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1. Introduction
The C*-algebra generated by all words of the form S,S%, a,B € W,}f , and it is isomorphic to the

matrix algebra M, (C). The F,,, the norm closure of U F , is the uniformly hyperfinite-algebra

of type n*°, called the core uniformly hyperfinite- subalgebra of O,,. It is the fixed point algebra
for the perlodlc gauge action of the reals: a : R — Au#(0,,) defined on generators as a;(S;) = e**S;,
t € R (see Cuntz [9]).

We denote by S, the group of those unitaries in O, which can be written as finite sums of

words, i.e., in the form u = Z Sa S for some a;,3; € W,. It turns out that S,, is isomorphic to
Jj=1
the Higman-Thompson group G, 1. We also denote P, =S, nU(F,). Then P, = UPk where Pk
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are permutation unitaries in U(F*). That is, for each u € P” there is a unique permutation o of
multi-indices W* such that u = ¥ Sg()S} (Nekrashevych [23]).

ocEW,’Le
For u a unitary in O, we denote by 1, the unital endomorphism of O, determined by
A(Si))=uS;,i=1,...,n. We denote by ¢ the canonical shift: ¢(x) = ZSiij, x € 0,,. Note that

l
¢ commutes with the action a. If u € U(O,,) then for each positive integer £ we denote
up = u(p(u)...(pk_l(u).
We agree that u, stands for (uz)". If @ and § are multi-indices of length & and m, respectively,

then 1,(S,S E) =upS,S Eu .- This is established through a repeated application of the identity
Sia =¢(a)S;, valid for all i =1,...,n and a € O, (Cuntz [9], and Nekrashevych [23]).

2. The Cuntz Algebra Which Preserve the Diagonal Subalgebra

If n is an integer greater than 1, then the Cuntz algebra O,, is unital, simple C*-algebra
n
generated by n isometries S1,...,S,, satisfying ) S;S l* =1, we denote by W,]f the set of £-tuples
i=1
o0
a =(al,...,a®) with a™ € (1,...,n}, and we denote by W, the union U W,’f where W,? = {0}.
k=0
Elements of W, are called multi-indices and if @ € W then I(a) = k, the length of a. If
a=(al,...,ak)e W,’f, then Sy =S,1,...,8 4%, with So = 1 by convention [7,14,15]. Every S, is an
isometry and its range projection are S,S,. Every word in {S;,S’,i=1,...,n} can be uniquely
expressed as SaS; for some a, € W,, (Cuntz [7,09], and Hong [14]]).

Lemma 2.1 ([6]). If A, € Aut(O,,,D,) and w € F,, then A,(F,) < F,,.

Proof. Let y be the standard gauge action of the circle group on O,, for which F,, is the fixed-
point algebra. Then for each z € U(1) we have 1,7, = y.1,. Thus, also /1;,1)/2 = )/Z)LL_UI and
consequently /1,;1 preserves the fixed-point algebra of y. That is A;)l(Fn) cF,, as required.

Since Np,(0,) =U(D,) xS, by Cuntz [9], it easily follows that Np (F,) =U(D,) x P,,
o0

where P, =S, NF,. We see that P, is contained in the algebraic part U Ff"i of F',,, and write
k=0

P! =P, nF% It is not difficult to see that unitaries in P,are related to permutations of multi-

(e 9]
indices, as follows. Let P* denote the set of permutations of W*, and let P, = |J P%. Then, for
k=0

each unitary w € P,’i there exists a permutation o € P,’i such that
w = Z SU(Q)S;. (2.1)
acW

In that case we write w ~o and 1,, = A,. We denote

AP, = (A, €Aut(0,) : w € P,). (2.2)
Theorem 2.2. Aut(0,,,D,)NAut(0,,F,) = U(D,) = AP,)"L. In particular, \(P,) ! is a subgroup
of Aut(0O,,D,)NAut(O,,F}).

If u e U(Oy), then Ad(u) = Ag)u* is the inner automorphism of O,, determined by u. We denote
by Inn(O,,) the group of inner automorphisms of O,, (Conti et al. [6]).
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Theorem 2.3. If u € P, and A, is invertible then the following conditions are equivalent:
(1) automorphism A, has infinite order,
(i) the Z action on O,, generated by A, is outer,

(i1i) the Z action on X, generated by A, is topologically free.

Proof. (i)=(ii): This follows from the fact that if 1,, € Inn(O,,) then 1, has finite order.

(ii)=(iii): If the action is not topologically free then for some m the set of 4]} has a non-empty
interior. Thus, there exists (x1,...,x,) such that A" fixes each sequence (y;) whose initial
segment coincides with (x1,...,x,). But then A" is inner.

(111)=(1): This is obvious. O

We now give a practical criterion of invertibility of endomorphisms corresponding
to permutations (Szymanski [25]]). First recall that End(O,) contains a distinguished
endomorphism ®, called shift, such that

n

®(a) =) S;aS;}. (2.3)
=1
Let u € p*. If k > 2 then we define
By = {w,®w),..., 0" 2w) nfFL. (2.4)

Here prime denotes the commutant. 2 < 1 then we set B, = C1. One checks that b € f,’f‘l
belongs to By, if and only if for each pair a,f € W,ll, 1€{0,1,...,k -2}, S;bSp commutes with w.
We define a vector space V,, as the quotient

k-1

Vi = ; — (2.5)
Now for each pair i,j €{1,...,n} we define a linear a’i‘} : f,’f_l — f,}.f_l such that

az‘}(b):wabw*Sj. (2.6)
One checks that a?;.(Bw) c B, for each i,j. Thus, a’i"j induces a linear map

d;‘}:Vw —-Vy. (2.7
With this preparation we make the following definition:

A, = the subring of End(V,,) generated by {d’i‘} :1,7=1,...,n}. (2.8)

Now we are ready to showed the following.

Theorem 2.4. If w € P,, then endomorphism A, is invertible if and only if the corresponding
ring A, is nilpotent.

Proof. Let we pfl and suppose that A, is invertible. There exists u € p,, such that /1;01 = Ay.
Thus, there exists positive integer I such that A_'(f*~1) c f.. For each a € f the sequence
Adw*d(w*)...d"™"(w*))(a) stabilizes from m =1 —1 at the value 1,,(a). Consequently, for each
b € f*~1 the sequence Ad(P™(w)... D(w)w)(b) stabilizes from m =1—1 at the value A, (). There
exist elements c,,(b) € f,’f‘l, WU,V e W,ll, such that for each r =1 we have
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Y Sucm(®)SE =Ad@ Hw). .. Dw)w)(b)
wveWh

=Ad@" " (w)... ®w)w)bd)

= Y S,AA@ L w)) e (B)S).
wveWh
Hence c;,(b) = Ad(®" 1(w))(c,(b)). Thus {ey(d) :b € FF1 uve Wy By, If a = (i1, ,i;)
and f=(j1,"*,J1), then, let Ty g=a?’ . ...a? . . For each b € f,’f‘l, we have T g(b) = cq 6(b).
> ilj 11J1 ’ >
Consequently, Aiv = {0} and A, is nilpotent.
Now, Let w € pf”l and suppose that A{v ={0}. Let b € f,’f‘l and define T, g as above. Ty g(b)
commutes with Ad(®™(w)) for any m. Hence if r = 1, then we have
Ad@ M (w)... 0ww)b) = Y. S A@ T @))T,w(b)S];
w,veWl
= Z SuTw(b)S,.
p,veW,lL

Thus, for each b € f,’f‘l the sequence Ad(®™(w)...P(w)w)(b) stabilizes m =1 — 1. We have

n
w* =Y S;b; jS;f for some b;; € f,’f‘l. It follows from the above argument that the sequence
ij=1

Ad@ T (w)... 0ww)w*) = Y Ad@@™ H(w)... dw)w))(S;B;;S;)
ij
=Y SiAd(@" M w)... DW)w)(b;)S
ij
stabilizes from m = [ at the value )L;l(w*). Consequently, A1, is invertible (Izumi [16],
Kawamura [20], and Pask and Rennie [|24]]). O

3. Canonical Uniformly Hyperfinite-subalgebra

We expand the initial observations on endomorphisms preserving the canonical uniformly
hyperfinite-subalgebra in a more systematic manner (Cuntz [8]). We study a particularly
interesting class of such endomorphisms related to certain elements in the normalizer of the
canonical (Cuntz [9]).

Proposition 3.1 ([6]). Let u be a unitary in O, and let v be a unitary in the relative commutant
Au(F) N Oy,. Define w := u@(v). Then the restrictions of endomorphisms A, and A, coincide on
F,,. Likewise, if 0 = vu then the restrictions of endomorphisms A, and Ay coincide on F,,.

Proof. It is enough to compute the action of 1,, on all elements of the form Sg,...S akS;k ...Szl

for every integer £ =1 and all @; and ; in {1,...,n}, for all 1 <i, j <k. To this end, we verify by
induction on % that

Aw(Sal...SakSzk ...SEI): Au(Sal...SakS;;k ...Szl).
Indeed, for £ =1, we have
Aw(SaISEI) = wSmSle* = u(p(v)SmSEl(p(v)*u* = uSmSElu* = Au(Sa’lsgl)
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Since ¢(v) and S, S 21 commute. Now assuming the identity holds for £ — 1, we have
/lw(Sal...SakSEk ...SEI): Aw(Sal)Aw(Saz...SakSZk...SEQ)AW(Sgl)*
=u@)S g Au(Sa, - ..SakS;k ...SEZ)SEI(p(v)*u*
= uSalv/lu(SQZ...SakSEk ...SEZ)U*SEIu*
= uSal/lu(Saz...SakS;k ...S;Z)Sglu*
= Au(Sal...SakS;k ...Szl),

since v is in the commutant of A, (F,). The proof of the remaining claim is similar. O

Proposition 3.2. Let u be a unitary in Oy, then
Au(Fr) N0, = ((Adu o) (0,).
k=1

Proof. Clearly, an element x € O, lies in A,(F,,) N O, if and only if, for all 2 >1 and all y € Ff‘;,
x commutes with 1, (y) = ukyuz, ie.,

urxuy € (FF n0, = *(0,).
This means precisely that, for each % = 1, x lies in the range of Ad(u)¢* = (Adu o p)*.

It is also useful to observe that Adu o ¢ restricts to an automorphism of A, (F,)' NnO,,. This
follows from the following simple lemma. O

Lemma 3.3. Let A be a unital C*-algebra and p an injective unital *-endomorphism of A, then
p restricts to a *-automorphism of

Ay = () oM.
keN

Proof. One has a descending tower of unital C*-subalgebras of A,

A>pla)opa)o...,
thus A, is a unital C*-subalgebra of A. A, element x € A, satisfies

x=p(x1) = p2(x2) =...= pk(xk) =...
for elements x1,...,xg,... in A. It is then clear that p maps A, into itself, and moreover
X1,...,X,... € Ay so that in particular p(A,)=A,.

Endomorphisms p for which A, = C1 are often called shifts.

To this end, it suffices to find a unitary u € F,, such that the relative commutant A, (F,) nO,, is
not contained in F',. This is possible. In fact, one can even find unitaries in a matrix algebra F,";
such that 1, (F,,) N O, is not contained in F,,. The existence of such unitaries was demonstrated
in [8], [18], [22]. The relative commutant 1,(0,) N O, coincides with the space (1,,1,) of
self-intertwiners of the endomorphism A, which can be computed as

Ay, A) ={x €0y : x = (Adu o p)(x)}. O

Proposition 3.4. There are sequences {v,} and {w,} of unitaries in Fo such that
(1) {Ay,} is asymptotically central in O,
(i) wpy,,,(S)Hw, =Ny, (SHI<27", for all n€ N and for j=1,2,
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(iii) llw,S;w, —8S;ll<27", for all n€ N and for j=1,2.

Proof. Let {v,} be as in Proposition [3.2] Then {v,} and any subsequence there of will satisfy (i).
Upon passing to a subsequence we can assume that

1
1A, (S)Ap,, (S ;) = Ay, (S )Ny, (Sl < o (3.1)

for all m >n =1 and for all i,j = 1,2. We claim that one can find a sequence {w,} of unitaries
in Fy satisfying (ii) and (iii) above — provided that we again pass to a subsequence of {v,}.
It suffices to show that for each 6 > 0 there exists a natural number n such that for each natural
number m > n there is a unitary w € Fg for which

IIwAUm(SJ-)w* - /lvn(Sj)” <9, ||ijw>k —Sj|| <6
for j =1,2. We give an indirect proof of the latter statement. If it were false, then there would
exist § >0 and a sequence 1 <nj<ng<ng<...such that one of

lwhe,,  (Sw* =Ny, (SHI,  lwS;w* -8l
i =1,2, is greater than § for every & and for all unitaries w in Fy. We proceed to show that this
will lead to a contradiction.

Choose a free ultrafilter w on N and consider the relative commutant O'2 N (0s), inside
the ultrapower (O2),. This C*-algebra is purely infinite and simple. Consider the unital
*-homomorphisms 71,72 : O — 0,N(02), given by

N1(x) = 7oAy, (%), Ay, (%), Ay, (x),...),

N2(x) = 1Ay, (%), Ay, (%), Ay, (x),...),
x € Og, where 7, : £°°(032) — (O32),, is the quotient mapping. The images of 177 and 72 commute
by (3.1). Put

u=n2(SN1(S1" +12(S2)N1(S2)" = T (Vn, 0y, UnyUngs Ungln,s-- s

Uny

Un3

and notice that u is a unitary element in O'2 N(Fg), S O’2 N(032)y. To obtain a sequence {w,} of
unitaries in C*(n1(Fg),u) < O’2 N(Fg), such that w,n1(S))w, — na(S;) for j =1,2. By [8] there
is a single unitary w in O, N (F3), such that wn(S;)w* =n2(S;) for j = 1,2 (and hence such
that wni(x)w* =ng(x) for all x € Oy).
Each unitary element in the ultrapower (F2),, lifts to a unitary element in /°°(F9), so we can
write

w=m,(wi,wo,ws,...),
where each w,, is a unitary element in F5. This establishes the desired contradiction, as
vnkﬂ(Sj)w:; = Ay, (S)I =0,
for j =1,2 and for all k. O

lim |Sjw, —w,S;| =0, lim |w,A Un,
n—w n—w

Theorem 3.5. There is a unitary element u € Fy such that the relative commutant 1,(02) N 04
contains a unital copy of Oa.

Proof. Let {v,} and {w,} be as in Proposition [3.4]and define endomorphisms on Og by

A (X) = wiwa ... wphy, (w, ... wew], Pa(X)=wiws.. . Wyxw, .. . WeWT,
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for x € Og. Then

IAn(S;) = Ap—1(SHI <27, 1pn(S)) = pr-1(SjlI <27"
for j=1,2, and 1,(x)p,(y) — pn(¥)A,(x) — 0 for all x,y € O9. Using that

WA, (X)W = Mpugpo)(x)
whenever w is a unitary in Oz and x € Og, we see that 1, = 1, for some unitary u, in Fg.
It follows from the estimates above that the sequences {1,(S;)} and {p,(S)}, j = 1,2, and hence
also the sequence {u,}, are Cauchy and therefore convergent. Let 1: 03 — O3 and p : O3 — O2

be the (pointwise-norm) limits of the sequences {1,} and {p,}, respectively, and let u € Fy be the
limit of the sequence {u,}. Then A = 1, and the images of A and p commute. O

Corollary 3.6. There is a unital *-homomorphism g : 09 ® O9 — Og such that 0(Fo ® F9) S F.

Proof. Take A:02 — O and p : 09 — O3. Recall that A and p have commuting images and that
AMF3) < Fy and p(Fg) < Fo. We can therefore define a *-homomorphism o : O3 ® O2 — O by
o(x®y)=Mx)p(y),x,y € Os.
Then
o(Fg® Fo) = MF2)p(Fa) S Fy.
We know that O3 ®09 and O¢ are isomorphic, but we do not know if one can find an isomorphism
0:09®09 — 09 such that g (Fy ® F9) is contained in (or better, equal to) Fs.

Below, ¢ denotes the standard left inverse of ¢, i.e., the unital, completely positive map given
by Pp(x):= LY SxS;, x € Oy. O

Theorem 3.7. Let u € U(O,,), then the following conditions are equivalent:
(1) ¢(w)eU(Oy),
(i) u€@(Oy),
(iii) S7uS,; = S;quj eUOy), forall i,je{1,...,n}.

Proof. (1)=(i): It follows from (i) that u lies in the multiplicative domain of ¢ and therefore, by
Choi’s theorem, ¢p(S;u) = p(S;)Pp(u), that is uS; =S;p(u) for all i =1,...,n. Thus, u = @(Pp(w)).
The implications (ii)=(iii) and (iii)=(i) are obvious. O

Proposition 3.8. Let w € U(O,) be such that A,t(F ,%) c F,. Then the unitary a-cocycle

zgl) = Pp(w*ay(w)) is a coboundary, i.e., there exists a unitary z such that zgl) = za(z") for

allteR.

Proof. Indeed, since Aw(F%) c F,, there exists a unitary u € F;, such that A1, and A, coincide on
F}.In fact, we could take as 1, an inner automorphism implemented by a unitary in F,,. Then
w*u commutes with F, and thus there exists a unitary z such that w*u = ¢(z). Now we have
pza(z*)=w ua(u*)a(w)=w*a(w), since a,(u*)=u". O

Proposition 3.9. Let w € S,, be such that A1,,(D,)= D, or, more generally, such that D,, € A1,,(Fy).
Then A, (F,) S F, if and only if w € P,,.
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Proof. An element of S,, normalizes D, and thus satisfies the first assumption in the previous
corollary. Then, the only nontrivial assertion follows from the fact that an endomorphism A,, of
0O,, such that 1,,(F,,) 2 D,, is necessarily irreducible in restriction to F,, by Szymanski [25] an
argument similar to using the facts that D,, in F,, is simple. O

Corollary 3.10. Let D be a unital C*-algebra, and suppose that 1,,M,+1:On+1 — D are unital
x-homomorphisms with commuting images. There is a sequence {w,} of unitaries in the sub-C*-
algebra Do =C*(n,(Fp+1),u), where

u= 777‘L+1(Sn)Tln(Sn))k + nn+1(Sn+1)nn(Sn+1)*,

such that wynp(X)w;, — Np+1(x), for all x € O, 41.

Proof. The *-homomorphisms 7, and 7,+1 induce a *-homomorphism 7:0,,+1®0,4+1 — D
given by

77(x ®y)= nn(x)nn+1(y); X,y € On+1.
In the notation of Proposition (3.8 we have

T](un—l) =u, n(Fn+1 ®1l)= T]n(Fn+1), T](]- ®F,1)= 77n+1(Fn+1)-
It follows from Proposition and its proof that 1® F,,1 is contained in the C*-algebra
generated by {E(i(J).)} and u,_1 and hence is contained in C*(F,;1® 1,u,_1) (Cuntz [8]).
The C*-algebra B from that proposition is therefore generated by F, .1 ®1 and u,_1, which
shows that n(b)=D,,_;.
Let {z,} be as in Proposition 3.8 and put w, =1(z,) € D,,—1. Then

WyNn(Xw, =n(z,(x®1)z,) — N1 x) =1,41(x),
for all x€ O,,41. O

Corollary 3.11. For v,w € U(O,,) the following three conditions are equivalent:
(i) endomorphisms A, and A, coincide on F,,
(i) for each € =0 we have wy  v1+¢ € P10y,

(ii1) there exists a sequence of unitaries zi4+. € U(O,) such that z1 = p(w*v) and zg9:, =
P(w*z14+¢v) for all € = 0.

Proof. The endomorphisms A, and A, coincide on F, if and only if they coincide on each
F,{“"'. Now if a@ and p are two multi-indices of length 1+ ¢ then /lv(SaSE) = vl+gSaS;§vI+g and
Aw(SaSz) = w1+gSaS/’§wI+£. Thus AU(SaSE) = Aw(SaSz) for all such a, g if and only if w], v14e
is in the commutant of F1*¢, that is when Wi, Ule € »1*€(0,). Now it easily follows that this
holds for all 1+ ¢ if and only if condition (iii) above is satisfied. O
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