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1. Introduction

Our immune system is a complicated network of cells, tissues and organs to keep us healthy and
fight off diseases and infection. The immune system is composed of two major parts: the innate
immune system and adaptive immune system. The macrophages and neutrophils of the innate
immune system provide a first line of defense against many common micro-organisms and are
essential for the control of common bacterial infections. However, they cannot always eliminate
infectious organisms and there are some pathogens that they cannot recognize. Moreover,
because there is a delay of 4-7 days before the initial adaptive immune response takes effect,
the innate immune response has a critical role in controlling infections during this period.

Immunodeficiency (or immune deficiency) is a state in which the immune system’s ability
to fight infectious disease is compromised or entirely absent. Primary immunodeficiencies are
disorders in which part of the body’s immune system is missing or does not function normally.
Most of the primary immunodeficiencies are genetic disorders. Majority are diagnosed in
children under the age of one, although milder forms may not be recognized until adulthood.
About 1 in 500 people in the United States are born with primary immunodeficiency. People with
primary immunodeficiencies are more prone to infections. So in case of an epidemic, people with
primary immunodeficiencies are more likely to be infected than other people [5], [6], [[7], [8], [9].

The delays or lags can represent gestation times, incubation periods, transport delays or
can simply lump complicated biological processes together. Such models have the advantage
of combining a simple, intuitive derivation with a wide variety of possible behavior regimes
for a single system. Delay models are becoming more common, appearing in many branches of
biological modelling. They have been used for describing several aspects of infectious disease
dynamics namely primary infection, drug therapy and immune response. Delays have also
appeared in the study of chemostat models, epidemiology, the respiratory system, tumor growth
and neural networks. In the context of epidemiology, delays can be caused by a variety of
factors. The most common reasons for a delay are (i) the latency of the infection in a vector
and (ii) the latency of the infection in an infected host. In these cases, some time should elapse
before the level of infection in the infected host or the vector reaching a sufficiently high level to
transmit the infection further [10].

In Section [2| we have formulated the mathematical model. Basic properties of the model
are discussed in Section [3| In Section 4, the global stability of the disease-free equilibrium
is analysed. Global stability of endemic equilibrium is discussed in Section [5| Numerical
simulations of the mathematical model are given using MATLAB in Section [6| Numerical
simulations are discussed in Section [7.

2. Mathematical Model

Let us consider the following continuous time SIR (Susceptible-Infected-Recovered) model with
distributed delays. Let S(¢), A(¢), I(¢) and R(t) denote the proportion of population susceptible
to disease without primary immunodeficiency disorders, population susceptible to disease with
primary immunodeficiency disorders, population of infective members and members who have
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been removed from the possibility of infection at time ¢, respectively.

dS "
o =bp@ - S~ pagS) [ fO1¢-idr,
dA(t "
—di ) _ b(1-p)Q _HA(t)_ﬁlalA(t)fO f@I-7)dr,
dI() h !
- :ﬂaqS(t)‘[o f(T)I(t—T)dT+ﬁla1A(t)/(; f(T)I(t—T)dT_(u+Y+6)I(t)7
dR(t
% = uR@®) +yI(D). W

Let us consider this as system (1), where

b is the birth rate of the population.

a is the immunity rate of population S.

a1 is the immunity rate of population A.

p is rate of population without primary immunodeficiency.

@ denotes the constant population.

* uis the natural death rate.

0 is the death rate due to infection.

q is the rate at which population A comes in contact with population S.

v is the recovery rate.

B is the transmission rate of population S.

B1 is the transmission rate of population A.
We assume the following condition:

* 1 > B, that is the infection rate of the population with primary immunodeficiency is
greater than that of population without primary immunodeficiency.

Infectiousness is assumed to vary over time from the initial time of infection until a duration
h has passed and the function f(7) denotes the fraction of vector population in which the time
taken to become infectious is 7. Here 3, f1 and f(r) are chosen such that it is non negative and
continuous on [0, /] and assume for

h
f f(r)dr =1. (2)
0
System (1) has the disease free equilibrium
bpQ b(1-p)Q

u M
Furthermore, if Ry > 1, the system (1) has an unique endemic equilibrium

E* :(S*,A*,I*,R*),

EO:( ,0,0)

where
S*: pr : A*: b(l_p)Q :
p+pagl* p+prail*
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where I* is the positive root of the following equation.
AT*% + AoT* + A3 =0, 3)
where
Ai1=ppfraa1g >0,
Ay = p(Baq +pia1)  PPraaibg@
u+y+o6 u+y+6
A3 = ,u2 —R() <0.

The basic reproduction number (usually denoted by Ry), is a significant epidemiological quantity,

b

which plays an important role in the dynamics of disease transmission. It is a useful metric
that helps us to predict whether an infectious disease will spread through a population or not.
If it is less than one, the infection will die out in the long run, otherwise, the infection will keep
persistent in the population.

The basic reproduction number of the model is given by
bQ(Bapq +pfiai(1-p))

u+y+o '

We propose the following discrete epidemic model which is derived from system (1), by applying

Ry = (4)

variation of Backward Euler Method:

S(t+1)-S(t)=bpQ — uS(t+ 1)~ PagSE+1) Y f(NI(p-J),
j=0

A+1)-A@W)=b(1-p)Q —pA(t+1)-pPra1A(t+1) Z fGHI(p—-j),
j=0

It+1)-1(t)= [,BaqS(t+1)+,61a1A(t+1)]Zf(j)I(p—j)—(u+y+6)I(t+1),
J=0
R(t+1)-R@)=yI(t+1)—uR(t+1). (5)
This can be taken as system (5), where f(j) =0, j = 0,1,2,...,m. For simplicity, we may

m
assume that ) f(j) = 1. Similar to the continuous case system, System has a disease

Jj=0
free equilibrium,
b b(1-
Eo:( pQ, ( p)Q,O’O).
[0 It

Furthermore, if Ry > 1, system has an unique endemic equilibrium
E*=(S*,A",I",R")
with initial conditions
S@)=¢t)=0, It)=y()=0, A(t)=0()=0, R(t)=0()=0
t=-m,-(m-1),...,-1
S(0)>0, A(0)>0, I1(0)>0, R(0)>0. (6)

We have the same threshold value, that is, the basic reproduction number,

bQ(Papq + f1a:1(1—p))
u+y+6 ’

Ry=
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3. Basic Properties

For system (5)), since the variable R does not appear in the first three equations, it is sufficient
to consider the 3 dimensional system:

S(t+1)-S(t)=bpQ —uS(t+1)—PagSt+1) Y. fF()I(p-j),

j=0
A+1D)-A@W)=b6(1-p)Q —pA(t+1)—-pPra1A(t+1) Z fGHI(p—j),
j=0
It+1)—-1(t) =[BaqgSEt+ 1)+ pra1 At +1)] Z fMDIp-7)—(u+y+)It+1). (7
j=0
This can be taken as system (7) with initial conditions
S@)=¢@)=0, It)=y()=0, A®)=0()=0
t=—-m,—-(m-1),...,—1
S(0)>0, A(0)>0, I(0)>0. (8)

Lemma 3.1. Let (S(t),A(t),1(t)) be the solution of system (7)) with initial condition (8). Then
S()>0, A(t)>0and I(t) > 0.

Proof. Assume that S(p — j),A(p—),I(p—j)>0, j=0,1,2,...,m. Then system (7) becomes

S(t+ 1){1+u+ﬁaq2f(j)l(p—j)} =bpQ+S(¢)>0,
7=0

m

A(t+1){1+u+,61a1 Zf(j)I(p—j)} =b(1-p)R+A@)>0,

Jj=0

I(t+1)(,u+7/+6):I(t)+{[ﬁaqS(t+1)+[31a1A(t+1)]Zf(j)I(p—j)} >0.
Jj=0

From the first equation, we have S(¢ + 1) > 0 and by the second and third equation, we have
A(t+1)>0, I(t+1)> 0. Hence by induction, we prove this lemma.

Lemma 3.2. Any solution (S(t),A(t),1(t)) of system (7) with initial condition (8) satisfies

limsup(S(2),A(2),1(2)) < % .

t—oo

Proof. Let V(t)=S()+A(t)+ I(t). From system (7) we have that
Vit+1)-V@)=bQ —uV(iEt+1) - (y+0)I(t+1),
Vit+1)-V(@)<bQ —uV(t+1)

from which we have that

limsup(S(¢),A(?), I(?)) < %

t—oo
Hence the proof is complete.
Now put

S = liminfS(®), S =limsupS(?),
—00

t—o00
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v ~

A= litmian(t), A =limsupA(t),
—00

t—oo
I =liminfI(t), I=limsupl(z). O
t—oo t—o0
Lemma 3.3. For any solution (S(t),A(t),1(t)) of system (7) with initial condition (8), we have
that
O<LQA<S‘S§SLQV5@,
u+Paql pu+paql p
_ A 1—
()<b(1—p)Q/\<A5ASb(—p)Q\15@,
pu+ prail p+prall
fagSthamd 4 op g
w+y+o
~ i R
PagS+thad |\ il
w+y+o

4. Global Stability of the Disease-free Equilibrium

Lemma 4.1. If Ry <1, then

b b(1—
lim 8@ =22 tmap=2"P2  i1m=0
t—00 U t—oo i) t—o0

and E is globally asymptotically stable.

Proof. For any € > 0, there exists a positive integer ¢ =0 such that

b
Se+1<2P9 . for all £ > £,

U

b(1-
A(t+1)s(—p)Q+€ for all t =¢g.
7

Consider the following sequence {w(#)}/;, defined by
w(t)=u(t)+v(@)+1(¢) forallt=tg,

where

m t
u(t) = faq Z Q) Z S(G+k+1I(k) forall t =t
Jj=0 k=t—j

m t
v@®)=Pra1 ) f() Y. AG+k+DI) forall t=¢
J=0  k=t-j

u(t+1)—u®)=Pag ) F(NSE+j+2)I(t+1)-SE+DIE- )
j=0

v(t+1)—v(t) = pra Z FDHARG+j+2)I(t+1)-At+ DIt —))
Jj=0

wt+1)-w@)=Pag ) fFHSE+j+2DI(E+1)
j=0

+B1a1 Y FDAG+j+ 2Tt +1)— (u+y+8)I(E+1)
j=0
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sﬁaqif(j)(%Q+e)I(t+1)

Jj=0
m b(1-
“ha ) o) (FE R e

<,Baq(pTQ +e)I(t+1)+ﬁ al(

(b(l ;p)Q )

It+1)—(u+y+6)I(it+1)

(1;1’)63 +e)I(t+1)—(#+Y+5)I(t+D

:ﬁaq($+e)l(t+1)+ﬁ1a1 +elI@+1D)—-(u+y+6)I(t+1)

_ { bpQ(fag + f1a1(1-p)Q)
u
Since € > 0 is arbitrary, we obtain that if Ry <1, then

bpQ(fag +p1a1(1-p))
U
and the non negative sequence {w(#)}/;, is monotone decreasing. Therefore, there exists a non

—(,u+y+5)}1(t+1)+(,Baq+,51d1)€l(t+1)

w(t+1)—w(t)s{ }I(t+1)50
negative constant w such that

lim w(t) =w

t—oo

We will prove that w = 0.
If Ry <1, then { bpQ(Baqg + frai1(1—p))

} < 0, we conclude that tlim I(t)=0.

u
Then @ = 0 and we obtain, lim S(z) = %, lim A(t) = w, lim I(£) = 0.
Suppose Ry =1, we can write
_bpQ@ S@) PagSE+DE .
S(t+1)_1+u+1+u T p j;)f(J)I(t 5, 9)
_b1-p)Q AW  PraiAt+1)
At+1)= g tlieT Lim Zf( Nt - ), (10)
I BagS(t+1) . BraiAG+D) &
It+1)= 1+u+y+5+1+u+y+52f(1)l(t D+ —w“a Y FDOIE-)). (11)
It can be written as
S(t+1)=b+eS@®)-pSEt+1)Y. FOOIEt-)), (12)
Jj=0
At+1)=b1+EAM) - B1AG+ D) Y. FOIE - ), (13)
Jj=0
It+1)= dI(t)+,BS(t+1)Zf(J)I(t J)+,61A(t+1)Zf(J)I(t 7, (14)
Jj=0 j=0
where
pobpQ 5 _bA-pR . 1 5 fag
1+u 1+u 1+u 1+u
~ _ Pagq ~ P ~  praa
F= 1+p+y+68’ hr= 1+p+y+68’ pr= 1+p’
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We now claim that there is a sequence {tk}ZZ‘(’) such that each of I(¢;, —j), j=0,1,2,...,m
converges to 0 as k& — oco.

IfI = 0, then the claim is evident.

Now suppose I > 0, there exists a sequence {tk}+OO such that

tth(tk+1): , thmA(tk+l):

S(tr+1)=b+28Str)-BStr+1) Y. fF(DIEtr - ),
j=0
b—clS(t, +1)— S(t)1— St + 1) z FDIty — )

S(tr+1)= — = ,

S(tp+1)— S as k — +oo.
We easily obtain that,
11111 [c[S(tp +1)—S(tp)] + ,BS(tk +1) Z fHIt,— D)=
b oo )
Therefore

limsup[S(tp +1)—S(¢z)]=0 and limsup i fMOItr—j)=0

k—+o00 k—+oco j=0

Thus it holds that
hm [S(tr +1)—S(t)]=0 and hm Z fOHI(t,—j)=0.

—’+OO —’+OOJ 0

Hence, it follows that ,
Iim S(¢;)= lim S(tk+1)—

k—+00 k—+00
and

hm Zf(])I(tk »N=0,

AA(, +1) - AW+ P+ 1) X F(DIt,~))
Aty +1):El— =

1-¢
Aty +1)— A as k — +oo.
We easily obtain that,

lim [E[A(¢;, +1)— A(tp)]+ B1A(ty + 1) Z fWOIt,—)]=

—’+OO ] 0

Therefore,

limsupl[A(¢t; +1)—A(¢)] =0, limsup Z fWOItr—j7)=0

k—+o00 k—+00 j=0

Thus it holds that
lim [A(tp +1)—A(t)] =0, hm Z f(DI(tr—j)=0.
k—+o00 k— OOJ 0
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Hence it follows that,
lim A(tg) = hm A(tk +1)=A

k—+00

and we can obtain that

I(tp—-1-j5)=0, [=0,1,2,....m
Hence the claim is proved. O
Lemma 4.2. If I(t+1) < mm I(t—j), then

<J<m

S(t+1)<S* inversely if S(t+1) = S*, then I(t+1)20m.in It-j).

<jsm

Proof. By the third equation of system (7),we have that
I -I+1) ﬁaqS(t + D)+ pra1At+1) &

I(t+1) Y R JZOf(J)I(t D
Therefore, if I(¢+1) < 0r<r}1<1}nl(t J), then by I(¢)-I(t+1)>0 and JZOf(J)I(t N>I+1)
I+ ,BaqS(t +:1J;[i1;x1A(t+1) t+1),
It+1)> %I(t+l),
I(t+1)> S(g*' Vi,
S(t+1)<S*.
Inversely, if S(t+1)=S*, then I(¢ +1) = Orsr}isnm I(t-).
Similarly if I(¢+1) < Og}isr}nl(t—j), then A(t+1) < A*. Inversely if A(t+1) = A*, then
I(t+1)zorsr}isr’1nl(t—j). O

5. Global Stability of the Endemic Equilibrium
Consider the following Lyapunov function,

Ut)=Us@®)+Ua@®)+Us()+ U+ (2),

where
Us(t):g(¥), UA(t)zg(i(?),
Ui =g("2), U+(t>=ifu> i ¢(52)
j=0 =t—

and g(x)=x—1-1In(x), x> 0.

We now show that, U(t+1)—-U(¢) <0.

First, we calculate Ug(¢t + 1) — Ug(?),
St+1)-S@®) S(t+1)

Us(t+1)-Ug(t) = S —In 0
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Sit+1)-
<

S St+1)-S®)

S*

Sit+1)-
< - -

S(t+1)

S [S(t+1)-S®)]

- S*S(t+1)

3 Sit+1)-S*
- S*S(t+1)

B (S+1)-8*)?

{—,u(S(t+ 1)-S*)+pagS*I* - fagS(t+1) Y. f(j)I(t—j)}

J=0

S* S+ I¢-))

S*

Uat+1)-Ua(®) = At +;)*

Sit+1)
—-A()

+Bagl™ ) f()|1-
Jj=0

Ai+1)

S(t+1)] [ S*

Ai+1)
<

—A®)

~In=®
At+1)-A®)

A*

<A(t+1)—

T OA*A(t+
A+D-A"

T OAFA(t+1)

A+ A%

3 Ai+1)

A(+1)

4 [A(t+1)-A@)]

1

—wAF+1D)-A") + fra1A*T* - Bra1 At +1) Z f(j)I(t—j)}
Jj=0

A*

A*

Ai+1)
It+1)-1(@)

ﬁlall* [1_ [1_A(i':1)-[(t_.]) ’

I(t+1)

A(+1)

Us(t+1)-Up(t) = ———

I(t+1)-1(¢)
< —

AT
I+ 1) -1t

I*

It+1)-1I*
< 7

O I*IG+

_I@+1)- I*

Il +

=) f(HBagS” [1 -
j=0

Finally calculating,

m t+1 Ik t I(k
U+(H1)_U+<t):zf<ﬁ{ 5 (M) 5 o]

J=0

Defining,
St+1)
S*

Xt+1 = Yi+1 =

f(J)

Alt+1)
Ax

I(t+1)

) [I(t+1)-1(2)]

[ﬁ qS(t+1)+ﬁ1a1A(t+1)]Zf(J)I(t D=(u+y+IE+1)
Jj=0

{S(t+1)l(t 7)

S* I*

I*
I(t+1)

_I(t+1)}
I '

k=t+1-j

10) s

k=t—j
It+1) (I(t—j))}
r ) 8T

I(t+1)) if() (I(t J)).

I(t+1)

I(t-j)
I* '

I*

2t+1 = y Rtj =
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We obtain that
U(t+1)— U(t)_ﬂ*(S(tS+(t1)+1)S )2+:3“q1*§0f(j)[1— S*l)Hl_S(t+1)I(tI:J‘)]

e (A(t;:)u? : ﬁlalf"‘jéﬂj) 1_A(‘;‘:1)] —A(;DI(t,:j)]
+j;)f(j)ﬁaqs*[1_l(fi1) {S(;tl)l(tI:j)_I(tIJil)}
+j§)f(])ﬁ1a1A*[1_I(tIi1) {A(itl)l(tI:j)_I(tIJil)}
+i0f(j) Ie+y) iﬂ) 1) -

fa

g (SE+D-S*? u  (AG+D-A*)
BagS*  S(t+1) BraiA*  A(t+1)

110 1= | (12 + Lrofi-;

t+1

Ut+1D)-U@)=-

[1—yt+12t,j]

+Zf(J) 1—— [ye+122, — zt+1]+Zf(J)[1—— [xe+12¢, — 2e41]
Jj=0 i+ Jj=0 2t

+ Z f(Ng(ze+1)— Z f()g(zy)), (16)
j=0 j=0

g (SE+D-S*? u  (AG+D-A*)
BagS*  S(t+1) BraiA*  A(t+1)

* 110 1= | (1= sz + Lrofi-;

t+1

Ut+1D)-U@)=-

[1—yt+12t,j]

[xt+12tj _Zt+1]

1
+Zf(J) 1-—
2t+l

1
[ye+121) —2041] + Z () [1 .

Jj=0 j=0
+ Z f(eg(zir1) — Z f()g(zt,5) 17)
Jj=0 j=0
_p (S@+D-S8 p (AG+D-AY)
"~ BagS*  S(+1) BraiA*  A(t+1)
+ Z fGH|12- - +24 =241 Ttrl2ty _ Jr1Zty —Inzy1+Inz,j|.
j=0 Xt+1  Ye+1 2t+1 2t+l
(18)

Finally, we get
_p (Se+D-8 p (AG+D-AYY
"~ BagS*  S(+1) BraiA*  A(t+1)

UL 1 1 Xt+12¢,j Vt+12t,j
- fO g( )+g( )+g( - J)+g(¥)—g(zt+1)—g(zt,j) .
j=0 Xt+1 Yt+1 2t+1 2t+1

(19)
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Hence U(t+1)—-U(¢) <0 for all £ = 0. Since U(¢) <0 is a monotonic decreasing sequence. Then
tlimU(t+1)—U(t):O. (20)
Hence the proof.

6. Numerical Simulation

We take the following set of parametric values. Here we consider the population with primary
immunodeficiency as susceptible 1 (green).

Casel. b=0.75, p=100, u=0.5, =04, a=0.7,9¢=0.3, p1 =10, 1 =08, a1 =0.3, y=04,
6=0.2, we get Ryp=3.02.

Case 2. In Case 2, we have increased the transmission rates. b =0.75, p =100, u=0.5, =0.7,
a=0.7,¢=0.3,p1=10, ;1 =09, a; =0.3, y=0.1, 6 =0.2. The R for the above set of values is
Ry ="17.14.

Case 3. In Case 3, we consider same values as Case 2, but increase the rate of contact between
the susceptible population and the people with primary immunodeficiency. b =0.75, p = 100,
©w=0.5,6=0.7,a=0.7,9g=0.6, p1 =10, 1 =0.9, 1 =0.3, y=0.1, 6 = 0.2, we get Ro = 14.03.

Case 4. In Case 4, we consider low transmission rates and high recovery rate. b6 =0.75, p = 100,
©=05,6=03,a=0.7,¢=0.1, p; =10, f1=0.5, @1 =0.3, y=0.7, § = 0.2, we get Ry =0.45.
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Figure 1. The dynamical behaviours of the system (III) for Case 1
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Figure 2. The dynamical behaviours of the system (III) for Case 2
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Figure 3. The dynamical behaviours of the system (III) for Case 3
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Figure 4. The dynamical behaviours of the system (III) for Case 4

7. Discussion

We have analysed a Discrete-time SIR (Susceptible-Infected-Recovered) model with time delay
and primary immunodeficiency. We have divided the susceptible in to two populations, a small
part of the population is affected with primary immunodeficiency and the other population
without primary immunodeficiency. We have considered five cases and observe the changes
in the numerical simulations. In Case 1, we see the susceptible, susceptible 1 and infected
populations. In Case 2, we have increased the transmission rates and see that there is a decrease
in susceptible population and increase in infected population. In Case 3, there is considerable
increase in infected population due to the increase in contact rate. In Case 4, there is a decrease
in infected population and the susceptible population is high. In Case 5, the infected population
decreases to zero due to low transmission rate.

8. Conclusion

In this paper, we have proposed a SIR (Susceptible-Infected-Recovered) epidemic model with
primary immunodeficiency and time delay and have analyzed its dynamical behaviour. We have
derived the basic reproduction number R of the model. For the discrete-time model, we have
analyzed the global asymptotic stability of the disease-free equilibrium and endemic equilibrium
respectively. Finally, we have provided a numerical simulations through MATLAB for the model
and have discussed about the effect of transmission rates on the spread of the epidemic.
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