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1. Introduction and Preliminaries

In 1965, the knowledge of fuzzy sets was firstly developed by Zadeh [22]], which is an effective tool
for modeling indecision and elusiveness in many problems that arise in the field of technology
and the concept of fuzzy metric space was introduced by Kramosil and Michalek [9] in 1975.
George and Veeramani [3] defined Hausdorff topology on fuzzy metric space after a slight
modification in the definition of fuzzy metric presented. One of the most interesting motivations
is the fixed point theory established in fuzzy metric spaces, which was initiated by Grabiec [4]],
where a fuzzy metric version of the Banach contraction principle was presented.
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Relation-theoretic fixed point theory, on the other hand, is a relatively young branch of fixed
point theory. Turinici [21]] began this route, and it has become a highly busy field with the
publication of excellent results by Ran and Reurings [17]], and Nieto and Lopez [14,15], who gave
a new version of the Banach contraction principle with an ordered binary relation. The authors
gave various interesting applications to boundary value problems and matrix equations in [[10],
which strongly supported their fixed point conclusions. Following that, a slew of fixed point
theorems were developed, each with its own set of binary relation definitions (e.g., [2,8,16,19]
and a slew of others).

Sostak [20] improved on George and Veeramani’s notion of revised fuzzy metric spaces,
which they introduced in 2018. Grigorenko [6] developed the class of fuzzy (pseudo) metric
spaces in 2020 to exploit this notion in topology. Muraliraj and Thangathamizh [[11,12] and
Muraliraj et al. [[13] went on to develop fuzzy mapping and come up with a fixed point result for
it. Many broad topological ideas and discoveries were then applied to fuzzy topological space.

2. Main Results

We start our main section with the following lemma which will be useful in the proof of our
main results.

Definition 2.1 ([20]). A revised fuzzy metric space is can be an ordered triple (X, u,®) such X is
a nonempty set, @ is a continuous ¢-conorm and p is a revised fuzzy set on X x X x(0,00) — [0, 1]
satisfies the subsequent conditions: V x,y,z€ X and s,t>0

(RGV1) ulx,y,t)<1,V ¢>0,

(RGV2) u(x,y,t)=0ifand onlyifx=y, t>0,
(RGV3) ulx,y,t)=u(y,x,t),

(RGV4) w(x,z,t+s)=pulx,y,t)® u(y,z,s),
(RGV5) u(x,y,—):(0,00) —[0,1) is continuous.

Then p is called a revised fuzzy metric on X.

Definition 2.2 ([11]). Let (X, u,®) be a revised fuzzy metric space,
(i) A sequence {x,} in X is said to be convergent towards a point x € X if

lim p(x,y,t)=0, forall¢>0.
n—oo
(i1) A sequence {x,} in X is called a Cauchy sequence, if for all 0 <e <1 and ¢ > 0, there exists
no €N such that u(x,,x,,,t) <e for each n,m = ny.

(iii) A revised fuzzy metric space in which each Cauchy sequence is converges is said to be
complete.

(iv) A revised fuzzy metric space in which each sequence has a converging subsequence is
called compact.

Lemma 2.1 ([11]). Let (X, u,®) be a revised fuzzy metric space. For each u,v € X, (u,v,-) is
non-increasing function.
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Definition 2.3. Let (X,u,®) be a revised fuzzy metric space, is said to be complete if each
Cauchy sequence in X is convergent.

Definition 2.4. Let (X, u,®) be a revised fuzzy metric space, is said to be compact if each
sequence contains a convergent subsequence.

Lemma 2.2. Let (X, u,®) be a revised fuzzy metric space X, Let {y,} be a sequence. If there is a
pOSitive number k <1 SuCh that Iv‘(yn+2,yn+1,kt) = /«L(yn+1,yn,t)’ > 0) ne N then {yn} COUld be a
Cauchy sequence in X.

Lemma 2.3. If for two points x, y in X is a positive number k <1, u(x,y,kt) < u(x,y,t), then
x=y.

Remark 2.1. Since @ is continuous, it follows from that the sequence limit whith in the
revised fuzzy metric space is uniquely determined.

Lemma 2.4. Let f : X — X and R a transitive binary relation which is f-closed. Assume that
there exists xo € X such that xoRfxy and define {x,} in X by x,, = fxn_1, for all n € Ng. Then

XmRxy,, forall m,n eNy with m <n. (2.1)

Proof. As there exists xo € X such that xoRxg and x, = fx,_1, then xoRx1. As R is f-closed
and xoRx1, we deduce that x1Rxs. By continuing this process, we find x,Rx, 1 for all n € Ny.
Suppose that m < n, so x,, Rxp, +1 and x,,,+1Rx,, 2. Due to the transitivity of R, we find x,, Rx,10.
Similarly, as x,, Rx;,+2 and x,, - 9Rx, +3, we find x,, Rx,, +3. By continuing this process, we obtain
xmRx, for all m,n € Ny with m <n. O

Next, we introduce the notion of revised fuzzy R-w-contractive mapping as follows:

Definition 2.5. Let (X, u,®) be a non-Archimedean revised fuzzy metric space, R a binary
relation on X and f: X — X. We say that [ is a revised fuzzy R-w-contractive mapping if there
exists ¢ € ¥ such that (for all x,y € X and all ¢ > 0 with xRy)

pwx,y,t) <1, max{u(x,y,?), min{u(fx,x,0), 1wy, fy, OB = w(u(fx, fy,1)). (2.2)
The following is an example of a revised fuzzy R-y-contractive mapping.

Example 2.1. Let X =[0,00) and let @ be the product ¢-conorm given by ¢t ®s =t +s—ts for all
t,s €[0,1]. Define u: X2 x[0,00) — [0,1] for all x,y € X by
( 5 0, ift=0,
X,Y,l)= .
K ﬁlx—yl, if t #0.
Define f: X — X, v :[0,1] —[0,1], and R on X by
e ™ if x €[0,2),
fx= ’%3 ifxe[2,5], wt)=t3 xRy —x,yel2,5], x<y.
e *+6 ifxe[b5,00).

Then f is a revised fuzzy R-w-contractive mapping as we will prove later on.
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Now, we are equipped to state and prove our first main result as under.

Theorem 2.1. Let (X, u,®) be a non-Archimedean revised fuzzy metric space equipped with a
binary relation R and f : X — X. Assume that X is an R-complete and f is a revised fuzzy
R-y-contractive mapping such that:

(i) there exists xo in X such that xoRfxo and p(xg, fxo,t) <1 for all ¢ >0;

(i1) R is transitive and f-closed;
(i1i) one of the following holds:
(a) f is continuous, or

(b) R is u-self-closed.
Then f has a fixed point in X.

Proof. From (i), there exists xg € X such that xoRfx¢ and u(xg, fx0,¢) <1 for all £ > 0. Define a
sequence {x,} in X by fx, =x,+1, for all n € Ny. If x,, = x,,+1, for some n € Ny, then x, is a fixed
point of /. Assume that x, # x, 1, for all n € Ny.
As p(xo, fx0,t) = p(xo,x1,¢) < 1 for all ¢ > 0, and in view of Lemma [2.4] and (2.2), we obtain
max{(xo, 21, £), min{p(fxo,x0, 1), a1, f 21, O = Yl xo, fx1, 1)
= max{u(xg,x1,t), min{u(xy,x0, 1), u(x1,x2, O} = w(ulxy,x2,t)) (2.3)
= 1> plxo,x1,t) = w(u(xr,x2,t) = px1,x2,t).

If there is some ¢y > 0 such that u(xi,xe,t9) = 1, then w(u(x1,x2,t9)) = 1. This implies that

w(x1,x2,t0) = 1, (due to condition (C) of the definition of ¥) which contradicts (2.3).

Roldan-Lépez-de-Hierro [18] defined a comparison function v :[0,1] — [0, 1] which satisfies:
(A) v is non-increasing and right continuous;

(B) yw(t) <t forall t€(0,1);

(C) w(0)=0.
Let ¥ denotes the family of all such functions y.

For example, w(¢) = t2 for all ¢ € (0,1). Notice that, using the previous definition, the condition
y(1) =1 is not necessarily true.

Therefore, u(x1,x2,t9) <1 for all ¢ > 0. Continuing with the same scenario, we deduce that
for all n eNg and all £>0,

1 > :u(xnaxn+1, t) = 'W(,u(xnaxn+1, t)) = l’t(xn—l,xna t) > 07

for all n € Ny and all ¢ > 0, which implies that the sequence {u(x,,x,+1,%)} is non-increasing
sequence and bounded above. Hence, there exists 0 < 6(¢) < 1 for all # >0, such that

lim p(xn, xn+1,8) = 8(2).
Now, we show that 6(¢) = 0 for all ¢ > 0. If there is #¢ > 0 such that 6(¢¢) <1 then
1> 6(t0) = ulxn, Xn+1,20) = W(ulxy, Xp11,20)) = Xn-1,%n,t0) >0, (2.4)

hence, 0 < 6(tg) < 1. As v is right-continuous and {u(x,,x,+1,?)} is non-increasing sequence of
positive numbers, letting n — co in (2.4) we obtain w(5(¢g)) = 6(¢g), a contradiction (6(¢g) € (0, 1)).
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Therefore, 6(¢) = 0 for all ¢ > 0. That is,
,}l_,m Wy, xn+1,8) =0. (2.5)

Next, we show that {x,} is a Cauchy sequence in (X, u,®). If on the contrary, {x,} is not a
Cauchy sequence, then there exists € € (0,1) and some #¢ > 0 such that, for all 2 € Ny, there exist
m(k),n(k) € Ng such that m(k) = n(k) = k satisfies

L (k) Xn(k), £0) = €, M Xmk)-1,%n(k), to) <€, for all 2 e€Np.
As (X, u,®) is non-Archimedean, we have for all £ € Ny,
€ < (X m(k)> Xn(k)> t0)
< (X m(k)s Xm(k)-1,20) ® (X m(k)-1,Xn(k)> t0)
< X m(k)s Xm(k)-1,L0) B E.
Letting £ — 0o, and using that @ is continuous, and we can conclude that
r}ilglou(xm(k),xn(k),to) =€. (2.6)
Additionally, as (X, u, ®) is non-Archimedean, we have (for all £ € Ny)
(X (k) =1, Xn(k)-1,10) = (X m(k)=1,Xn(k)> t0) ® L(Xn (k) Xn(k)-1,10) < € ® W Xn(k), Xn(k)-1,%0),
and
(X m(k)> Xn(k) £0) < (X mk), Xm(k)-1,£0) ® (X m(k)-1,Xn(k)-1,10) ® P(Xn(k), Xn(k)-1,10)-
Taking k& — oo, in the above inequalities and using and (2.6), we find
klij.lo (X (k)-15%n(k)-1,t0) = €. 2.7

That is, i (*m&)-1,%nk)-1,£0) < 1 whenever £ is large enough. Now, using (2.2) and Lemma
we have, (for all k)

max{ (X k)-1,Xnk)-1,L0), MIN{U(F X ()— 1, Xim(k)-15£0)s X n (k)15 [ Xn(k)-1,E0)}H}
= Y ((f Xmk)-1, Xnk)-1,20))-
Hence,
max{ (X k)-1, Xnk)-1,£0), MIN{U(X k), Xm(k)-1,20), M Xnk)-1, Xnk), Lot}
=YX k), Xnk), to))-
Letting £ — oo, and using (2.5)-(2.7) and the fact that y is left-continuous we deduce that
1> max{e,max{0,0}} = y(e) = e = w(e) > ¢,

a contradiction. Hence, {x,} must be a Cauchy sequence in (X, u,®). Now, we have {x,}, an
R-Cauchy sequence, and (X, u, ®), an R-complete, so there exists x € X such that x, — n.

Now, if f is continuous, then taking the limit as n — oo on the both sides of x,.1 = fx,,
n € Np, we obtain x = fx.

Otherwise, if R is p-self-closed, then there exists a subsequence {x,¢)} < {x,} such that
Xnk)Rx for all & € Ng. We claim that x = f(x). As ]girgoxn(k) =x we have lglir&u(xn(k),x,t) =0 for

all £> 0. Then pu(x,e),x,t) <1 when & is large enough for all ¢ > 0 and as x,)Rx, from condition
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(2.2) we find

max{Uxn k), x, ), Min{u(f Xn(k), Xn(k), 1), 1, f 2, O = Y(u(f 2nry, fx, ).
Thus,

max{Uxn k), x, 1), MIn{Xnk)+1, Xn(k), 1), 1, f20, O = Y(uxn@)+1, £, ).
Letting £ — oo, and using (2.5)), k}im 1), x,t) =0, we find

—00
0 = max{0, min{0, u(x, fx,t}} = klim Y xnk)+1, f X, 1)).
—00

This means that

lim Y(u(xnp)+1,f%,8)) = 0.

k—oo
Hence, from Remark 2.1 and the continuity of y, we obtain

lim p(xni)+1,fx,t)=0.

k—oo
Thus, klim Xnk)+1 = fx. The uniqueness of the limit gives that fx = x. This completes the

— 00

proof. O
Next, we provide the following uniqueness theorem.

Theorem 2.2. In addition to the hypotheses of Theorem if the following condition holds:
(iv) for all x,y € Fix(f), there exists z € X such that xRz and yRz, u(x,z,t) <1 and u(y,z,t)<1
for all t > 0. Then the fixed point of [ is unique.

Proof. In view of Theorem Fix(f)# ¢. Let x,y € Fix(f), by condition there exists z€ X
such that xRz, yRz € u(x,z,t) <1 and u(y,z,t) <1 for all ¢ > 0. Define zo =z and z,,+1 = fz, for
all n = 0. We claim that x = y. As xRz, u(x,zo,t) <1 for all ¢ > 0, then from (2.2) we have

max{u(x,zo,t), min{u(fx,x,t), W(zo, f 20, = y(u(fx, f20,t))
= max{u(x,zo,?), min{u(x,x,t), u(zo,21, )} = y(ulx,z1,t))
= max{u(x,zg,t), min{0, u(zp, 21, )} = w(u(x,z1,t))
= max{u(x,zo,?),0} = p(ulx,z1,t))
= 1> u(x,z0,t) = yp(ulx,z1,t) = ulx,21,1t).

By induction, we find u(x,z,,t) < 1 for all n € Ny and ¢ >0 and as R is f-closed, we conclude
that (by induction), xRz, for all n € Ny. Hence

max{u(x, z,,t), min{u(fx,x,t), Wz, fzn, O = w(u(fx, f2,,1))
= max{u(x,z,,t), min{u(x,x,t), Wz,,2,+1, N = Yz, 24+1,1) (2.8)
= 1> ulx,z,,t) = p(ulx,zp41,8) = plx, 2,41, 1).

Thus, {u(x,z,,t)} is non-increasing and bounded above. Hence, there exists 0 < y(¢) < 1 for all
t > 0 such that ,}Lm wx,zp,t) = y(t). Letting n — oo in (2.8), and as v is right-continuous, we
find @ (y(¢)) = y(¢). Therefore, in view of Remark we deduce that y(¢) =0 for all ¢ > 0. Thus,

r}i_)m wx,zn,t) =0, forallt>0.
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Similarly, we can show that
lim p(y,z,,t)=0, forallt>0.
n—oo
As (X, u,®) is non-Archimedean, we find (for all n € Ng)
wax,y,t) < pulx,z,,t)® wWzy,y,t).
Letting n — oo, and using the continuity of @, we can conclude that
wax,y,t) <080=0= u(x,y,t)=0.
Hence, x = y. As required. O

Now, we present the following example which exhibits the utility of Theorems[2.1]and [2.2]

Example 2.2. Consider the mapping f given in Example We are going to show that all the
hypotheses of Theorem [2.1] are satisfied.

Proof. It is obvious that (X, u, ®) is R-complete non-Archimedean revised fuzzy metric space
(see [22, Example 1.3]).
Note that

e R is transitive on [2,5];
e 2€[2,5], f(2)=2.5€[2,5] and 2 < f(2) hence 2Rf(2);

e for all x,y €[2,5] where x <y, we see that 32, y+3 €[2.5,4]<[2,5] and &3 < ygS’
so when xRy we have f(x)Rf(y), that means R is f-closed,;

e if {x,} € X is R-preserving sequence, that is x,Rx, 1 then x, <x,.1, xn,%X,+1 € [2,5] for
all n = ny.

Hence, {x,} is non-increasing sequence and bounded above, that is

lim x, = 1nf x, =x€[2,5].
n—.oo

Therefore, x, < x, and Xn,x € [2,5] for all n = ny. Thus, x,Rx and R is u-selfclosed. Now, we
show that f is a revised KM-fuzzy R-y-contractive mapping. For all x,y € X. We have

1 3 lx-yl
t+1) '
R Lad 1 \[fx—xl 1 \[fy-ul 1
max (—) ,min (—) ,(— S(—
t+1 t+1 t+1 t+1
Therefore,

max{M(x,y,t),min f M(fx,x,t), M(y,fy, O} =2w(u(fx,fy,t)), forallx,yeX.
Thus, f is a revised KM-fuzzy R-w-contractive mapping. Then all the hypotheses of Theorem
are satisfied and 3 is a fixed point of /. Observe that Theorem [2.2]is also satisfied on [2,5], and
3 is the unique fixed point of f. If we put y(¢) = kt, where & €(0,1) in Theorems [2.1|and [2.2| we
have the following corollary. O

3lfx—fyl
t)=|—— =
Yu(fx, £3,0) (H 1)
Hence, if xRy and u(x,y,t) <1 we find
lc—yl

1 2 lx-yl
<|— .
t+1)
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Corollary 2.1. Let (X, i, ®) be an R-complete non-Archimedean revised fuzzy metric space (in
the sense of Kramosil and Michalek) with a binary relation R and f : X — X be mapping such
that there exists k2 € (0,1) and for all x,y € X, all £ >0 with xRy,
plx, y,t) <1, max{ulx,y,t),min{u(fx,x,t),uy, fy, N = kM (fx,fy,0).
Additionally,
(i) there exists xp in X such that xgRfxo and u(xo, fxo,¢) <1 for all £ > 0;
(i1) R is transitive and f-closed;
(iii) one of the following holds:
(a) f is continuous, or
(b) R is u-self-closed.
Then f has a fixed point in X. In addition, if the following condition holds
(iv) for all x,y € Fix(f), there exists z € X such that xRz, yRz, u(x,z,t) <1 and u(y,z,t) <1 for
all £ > 0. Then the fixed point is unique.

In the rest of this, we show that Theorems [2.1] and can be achieved in the setting of
R-complete non-Archimedean fuzzy metric spaces (in the sense of George and Veeramani [3]).

Now, we define GV-fuzzy R-y-contractive as under.

Definition 2.6. Let (X, u,®) be a non-Archimedean revised fuzzy metric space (in the sense
of George and Veeramani), R a binary relation and f : X — X a mapping. We say that f is a
revised GV-fuzzy R-w-contractive mapping if there exists y € Y such that, for all x,y € X with
xRy,

max{u(x, y,t), ifx,x,0), iy, fy, O 2 y(uf x, f y, 1)) (2.9)

Next, we provide the following theorems in the sense of revised George and Veeramani [3]]
fuzzy metric space.

Theorem 2.3. Let (X,u,®) be a non-Archimedean revised fuzzy metric space with a binary
relation R and [ : X — X. Assume that X is an R-complete and [ is a revised GV-fuzzy R-y-
contractive mapping such that:

(1) there exists xg in X with xoRfxo;

(i) R is transitive and f-closed;
(i1i) one of the following holds:

(a) f is continuous, or
(b) R is p-self-closed.
Then f has a fixed point in X.

Proof. From (i) there exists xo € X such that xoRfxo. Define a sequence {x,} in X by fx, =x,+1,
for all n € Ny. If x,, = x,,+1, for some n € Ny, then x, is a fixed point of f.
Assume that x, # x,4+1, for all n € Ny. As xoRx1 and in view of (2.9), we obtain

max{u(xo,x1,1), i(fx0,%0,2), ulx1, fx1,)} = w(u(fxo, fx1,1)) (2.10)
= max{u(xo,x1,2), ulx1,x0,1), u(x1,x2,2)} = Y(ulxy,xe,1)). (2.11)
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If max{u(xo,x1,1), ulx1, %2, )} = px1,x2,8) = w(u(x1, x2,t)) = px1,x2,t) by Definition [2.1 we find
wx1,x2,t) =0, which is a contradiction. Hence,

1> p(xo,x1,1) = Y(ulx1,x2,8)) = plx1,x2,1).
Continuing this process, we deduce that
1> pan—1,%n,8) Z Y(Uxn, Xn+1,8)) = plxn, Xn+1,1),
for all n € Np. As the proof of Theorem |2.1| we have
lim p(x,,x,+1,t) =0. (2.12)
n=oo

Next, we show that {x,} is a Cauchy sequence in (X, u,®). If, on the contrary, {x,} is not a
Cauchy sequence, then as the proof of Theorem [2.1 we find

im p(em k), Xnk),to) = €, (2.13)
lim (X k)-1,%nk)-1,%0) = €. (2.14)
n—oo

Now, using the contractive condition (2.9) and Lemma [2.4] we have for all %,
max{U(Xm(k)-1, Xn(k)-15£0)s MEXmk) -1 Xmk)-1,£0)s M Xn(k)-1, Xn(k)-1, £0)}
= Y(U(f Xmk)-1,f Xnk)-1,t0))-
Hence,
max{U(Xmk)—1,Xnk)—1,10)s MEmk), Xmk)-1,20), M Xn(k)-1, Xn(k)> t0)}
= Y((Xm(k), Xn(k), t0))-
Letting £ — oo, and using (2.12)-(2.14) and the right-continuity of y, we find that
1>max{e,0,0} =2 y(e) = e=2y(e)>¢

a contradiction. Hence, {x,} must be a Cauchy sequence in (X, u, ®). As (X, u,®) is R-complete,
there exists x € X such that x, — x. From condition (a), if f is continuous, as the proof of
Theorem [2.1] we have x = fx.

From condition (b) if R is p-self-closed, then there exists a subsequence {x,)} < {x,} such that

klim Xnk) =% and x,x)Rx, for all 2 € N.
—00
Suppose that x # f(x), and from condition (2.9) we find

Thus,

maX{ﬂ(xn(k),x, t)’ .U(xn(k)+l>xn(k)a t)> H(xa fxa t)} = 1l](l't(xl‘t(k)+l7 fx’ t))
Letting £ — oo, and using (2.12)), klim 1y, x,t) =0, we find
—00

wx, fx,t) = max{0,0, u(x, fx,t)} = klim 1k, %, t).
—00
As v is right-continuous and p is continuous, we have

plx, fx,t) = p(ulx, fx,1)) > plx, fx,1).
Hence, from Remark 2.1} we find u(x, fx,t) = 0. As required. That is fx = x. O

Next, we provide the following uniqueness theorem.
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Theorem 2.4. In addition to the hypotheses of Theorem if the following condition holds:
@iv) for all x,y € Fix(f), there exists z € X such that xRz, yRz and zRf z.
Then the fixed point of f is unique.

Proof. In view of Theorem Fix(f)# ¢. Let x,y € Fix(f), by condition (iv) there exists z € X
such that xRz, yRz. Define z,,1 = fz, for all n =0 and zg = z. As zRfz then as the proof of
Theorem we have

klim Wzn,2n+1,t) =0. (2.15)
—00
We claim that x = y. As xRz(, and R is f-closed, we find by induction xRz, for all n € Ny. then
from (2.9) we have
maX{M(x,Zn, t)7 I-I’(fx7x7 t)7 ,U(mezm t)} = w(u(fx’ leh t))
= maX{/l(x,Zn, t)7 H(xrxa t)7 M(znazn+1’ t)} = w(u(x)zn+1, t))
= max{ux,zn,1), l(zn,2n+1,0)} = P(Ux, 2041, 1))
Case I: If max{u(x,z,,t), W(zn,2n+1, 1)} = p(x,2,,t) for all n = ng we have
W, zn,t) = w(u(x,z,11,8) = w(x,2,41,1).
Thus, {u(x,z,,t)} is non-increasing and bounded above. So, as in Theorem
lim p(x,2,,t)=0= lim z, =x.
k—o0 k—o0
Case 1I: If max{u(x,z,,t), i(zn,2n+1,t)} = W2y, 2n+1,t) for all n = no we have
(2n,2n41,8) Z WX, 2p41,1)).
By taking n — oo and using (2.15) we find
0= lim yw(u(x,z,+1,t)
k—o0
= 0= lim w(u(x,z,+1,%))
k—o0
= 0= lim u(x,z,+1,%))
k—o0
= lim z,,1=x.
k—o0
Therefore, from two cases we conclude that

lim z, =x. (2.16)

k—o0

Similarly, we can show that

klim Zn =Y. (2.17)
—00

As (X,u,o) is Hausdorff then from (2.16) and (2.17), we obtain x = y. This completes the
proof. O

If we put w(¢) = kt where k& € (0,1) in Theorems [2.3|and [2.4] we have the following corollary.

Corollary 2.2. Let (X,u,®) be an R-complete non-Archimedean fuzzy metric space (in the
sense of George and Veeramani) with a binary relation R and f : X — X be mapping such that
there exists k£ €(0,1) and for all x,y € X, with xRy,

max{u(x,y,t), u(fx,x,0), 1wy, fy, O = kufx, fy, ).
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Furthermore,
(i) there exists x¢ in X such that xqoRfxo;

(i) R is transitive and f-closed;
(i1i) one of the following holds:

(a) f is continuous, or
(b) R is u-self-closed.
Then f has a fixed point in X. In addition if the following condition holds
(iv) for all x,y € Fix(f), there exists z € X such that xRz, yRz, and zRfz.
Then the fixed point is unique.

3. Application to Nonlinear Fractional Differential Equations

In this section, we apply our main results to study the existence of a solution of boundary value
problems for fractional differential equations involving the Caputo fractional derivative.
Let X =C([0,1],R) be the Banach space of all continuous functions from [0, 1] into R with
the conorm
oo = sup |x(£)I.
t€[0,1]

Define p: X2 x (0,00) — [0,1] for all x,y € X, by

lle=yll =yl

wx,y,t)=e ¢t (e~ * —1), forall1e(0,00).
It is well known that (X, u,®) is a complete non-Archimedean revised fuzzy metric space
witha®b=a+b-ab, for all a,b €[0,1] (see [2,8]). Define a binary relation R on X by
xRy = x(t)<y(#), forallx,yeX,tel0,1].
As (X, u,®) is a complete non-Archimedean revised fuzzy metric space witha®b=a+b —ab,

then (X, u,®) is an R-complete non-Archimedean fuzzy metric space witha® b =a + b —ab, for
all a,b €[0,1]. In addition, it is easy to see that R is transitive.

Now, let us recall the following basic notions which will be needed subsequently.

Definition 3.1 ([8]]). For a function u given on the interval [a, b] the Caputo fractional derivative
of function u order > 0 is defined by
1
<
I'(n-p)

where [f] denotes the integer part of the positive real number § and I is a gamma function.

t

(CD§+)u(t) = f (t—s)" P Y w) s)ds, (n—-1<p<n,n=[fl+1), (3.1)

a

Consider the boundary value problem for fractional order differential equation given by:
{(CD&)u(t) = h(t,2(2)), (te[0,1],2< p=3);

(3.2)
x(0) = co, x'(0) = cj, x"(0) = cy,

where CDg . denotes the Caputo fractional derivative of order §, 4 :[0,1] — R is a continuous
function and co, ¢, c1 are real constants.
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Definition 3.2 ([1]). A function x € C3([0,1],R), With its B-derivative existing on [0,1] is said to
be a solution of (3.2) if x satisfies the equation CD L (x(#)) = h(z,x(2)) on [0,1] and the conditions

x(0) = cg, x'(0) = o> x'(1)=c;.
The following lemma is required in what follows.

Lemma 3.1 ([1]). Let 2< b <3 and let u :[0,1] — R be continuous. A function x is a solution of
the fractional integral equation

— p-1 _
x(t) = F(,B)f(t )’ tu(s)ds 2F( 2

if and only if x is a solution of the fractional boundary value problems
cDg+(x(t)) =u(t), x(0) = co, x'(0)=cg, x"(1)=c1,
where x'"'(1) = 2c¢q + mfé(t—s)ﬁ_:gu(s)ds, c1,¢i,c €R, i=1,2,....

f(t s)P- 3u(s)ds+co+cot+§t

Now, we state and prove our main result in this section.
Theorem 3.1. Suppose that
@) forall x,ye X, x<y, t€[0,1] there exists A >0 such that
| (t,x(2)) — h(2, ()] = Alx(2) — y(@),
where

O<1—/1( 1 + 1 )<1- (3.3)
k- \r+1 2rB-1)) '

(i1) there exists xo € X such that

t 2 t
xo(t) = %ﬁ)fo (t—s)ﬁ_lh(s,xo(s))ds—mj; (1—s)ﬁ_3h(s,xo(s))ds+co,c(’§t+ 62—1t2;

(iii) A is non-increasing in the second variable.
Then, equation (3.2) has a unique solution in X.

Proof. Define H:X — X by

Hx(t)_ F(ﬁ)‘[ (t S)ﬁ lh(S x(S))dS—m
where co = 2c9 + mfo (1-35)P3h(s,x(s))ds, ci,co€R,1=1,2,... are constant.
First, we show that H is continuous. Let {x,} be a sequence such that 11_»1&1o x, =x1n X. Then
for each ¢ €[0,1] "

f (1 - )P ~3h(s, x(s))ds + co, et + = 5 =2,

|Hxp,(¢)— Hx(t)] 2{ f(t $P LA (s, x,(5)) = (s, x(s))|ds

I'(p)
*mfo (1_S)ﬁ_s'h(s’xn@))—h(s,x(smds}.

As h is a continuous function, we have

Tim /s, %(8)) = (s, 2(Dlloo = 0,

<~ lim |Hx, —Hx|s=0
n—o0
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. _Hxpn—Hxlloo |1Hxpn —Hzxlloo
<~ lime 7 (e 7 -1)=0
—

n—o0

lim w(Hx, -Hx,7)=0

n—oo

lim Hx, = Hx.

n—oo
Hence, H is continuous. Clearly, the fixed points of the operator H are solutions of the equation
(3.2). We will use Theorem [2.3|to prove that H has a fixed point.
Therefore, we show that H is a GV-fuzzy R-y-contractive mapping. Let x,y € X, xRy so
x(t) < y(t), for all £ €[0,1]. Observe that

1
\Hax(t)— Hy(t)| > {%ﬁ) f (t = )P s, () — h(s, y(s))|ds

- p-3
zm > f (1— )83 (s, x(5)) — h(s, y(s))lds}

= {F(ﬁ)fo (= 8)P"1h(s,x(s)) — hls, y(s))ldss
1 t
- Y] _
t T G-D) f (1-9)P"3|h(s,x(s)) h(s,y(s>>|ds}

F(ﬂ)f (t— )P 1 Ax(s) — y(s)Ids

- - p-3
2F(ﬁ 2)](1 $P 2 A)x(s) — y(s)lds}

_g)f-1 p-3
F(ﬂ).[(t S)IF T Ax =yl ds+2r(ﬁ 2)[ (1-s)"""ds

_ AMx=ylle _ o 1gs o ME =Yl f _ \p-3
ST f(t s)’ " ds 2F(ﬁ 2) (1-s)""ds

1
=4 (F(ﬁ+1) 2I'(p-1)

)le Yoo

! [ I
= —|lx—
A Yoo
Hence,
RIlHx—Hylloo = llx = ylloo-
Therefore,

IHx-Hyloo  I1Hx—Hyloo Clx=yleo  Ix=yleo
e 7 (e ? -1D=e t (et =1

This gives,
y(uHx,Hy,t)) < u(x,y,7) < max{u(x,y,7), u(Hx,x,7), 1(y, Hy, )},

with w(¢) = t* and & > 1. This shows that H is a GV-fuzzy R-y-contractive mapping. From
(i1), we conclude that xo(¢)RHxo(t), for all ¢ € [0,1], then xoRHx( that is, the condition (i) of
Theorem is satisfied. Let x,y € X, x(¢) < y(¢) for all £ € [0, 1], from (iii), as h is non-increasing

Commaunications in Mathematics and Applications, Vol. 14, No. 2, pp.[865 , 2023



878 New Relation-Theoretic Fixed Point Theorems in Revised Fuzzy...: A. Muraliraj and R. Thangathamizh

in the second variable, we have

Hx(t) = F(,B)f (1-s)f 1 h(s, x(s))ds+co,cot+czt

T(,B)f (1-s)P1 h(s, y(s))ds+co,cot+czt

=Hy(?).
We conclude that Hx(t) < Hy(¢t) for all ¢t € [0,1], then Hx < Hy (i.e., xRy = HxRHy) that is,
R is H-closed and the condition (iii) of Theorem satisfies. Therefore, all the hypotheses
of Theorem are satisfied. Hence, H has a fixed point which is a solution for the Equation
(3.2) in X. Finally, observe that if x,y € X are two fixed points of H in X, then x = min{x, y},
y = min{x,y}, and z = min{x,y} € X, Additionally, u(x,z,t) <1 and u(x,z,t) < 1 for all £t >0
(because of Definition [2.4). Therefore, Theorem [2.4]is also satisfied. Hence, the fixed point of H
is unique and thus the solution of is also unique in X. This completes the proof. O

Finally, we provide the following example which supports Theorem

Theorem 3.2. Consider the boundary value problem of fractional differential equation

5 x(2)
D2 x(t)= ———, te[0,t], x(0)=0, x'(0)=0, x"(0)=0. 3.4
o0+ X(®) 5L+ x(0) € [0,%], x(0) x'(0) x"(0) (3.4)
Hence, condition (i) of Theorem is satisfied thh . Now, we check that A r(ﬁ ) 21"(%—1) >0
1] 1 N 1 23 50
5r@) @) A

Hence, (3.3) holds. Taking xog =0 then,

—5f (t—5)2h(s,0)ds — T f (t—s)"2h(s,0)ds+—=—, te[0,1].
r(3)Jo 2T (5) Jo 2 2

This shows that condition (ii) of Theorem is also fulfilled. Additionally, if x <y we
conclude fx < fy. Therefore, condition (iii) of Theorem [3.1 holds. Therefore, equation (3.4) has a
unique solution on [0, 1].

4. Conclusions

We introduced the concept of revised fuzzy R-w-contractive mappings and studied some relevant
results on the existence and uniqueness of fixed points for such mappings in the setting of
non-Archimedean fuzzy metric spaces (in Kramosil and Michalek’s sense [9] as well as George
and Veeramani’s sense [3]). These results extended and generalized the results of [18]]. We also
provided some illustrative examples which supported our work. In the application section, we
proved the existence and uniqueness of solutions for Caputo fractional differential equations.
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