2)(T(r, f ))
+ S(r, f )+S(r, g). (3.17)

Similarly, we get

(n+ q+1)T(r, g)≤ (τ1 + (k+2)τ2 +1)(T(r, f )+T(r, g))+ (τ1 + (k+1)τ2)(T(r, g))
+S(r, f )+S(r, g). (3.18)

Combining (3.17) and (3.18), we get

(n+ q−2τ1 −2kτ2 −3τ2)(T(r, f )+T(r, g))≤ S(r, f )+S(r, g),

which is a contradicts with n ≥ q+Θ1 +Θ2 +2kτ2 +1, where Θ1 = τ1 +τ2 and Θ2 = τ1 +2τ2.

Case 2: Suppose H ≡ 0. This case can be carried out similarly as done in Case 2 of Proof of
Theorem 1.1. So, we omit the details. This proves Theorem 1.2.

Proof of Theorem 1.3. Let Φ and Ψ be defined as in Theorem 1.1. Then Φ and Ψ are two-
transcendental meromorphic functions such that E2)(1,Φ)= E2)(1,Ψ) except the zeros and poles
of α(z). We consider the following two cases:

Case 1: Suppose H ̸≡ 0. Since E2)(1,Φ)= E2)(1,Ψ), it follows that E1)(1,Φ)= E1)(1,Ψ). Keeping
in view of Lemmas 2.9, 2.11 and 2.14, we see that

N̄(r,1;Φ)= N̄(r,1;Φ| ≤ 1)+ N̄(r,1;Φ| ≥ 2)

≤ N(r,H)+ N̄(r,1;Φ| = 2)+ N̄Φ≥3(r,1;Φ|Ψ ̸= 1)+ N̄(r,1;Φ| ≥ 3,Ψ| ≥ 3)

≤ N(r,∞;H)+ N̄(r,1;Ψ= 2)+ N̄(r,1;Ψ| ≥ 3)+ N̄Φ≥3(r,1;Φ|Ψ ̸= 1)+S(r,Φ)+S(r,Ψ)
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≤ N̄(r,0;Φ| ≥ 2)+ N̄(r,0;Ψ| ≥ 2)+ N̄L(r,1;Φ)+ N̄L(r,1;Ψ)+ N̄(r,1;Φ| ≥ 2)

+2N̄Φ≥3(r,1;Φ|Ψ ̸= 1)+ N̄Ψ≥3(r,1;Φ|Ψ ̸= 1)+ N̄0(r,0;Φ′)+ N̄0(r,0;Ψ′)
+S(r,Φ)+S(r,Ψ),

i.e.,

N̄(r,1;Φ)≤ N̄(r,0;Φ| ≥ 2)+ N̄(r,0;Ψ| ≥ 2)+ N̄L(r,1;Φ)+ N̄L(r,1;Ψ)+ N̄(r,1;Φ| ≥ 2)

+2N̄Φ≥3(r,1;Φ|Ψ ̸= 1)+ N̄Ψ≥3(r,1;Φ|Ψ ̸= 1)+ N̄0(r,0;Φ′)+ N̄0(r,0;Ψ′)
+S(r,Φ)+S(r,Ψ)

≤ N̄(r,0;Φ| ≥ 2)+ N̄(r,0;Ψ| ≥ 2)+ N̄L(r,1;Φ)+ N̄L(r,1;Ψ)+ N̄(r,1;Φ| ≥ 2)

+ N̄(r,0;Φ)+ 1
2

N̄(r,0;Ψ)+ N̄0(r,0;Φ′)+ N̄0(r,0;Ψ′)+S(r,Φ)+S(r,Ψ). (3.19)

Now using Lemma 2.4, we get

N̄0(r,0;Ψ′)+ N̄(r,1;Ψ| ≥ 2)+ N̄L(r,1;Φ)+ N̄L(r,1;Ψ)

≤ N̄0(r,0;Ψ′)+ N̄(r,1;Ψ| ≥ 2)+ N̄(r,1;Ψ| ≥ 3)+S(r,Ψ)

≤ N̄0(r,0;Ψ′)+N(r,1;Ψ)− N̄(r,1;Ψ)+S(r,Φ)+S(r,Ψ)

≤ N(r,0;Ψ′|Ψ ̸= 0)≤ N̄(r,0;Ψ)+S(r,Φ)+S(r,Ψ). (3.20)

Hence using (3.19), (3.20), Lemmas 2.2 and 2.7, Second Fundamental Theorem of Nevanlinna
(Yang and Yi [18]), we get

(n+ q+1)T(r, f )≤ T(r,Φ∗)−N(r,0;L(∆η f ))+S(r, f )

≤ T(r,Φ)+Nk+2(r,0;Φ∗)−N2(r,0;Φ)−N(r,0;L(∆η f ))+S(r, f )

≤ N̄(r,0;Φ)+ N̄(r,1;Φ)+ N̄(r,∞;Φ)+ N̄k+2(r,0;Φ∗)− N̄(r,0;Φ′)

−N(r,0;L(∆η f ))− N̄2(r,0;Φ′)+S(r, f )

≤ N2(r,0;Φ)+N2(r,0;Ψ)+ N̄0(r,0;Φ)+ 1
2

N̄(r,0;Ψ)+Nk+2(r,0;Φ∗)

−N2(r,0;Φ)−N(r,0;L(∆η f ))+S(r, f )+S(r, g)

≤ Nk+2(r,0;Φ∗)+Nk+2(r,0;Ψ∗)+Nk+1(r,0;Φ∗)+ 1
2

Nk+1(r,0;Ψ∗)

−N(r,0;L(∆η f ))+S(r, f )+S(r, g)

≤ (τ1 + (k+2)τ2)(T(r, f )+T(r, g))+ (τ1 + (k+1)τ2)(T(r, f ))

+T(r,L(∆η f ))+T(r,L(∆ηg))+ 1
2

(τ1 + (k+1)τ2)(T(r, g))

+ 1
2

T(r,L(∆ηg))+S(r, f )+S(r, g)

≤ (τ1+ (k+2)τ2)(T(r, f )+T(r, g))+(τ1 + (k+1)τ2)(T(r, f ))+m
(
r,

L(∆η f )
f

)
+m(r, f )+m

(
r,

L(∆ηg)
g

)
+m(r, g)+ 1

2
(τ1 + (k+1)τ2)(T(r, g))

+ 1
2

m
(
r,

L(∆ηg)
g

)
+ 1

2
m(r, g)+S(r, f )+S(r, g)

Communications in Mathematics and Applications, Vol. 14, No. 2, pp. 775–790, 2023



Results on the Uniqueness of Difference Polynomials With Difference Operator. . . : C. N. Chaithra et al. 789

≤ (τ1 + (k+2)τ2 +1)(T(r, f )+T(r, g))+ (τ1 + (k+1)τ2)(T(r, f ))

+ 1
2

(τ1 + (k+1)τ2 +1)(T(r, g))+S(r, f )+S(r, g). (3.21)

Similarly, we get

(n+ q+1)T(r, g)≤ (τ1 + (k+2)τ2 +1)(T(r, f )+T(r, g))

+ (τ1 + (k+1)τ2)(T(r, g))+ 1
2

(τ1 + (k+1)τ2 +1)(T(r, f ))+S(r, f )+S(r, g). (3.22)

Combining (3.21) and (3.22), we get(
n+ q− 5

2
τ1 − 5

2
kτ2 − 7

2
τ2

)
(T(r, f )+T(r, g))≤ S(r, f )+S(r, g),

which is not possible since n ≥ q+ 5
2Θ1 + 5k+1

2 τ2 +1, where Θ1 = τ1 +τ2.

Case 2: Suppose H ≡ 0. This case can be carried out similarly as done in Case 2 of proof of
Theorem 1.1. Thus, we omit the details. This proves Theorem 1.3.

Acknowledgement
The authors would like to thank the referee(s) for the helpful suggestions and comments to
improve the exposition of the paper.

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

References
[1] A. Banerjee and S. Mukherjee, Uniqueness of meromorphic functions concerning differential

monomials sharing the same value, Bulletin mathématique de la Société des Sciences
Mathématiques de Roumanie Nouvelle Série 50(98) (3) (2007), 191 – 206, URL: https://www.
jstor.org/stable/43679069.

[2] Y.-M. Chiang and S.-J. Feng, On the Nevanlinna characteristic of f (z+η) and difference equations in
the complex plane, The Ramanujan Journal 16 (2008), 105 – 129, DOI: 10.1007/s11139-007-9101-1.

[3] S. Dewan and I. Lahiri, Value distribution of the product of a meromorphic function and its
derivative, Kodai Mathematical Journal 26(1) (2003), 95 – 100, DOI: 10.2996/kmj/1050496651.

[4] G. Haldar, Uniqueness of entire functions concerning differential-difference polynomials sharing
small functions, arXiv:2103.09889v1 [math.CV] (2021), DOI: 10.48550/arXiv.2103.09889.

[5] G. Haldar, Uniqueness of entire functions whose difference polynomials share a polynomial with
finite weight, CUBO, A Mathematical Journal 24(1) (2022), 167 – 186, DOI: 10.4067/S0719-
06462022000100167.

[6] W. K. Hayman, Meromorphic Functions, New edition, Oxford Mathematical Momographs, Oxford
University Press, Oxford, 206 pages (1968).

Communications in Mathematics and Applications, Vol. 14, No. 2, pp. 775–790, 2023

https://www.jstor.org/stable/43679069
https://www.jstor.org/stable/43679069
http://doi.org/10.1007/s11139-007-9101-1
http://doi.org/10.2996/kmj/1050496651
http://doi.org/10.48550/arXiv.2103.09889
http://doi.org/10.4067/S0719-06462022000100167
http://doi.org/10.4067/S0719-06462022000100167


790 Results on the Uniqueness of Difference Polynomials With Difference Operator. . . : C. N. Chaithra et al.

[7] W. K. Hayman, Picard values of meromorphic functions and their derivatives, Annals of
Mathematics 70(1) (1959), 9 – 42, DOI: 10.2307/1969890.

[8] H. R. Jayarama, S. H. Naveenkumar and C. N. Chaithra, Uniqueness of L-functions relating
to possible differential polynomial share with some finite weight, Ganita 72(2) (2022), 93 – 101,
URL: https://bharataganitaparisad.com/wp-content/uploads/2023/03/722-09.pdf.

[9] I. Lahiri, Value distribution of certain differential polynomials, International Journal of Mathemat-
ics and Mathematical Sciences 28 (2001), Article ID 796305, DOI: 10.1155/S0161171201011036.

[10] I. Lahiri, Weighted sharing and uniqueness of meromorphic functions, Nagoya Mathematical
Journal 161 (2001), 193 – 206, DOI: 10.1017/S0027763000027215.

[11] I. Lahiri, Weighted value sharing and uniqueness of meromorphic functions, Complex
Variables, Theory and Application: An International Journal 46(3) (2001), 241 – 253,
DOI: 10.1080/17476930108815411.

[12] I. Lahiri and A. Banerjee, Weighted sharing of two sets, Kyungpook Mathematical Journal 46(1)
(2006), 79 – 87, URL: https://kmj.knu.ac.kr/journal/view.html?volume=46&number=1&spage=79.

[13] S. Lin and W. Lin, Uniqueness of meromorphic functions concerning weakly weighted sharing,
Kodai Mathematical Journal 29(2) (2006), 269 – 280, DOI: 10.2996/kmj/1151936441.

[14] A. Z. Mokhon’ko, On the Nevanlinna characteristic of some meromorphic functions, Theory of
Functions, Functional Analysis and Their Applications 14 (1971), 83 – 87.

[15] S. H. Naveenkumar, C. N. Chaithra and H. R. Jayarama, On the transcendental solution of the
Fermat type q-shift equation, Electronic Journal of Mathematical Analysis and Applications 11(2)
(2023), 1 – 7, DOI: 10.21608/EJMAA.2023.191325.1001.

[16] A. Shaw, On meromorphic function with maximal deficiency sum and it’s difference operators,
Vladikavkaz Mathematical Journal 24(1) (2022), 121 – 135, DOI: 10.46698/g4967-8526-0651-y.

[17] H. Y. Xu, K. Liu and T. B. Cao, Uniqueness and value distribution for q-shifts of meromorphic
functions, Mathematical Communications 20 (2015), 97 – 112, URL: https://www.mathos.unios.hr/
mc/index.php/mc/article/view/1246/278.

[18] C.-C. Yang and H.-X. Yi, Uniqueness Theory of Meromorphic Functions, Springer Science and
Business Media, Springer, viii + 569 pages (2003).

[19] L. Yang, Value Distribution Theory, Springer, Berlin (1993).

[20] J. L. Zhang and L. Z. Yang, Some results related to a conjecture of R. Brück, Journal of Inequalities
in Pure and Applied Mathematics 8(1) (2007), Article 18, URL: http://emis.icm.edu.pl/journals/
JIPAM/images/259_06_JIPAM/259_06.pdf.

[21] X.-Y. Zhang, J.-F. Chen and W.-C. Lin, Entire or meromorphic functions sharing
one value, Computers & Mathematics with Applications 56(7) (2008), 1876 – 1883,
DOI: 10.1016/j.camwa.2008.04.008.

Communications in Mathematics and Applications, Vol. 14, No. 2, pp. 775–790, 2023

http://doi.org/10.2307/1969890
https://bharataganitaparisad.com/wp-content/uploads/2023/03/722-09.pdf
http://doi.org/10.1155/S0161171201011036
http://doi.org/10.1017/S0027763000027215
http://doi.org/10.1080/17476930108815411
https://kmj.knu.ac.kr/journal/view.html?volume=46&number=1&spage=79
http://doi.org/10.2996/kmj/1151936441
http://doi.org/10.21608/EJMAA.2023.191325.1001
http://doi.org/10.46698/g4967-8526-0651-y
https://www.mathos.unios.hr/mc/index.php/mc/article/view/1246/278
https://www.mathos.unios.hr/mc/index.php/mc/article/view/1246/278
http://emis.icm.edu.pl/journals/JIPAM/images/259_06_JIPAM/259_06.pdf
http://emis.icm.edu.pl/journals/JIPAM/images/259_06_JIPAM/259_06.pdf
http://doi.org/10.1016/j.camwa.2008.04.008

	Introduction, Definitions and Main Results
	Some Lemmas
	Proofs of the Theorems
	References

