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1. Introduction
The restricted three-body problem has a wider range of application that the general three

body problem in space dynamics, celestial mechanics and analytical dynamics. The Elliptical
Restricted Three Body Problem (ER3BP) models the motion of infinitesimal mass which moves

under the influence of two massive bodies revolving around their centre of mass in an elliptical
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orbit, being influenced but not influencing the two primaries. The circular restricted three
body problem has been generalized by the introduction of the elliptic orbit, thus improving its
applicability and retaining some useful properties of the circular model suitable to the elliptic
case. Various authors and researchers like Ammar [1]], Bennet [2], Danby [3], Grebnikov [4],
Gyorgyey [5], Kumar and Ishwar [[6], Kumar and Choudhary [7], Markellos, Perdios and
Labrapoulou [10], Moulton [11], Narayan and Kumar [[12], Narayan and Singh [13], Narayan
and Usha [14], Singh and Aishetu [19], Singh and Aishetu [20], Szebebely [21], Usha, Narayan
and Ishwar [22], Zimvoschikov and Thkai [24].

The author has analyzed stability of triangular equilibrium points L4 and L5 in ER3BP
under the assumption that both primaries are triaxial and radiating [17]. Also, the characteristic
exponents of triangular solutions in ER3BP has been analyzed [18].

The present investigation is an attempt to identify the existence of resonance and the
stability of triangular points in presence of small value of eccentricity ‘e’, assuming that the
bigger and smaller primaries are triaxial and the source of radiation as well. this study will
contribute to understand the effects of radiation, eccentricity and triaxiality on the celestial
dynamical systems. For this study we have used method given by Markeev [8,9] in which the
Hamiltonian function pertaining to the problem is made independent of time using several
canonical transformations. The existence of resonance and the stability of infinitesimal near the
resonance frequency has been analyzed. The problem is discussed earlier by Narayan and Singh

[16]], Usha and Narayan [23], and Narayann and Shrivastava [[15] with different conditions.

2. Equations of Motion

The differential equations of the motion of the infinitesimal mass in elliptical restricted three
body problem under radiating and triaxial primaries in pulsating system is given by [17]
and [18] as:

1 0Q 1 0Q
//_2 "n_ (_), //+2 n_ (_) 2.1
X Y T 1¥ecosv | ox Y ¥ T 1+tecosviox) 1)

where ' denotes differentiation with respect to v, and

qoBr? 1 |0-war pga  (1-w@s1-sa)g1  H2s)—sH)q
2 n? ri re 2r3 2r3
31— p)(s1—sg)y’q1  3u(s) —s5)y%qe (2.2)
5 5 ’ :
2r{ 2ry
where
3 3
2

n“=1+ 5(231 —89) + 5(23’1 —55)
and

r%:(x+u)2+y2,

r%:(x—1+u)2+y2, (2.3)
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ma
H= mi+me ’
where m1 and mgy are masses of the primaries, ¢g1, q2 are the radiation pressure, 01, 02, 0’1
and o0, are triaxial parameters, while e and v are the eccentricity of orbits and true anomaly
of the primaries, respectively. There are two triangular equilibrium points in the plane of the
finite bodies around the coordinates (x,y) and then the three bodies form nearly equilateral
triangle. Since the equilibrium points are symmetrical to each other, the nature of motion near

the two triangular equilibrium points are given by [17] and [18].

1 (e,—-€7) [-3 1- (1 - pe] 7 & (1- 1-p) €]
S | __8/1_( p o U-wed 7.8 w :“)182
2 3 8 2u 2u 8 2 2u 2u
3 3 3uel -7 7 Tue, €.
+[—— i’ +tey|sh+|—+ ] e T 4,
8 8(1-p 8(1-p) 8 '81-p 8(1-p 2
3 2| (ef+ey) |[-19 1- 1-p)é€]
y:J_r£ 1442124 —5’1+( ”)—( Key s1
2 3 3 8 2u 2u
15 & (1-p Q-we] -1 3pe;
15 &6 d-p U-pg o [ 9 3w, 3K —5’2]3’1
8 2 2u 2u 8§ 81-w 8(1-w
15 Tu Tue, &

+ - + Lol 2.4
8 81-p 81-p 2 32}] =
Thus the coordinates of the triangular equilibrium points has been obtained up to first order
terms in the parameters €, €5, s1, s2, s| and s, which is represented by (2.4). The system (2.1)

described the motion of dynamical system with Lagrangian, which is represented as

LS9 iy " t+y” 171 (A-wgr  pgr  A-p2s1—s3)qn
1+ecose’ 2 n ri ro 2,«?
+”(23,1 —sp)qz  3(1-p)(s1—s2)y’q1 Bulst —shy’az (2.5)
2r§ Zr? 2rg '
where
oL . oL .
Pe=gi=i-y Py=gi=y+x. (2.6)
We formed the expression for the Hamiltonian function of the problem using the formula
oL OL
H:—L+—.5c+—.y. 2.7
0x o0y
Hence, we have
H=-L+({P2+P2)+(Pyy—Pyx). (2.8)

The perturbed Hamiltonian function of the problem can be find by use of (2.5) and (2.8), which
is reduced to the following form:

(P2 +P?) 242 1
:Ty+(ny—Pyx)+x zy [ _

1 1-
nz{( a1 L Haz

1+ecose (1+ecose) ri ro
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L A-w@s1-s2)q1 #2s) —sp)ge 3(1—p)(s1—s2)y®qr  3ulsh — $5)y%q2 } 2.9)
2r? ng 2r? 2rg ’
where P, and P, are the generalized components of momentum.

Since the two triangular equilibrium points are symmetrical, the nature of the oscillation of
infinitesimal near two points will be the same. Hence, in further calculation the motion near the
equilibrium point L4 will be considered. So, shifting the origin to L4 by the change of variables
given by:

x=¢+q1;  y=n+gqaq,

Px=Pp¢tP1; Py=pntpe, (2.10)
where the displacement of infinitesimal at and near the equilibrium point L4 is represented as
follows:
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The solution (2.11) in the new variables is given by the equilibrium positions:

g1=q2=p1=p2=0. (2.12)

Now, expanding the Hamiltonian function (2.9) in the power of p; and q;, we obtained
(e,0)
H= ZHK:H()+H1+H2+H3+H4+H5+... (2.13)

K=0
where Hy = H(¢,n,p¢, py) = constant and H; = 0.
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We evaluated Ho,Hg,... using (2.10) and the terms of the Hamiltonian (2.9) are expanded
one by one, the terms are not depending upon p; and q;, and those of order one are neglected.

Hence, we obtain

P24 p2 1
() ’“2 y:5[(pg+p1)2+(pn+p2>]=§(p§+p§), (2.14)
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ecosv 9 9 ecosv 9 9 ecosv 9 9
- - + - + + + = + , 2.16
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Similarly,
ri° =alq1,q2),
ry° =b(q1,92),
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In order to expand H in powers of g1 and ga, we required the expansion of f(g1,q2), g(q1,92),
a(q1,92), B(q1,q92), alq1,q2) and b(q1,q2) with the help of Taylor’s series, and we get

f(q1,92)=£(0,0)+[q1f1(0,0)+q2£2(0,0)]

1
+ §[q%fu(0,0)+2q1qu1 2(0,0)+ g2 f2 2(0,0)]
1
+ 8[q“‘ifmm,m +3q2q2f112(0,0)+3q195f1 2 2(0,0) + g5 f2 2 2(0,0)]

1 2
+ Q[Q§f1111(0,0) +4¢3q2f111 2(0,0) + 6975111 2 2(0,0) + 4195 f122 2(0,0)
+ 5 f2222(0,0)] +.. (2.25)

and

8(q1,92) = £(0,0)+[q181(0,0) + g282(0,0)]

1
+ 5[qigm(o,m +2919281 2(0,0) + g2g5 2(0,0)]
1
+ 8[q?gm(o,m+3q%ng1 12(0,0)+3¢1g281 2 2(0,0) + g5g2 2 2(0,0)]

1 2
+ ﬂ[q‘{glm(o,O) +493q2g111 2(0,0)+ 69395811 2 2(0,0) + 491958122 2(0,0)
+ Q§g2222(0,0)] +.... (2.26)
Similarly

a(q1,q2) = a(0,0) +[q121(0,0) + g2a2(0,0)]

1
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and

B(q1,q2) = P(0,0)+[q161(0,0) + q262(0,0)]

1
+ E[Q%ﬁll(O,O) +2q1q92P1 2(0,0) + qgﬁz 2(0,0)]
1
+ g[qf’l’ﬁm(o,on 33921 12(0,0)+3g193pB1 2 2(0,0) + g5 B2 2 2(0,0)]

1 2
+ ﬂ[q‘{ﬁnn(o,OH4q"{qzﬁm 2(0,0)+6¢2q, 11 2 2(0,0) +4q1q5 B122 2(0,0)
+q5B2202(0,0)] +... (2.28)

similarly

a(q1,92) =a(0,0) +[g1a1(0,0) + g2a2(0,0)]
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and

1
+ 5[a%an(o,m +2q1g2a1 2(0,0) + g2az 2(0,0)]

1
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1
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1 2
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Substituting values in equation (2.25), we get
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- - - - +
160-p 82 240-pf 2471716 24 24 32
33(1-p)s1 1019sy . 29(1 — w)sy .\ 2143s) .\ 1179us|  3563s,  47usy }
16u 32 16u 64  321-p) 64  32(1-p

VB 4 (75 25¢] 107¢y 317s; LT0A-ps1 57sy 5(1-psy 21475

7‘11‘12{ 16 12 24 48 61 8 61 48
3busy  351bs,  4Tusy }+ 1 2q2{ 123 167¢;  57¢;  1051s;
T16(1- W 32 2a1-p/ 471721716 T 48 24 32
_67(-pws1 550555  217(1-pss 3347s, 2157us|, 4017s, 197pus),

+ + - -

32y 64 32 64  32(1-p) 128  64(1-p) }

N @ 3{ 135 4561 1556'2 _ 2205s1 _ 147(1 - sy B 211559 N 253(1 — w)s2
6 121716 " 12 24 64 320 64 320

6825s] 879us| 7785s, 275,113'2} 1 4{9 45¢| 135e, 15425s;

+ +— +
128 32(1—p) 128 32(1—p) 24 16 4 24 64

4170 -y 145055y 357(1— sz _ 4975s)  509us) N 17925s)  417ps), H
324 64 324 64 32(1-p) 128  e64(1-p]]|
(2.32)

Substituting values in equation (2.27), we get

rq

3

{1 € 5 2ls1 3(1-ws1 3sy 31-pspy 335y 3usy 33sy
4 4 16 2u 2 2u 8 41-p) 8

3us., 3 13¢. 17¢, 249 9(1- 51 9(1- 1475’
:“2} q{ 1 2 s1 9-ws1 82+( u)sz+ 1

— 15—+ +

41-p) 278 8 | 32 4y 8 4 16
N 9usy  123sh,  21psy }_ 3\/§q { €r Tey L 12751 (-pws1 46sy

81-p 16 81-wf 2 U2 6 24 3u 8
_(1-wsg .\ 41s) . 13us)  bsy,  9lus) }+ 1 2{3 . 13¢} .\ 31, N 42751

3 12 81-w 4 2a0-pf 27274 T8 32
_21(1-ws1  147sy .\ 21(1 - p)sz N 329s') .\ 17ps’) _ 623s, ~ 43us., }
4u 16 4u 32 8(1-p 32 16(1-p)
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15v3 { 3¢} 13¢, 337s; B(1—p)s; 89sy 5(1—p)sy 109s)
+ + + - - +

Ty LT T2 T as 3u 16 3u 24
29us'y 13s’2 267us, 1 ,(33 27¢ 217e’2 3879s1 19(1 - sy
81-u) 4  48(1- u)} _q2{ 4778 12 48 ' en
_1485sy 19(1-psy 10575y 429ps| 1855y 1001us) } Ll { 15 3le;
16 61 12 16(1-p) 8 81-w ) 67114 8
+47€’2 . 3029s; 43(1-ws1 437sy . 81(1— sy . 42555 . 33us’ _ 11257s,,
8 64 81 32 m 64  8(1-p) 64
169us), } 15v3 { Te! 29¢, 759s; 13(1-w)s; 169ss  T(1— sy
- q192y1——+ + + - -
16(1— ) 16 8 ' 12 48 3u 16 3u

8 8 12 48
+37(1—u)31 _2177s3  31(1- s .\ 2107sy  761usy  277sy 3709us }

337s'l+ 139us’ _253’2 889pus, } 1q1q {47+33€1 1676’2+311931
24 16(1-p) 4  48(1-p) 2

+
6u 32 6u 24 32(1-pw 16  16(1-p)
15\F {1 21¢] .\ 91e, , 285951 65(1—ps1 6235y 65(1-wsy 7635’
16 12 8 12 = 48 61 16 61 24
203;18 91shy  623ps) } 1 . { 21 65¢) . 93¢}, , 1087s1 259(1—ps,
16— w8 16(-pf 247108 "8 8 32 12u

107sy 217(1—p)se 177s,  667us|  279s, 4849us) }
8 12u 8 16(1—-p) 16  32(1—p)
35V 15¢]  57e;, 2277s; 23(1—p)s; 507sy  20(1—p)sg
q1QQ 1- + + + — -
16 8 24 48 3u 16 3u
1011s/ s 197us  65sy  2667us, } L1 ey { 185 79¢;  301e, , 935951
24 16(1-p) 4 481-w 471921716 T 16 24 48
+61(1 — sy 6789sy  8T(1—w)ss .\ 39655 .\ 1989us, 405s;, 8757us, }

124 32 124 24  32(1-p 16  16(1-p)
L55VB {1 85 _107¢; 3997sy 67(1-psi_1007sy _47(L-ps:
T3p 1112 8 24 48 61 16 61

+

3415s) s 307us}  111s, 4795us, }+ 1 4{45 63¢ . 181e;  7079s;
24 16(1—p) 4 48(1—p) 2472116 8 12 48
. 155(1—p)s;  1869se  185(1— w)ss s 19855/, s 1407us  207sy, 3977us, }
6 16 6 24 16(1—p) 8 48(1— p)

(2.33)
Substituting values in equation (2.28), we get

5_[,_ € _5¢ 501 3-wor 302 30-poy 150) 15u0

rg° = +
12 12 8 2 2 2u 8  81-p)
{ 3 13¢] 17e;, 1470, 3(1-po; 12302 3(1-wog 330; Tuo|
+qii=+ + + - - + + +
2" 24 24 ' 16 4y 16 m 16 8(1-p)
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530, 3ua’2} 3\/§q{ 5e; ley 12701 5(1-woy 503 , 11(1-poy
_ _ 5 _ _

J— + —_—
16 8(1—p) 2 12 12 8 12u 4 6u
1070 ~ 5uo ~ 470,  buo } lqz { 3 2361 17e, X 18701  5(1-poy
24 4(1-p) 16 12(1-p) 14 24 24 32 8u

+7702 3(1—,u)02+20701+ 19uo| 11lo,  23uo, }
16 8y 32  81-p 32 16(1-p)

15v3 { 55¢] 4ley 41o; 5(1-pwoy 2503 5(1-wog 21507
- q19291- + - - - + +
4 24 12 48 3u 8 3u 24
~ 5uo’ ~ 4107 ~ 5uo) }+ 1 2{33 207¢] . 167¢,, . 44101 T(1-poq
81-w 16 61-w 27214 24 24 32 81
11509 . 25(1-paog 106307 _ 670" _ 30105, _ 41po, }
32 8u 32 16(1-p) 32 16(1-p)
. 1q3{ 75 4le} 27e;, 4170, , 8U-po1 1570y T(1-woy _ 88907
6°1| 8 24 48 32 8u 32 8u 64

91uc] 40lo, 6luo, } V3 { 48 Te} 3be, 5901 B5(1-w)o;
— + — +—qigy——+ =+ + +
16(1-p) 32  320-p) 2 8 12 12 ' 48 3

N llog T(1-wog ~ 2970 1luo) .\ 890, 17uoy, }

— +
4 3u 24  8(1-p 16 12(1-w)
1 { 255 37¢y 19¢; 105701 11(1-woy 2670y  35(1-poy  3070]
+-q1q5 + - - + +
2 8 24 24 32 8u 16 8u 32

6
_43(1-pay .\ 270y 17(1-pog .\ 14370 _ 53ucy 4030, _ 4770, }

3luoy, 5170,  3luoy } V3 3{ 135 11e} 17¢, 3370,
+ + + +—gyd——+ - -
16(1—pu) 32 16(1-p) 8 24 24 48

6 8 6 48 16(1-p) 32 24(1-p)
L1 { 855 227¢] 134e, , 337901 109(1-woy 413305 67(1-pos
" 247 16 24 24 32 16u 32 16u

81670} 45660} 113450) 177u0) } V3 . {315 57¢, 257¢) 7890,
64  32(1-p) 64  3200-p) 6 1192\16 12 24 48
 10-poy 1890, 11(1-pop | 784507 1110} 88770} 1370} }
61 8 6 48 ' 16(1-p) 32 24(1-p)

1, { 1305 335, 127c, 311901 189(1-poy 1956705 68910
TN e T 32 32, 64 32,
115370 8329u0) 184690, 9450 } V3 gl {_2835 | 187¢)  461¢)
64  321-p 128 64(1-wf 6 12\7716 12 24
919507 607(1-p)o; 858502 N 785(1-p)oe 3792707 4233uc] 339350,

+

- +
64 32u 64 32u 128 32(1-p) 128
837uo), }4_ 1 4{ 1665 197¢| 337¢, .\ 103707 2527(1-p)oy 6757709
3201w/ 24721716 4 24 64 32, 64
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2307(1— 989570"  4337uc’ 1417270,  3237u0"
L 23070-poz 1_Zo0tH9y 2 _ ”ZH. (2.34)

_l_
32u 64 32(1-p) 128 64(1-p)
Substituting values in equation (2.29), we get
5¢) 25 3501 5(1-wo1 50 5(1-woy 550, 550}

ro =14+ —+ +
12 12 16 2u 2 2u 8 8
5 25¢"  4bel, 485 25(1—- 105 25(1—- 3550
+q1{_+ 1+ 2+ o1 ( ,u)(fl_ 02+ ( ,Lt)Uz+ 1
2" 8 8 32 4p 8 m 16
3uo’, 3150 Tuo! 5¢/ 3¢, 1 1-
_ Bpoy 8150y Tuoy }_5x/§%{1+_1__2+ 9301  (1-po1 670,
81-p 16 81-w/| 2 6 2 24 3u 8
_(1-pay s 650" . 19uo’ ~ 90, ~ 1330, }+ lq%{g . 43¢} . 63, s 17701
3u 12 81-p 4 240-pf 27114 8 8 32
_59(1-wo1 61509 . T7(1-pog . 8790 ~ 11uo) ~ 7570, . 13uos, }
81 8 8y 16 8(1-pw 16  8(1-p)
35v/3 Te,  2le, 1067 25(1- 227 28(1- 5290,
- \/_Q1q2{1——1+ 24 01+ ( ,u)al_ 92 _ ( ”)02+ L
4 412 48 3u 16 3u 24
s 43u0' ~ 370, ~ 723u0, }+ qu {8_5 . 189¢) _ 1519¢, . 2715301 N 133(1-w)o1
81-u) 4  48(1-wf 27214 16 24 48 121
1039502 133(1-p)oq 73990'1 10003#0’1 9450’2 6789#0'2 }
32 12 12 32(1-p) 8  8(1-p
+l 3 { 105 N 217¢} N 329¢;, N 2120301 B 301(1-woq B 305909 N 567(1-woo
67118 " 16 16 128 16p 64 8y

+

297850 .\ 231uo’ _ 787990, ~ 1183u0y, } s 105\/§q2q { ~ 13¢] .\ 47¢,,
128 16(1-p) 128 32(1-p) 16 177 8 | 12
+227701 N 39(1-p)o1 50702 21(1-p)og s 10110} 417uc| 750, 2667;10’2}

+ —
96 6u 32 6L 48 ' 32(1-p) 8  96(1-p)
1, { 141 99¢, 501¢, 93570, 111(1-p)o; 65310y 93(1-w)os
+-q195 + - + + - -
2 16 16 24 48 124 32 12u

+

632107 N 2283u0 _ 8310, ~ 11127u0’2} 45V3 4 {1+ 63¢] .\ 91e;, . 235901
24 64(1-p) 16 32(1-p) 32 12 8 ' 4 16
+65(1—u)01 186902  65(1-p)os . 7630 . 609u0; 2730, ~ 1869p0’2}

24 16 24 8  16(1-p) 8  32(1-p)
Lo { 147 455¢] .\ 651, , 725901 1818(1-poy 74905 1519(1-woy
2471116 " 16 16 64 244 16 244

+

12390 4669u0) ~ 195305, ~ 339430, } _ 245V3

33¢; 47¢, 68310,
+ q192 { 1- + +
16 32(1—p) 32 64(1—p) 32

8 24 48

,1610-poy 152103 26(1-po | 13990, . 591ucy 45505 4937,10'2}
3u 16 3u 24  16(1-p) 4 48(1-p)
Lo { 1295 277¢|  1053¢, , 3275701 197(1-poy 237610y 271(1-pos
41192\ 39" " 16 24 48 124 32 124
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+

122910} 6921u0} 141705 30561;«7’2} 385V3 4 { N 67¢;  219¢)
32 32(1-p) 16 16(1—p) 64 1192 8 24
_ 57190, N 101(1-pwo1 271709 T1(1-poy N 67870 N 461u0' B 1550,
48 61 16 61 24 16(1-p) 4
7193ucy) 1 (315 441¢) 1267¢, 495530, 1085(1-p)o; 130830
_48(1—,u)}+ﬂq2{ 32 "8 ' 12 48 | eu 16
_1295(1-pos | 1389507 N 9849u0) 14490} 27839u0} H
6 24 16(1—p) 8 48(1-w) ||’
Substituting values in equation (2.30), we get
3 bey ey L1901 5(0-po1 5oz TA-poz 310} .\ 310y

(2.35)

4 24 12 16 21 2 2 8 8
+q1{§ N 19¢} . 41¢), , 19501 11(1-wo;1 51703 . 11(1-p)o2 . 670" s 2907
2 24 24 16 4u 16 m 16 16(1-p)
1190,  9uo, 5v3 13¢] bey, 41907 17(1-p)o; 1509
"7 16 _8(1—u)}_ 2 q2{l_f+ﬁ_ 8 12y 4
+29(1—y)02 s 5670 _ 13uo) ~ 1770, . 11uos, }+ 1q2 {4_5 ~ ﬂ ~ ié‘é
61 24  4(1-p) 16 120-w) 27|16 24 24
L7010 110-poy 2190y  71-poy 7950, N TTuo} 6670,  87uo} }
32 8 16 8u 32 8(1-w 32  16(1-p
35V 115¢] s Tle;, 6701 13(1-po1 360y s 13(1-pos . 4170
4 24 12 68 3u 8 3u 24
~ 130’ _ 6707 ~ 13u0s }+ 1, {_ﬁ 317¢} ~ 495¢; 106901 13(1-p)oq
81-p 16 6(1-w) 272

Q1Q2{1—

+
8 24 24 32 8u
202307 N 13(1-pos 337907 _ 219u0) _ 5190, _ 179uo,, }+ lq3 { 105 93¢
32 8u 32 16(1-p) 32  16(1-wf 6°1
109¢; 15690 , 180-wo1 39705  11(1-pos 26790] 417u0}
48 32 8u 32 8u 64 16(1-p)
13370, 237uo), } 175V3 { 13¢] 23e;, 4701 11(1-wo; 1709
- - q1gq241+ + + + +
32 32(1-p) 16 24 12 48 3u 4
11(1-w)os 4030] 17uc| 1070,  23uoc, } 1, { 805 141e] 79¢
— — — + + +-91951— + +
3u 24  8(1-w 16 120-wf 2 8 24 24
316901 17(1-wp)o1 59709 .\ 105(1—p)o s 146907 . 89uo’ N 239507,
32 8u 16 8u 32 16(1-p) 32
s 89u0, }+ V3 { 525 41€| 65e;, 128307 163(1-p)oy , 10305
16(1—p) 21778 "oa 24 48 61 8

8 24

+

6

_65(1-pos .\ 54610/ _ 201p0’ _ L L[ 2415
6 48 16(1—p) 32 24(1-p) | 2471 16 24

_ 389 | 1954301 307(1-po, 116730, 189(1-wos 230670 s 128650

24 32 16u 32 16u 64 32(1—p)

15310’2_1813u0’2} 1 4{ 2415 641€]
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359

+_
64  320-w) 6 11964 12 24 48 61

72302  43(1-po . 2808507 425u0 ~ 339430, ~ 5230} }
8 61 48  16(1-p) 32  24(1-p)

320430/, 999pa'2} V3 4 {105 217¢; 983, 301701 43(1-poy

122

9825 589¢] 223e;, 548507 333(1-w)o 3440502+1211(1—u)02

+= +
4q1q2{ 64 = 48 24 32 32, 64 324

+

+ —_—
64 321-p) 128  641-p ) 6 121761 12

1984107 1309(1-p)oy 185250 N 1693(1-pos 818430 ~ 9135u0"
64 324 64 32u 128  32(1-p)
732270, 1807uch) 1 , (10185 1205¢, 206lc, 6345470,
128 32(1-p) }J“ _qz{ 6 4 24 ' 64

+
24

16457(1-poy _ 41337505 14112(1-po, 17718307 265290}
32u 64 32u 64 32(1-p)
8669590} 198010}, H
128 64(1-p) ||’

+

202850 14645u0 324750}, 1661;10’2} V3o {_3885 | 403¢;  995¢)
24

(2.36)

Substituting values of rIl, r;l, r3 r§3, rI5 and r55 and e =0 in equation (2.9) and taking

1 »

second order terms. After this we get expression for Hamiltonian, which is represented as

follows:
2., .2
pitp 1 5
Hy= === +(p193-p2g2)+ (g +A|q]—q192(K —B)- (g +C)q§]
where
_ & Tey 4370, , 34905 770} . 150, L8301 803 Bue|  5pey
48 48 64 64 16 16 4u  4u 4 12
. 57ucy 183uce 21poc} s 15u0;,
16 64 16 32
B @{_5_6:’1+5_<s’2+ 1810y 170y 50y 04 230y o0y 1lpe 13pue
6 12 24 4 16 4 12u 6y 8 12
401 91uc’  131uo]
- 'u01+6u02 s Ly H 2},
48 48 96
O 36 1701 3410y Tloy 2704 30y B30y Tlue 145uc
18 3 64 32 16 8u  8u 16 48
_ 605u0; N 23uo9 N 115u0) _ 107uo,
192 32 16 32
and
3v3
K= —Z_(l —2u).
The variational equation can be written for circular case as follows:
, 0Hy . 0Hy .
pi=- qgi=- , =12,
0qi op;
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where H is given by the equation (2.38). Hence the canonical equation for the circular problem
is given by:

¢1-242=A"q1+B"qq,

d2—241=B"q1+C"qa, (2.43)
where A* = % —-2A,B*=K—-Band C* = % +2A where, A, B, C and K are defined in equations
2.39), (2.39), (2.40) and (2.41).

Now, the characteristic equation for the problem can be defined by putting
qi=Le", qp=Me",
q1 :L/le/”, go=MA eM

and
G1=LA%eM, Gy =MAZeM. (2.44)
The characteristic equation is obtained by substituting the result obtained from equation (2.44)
in equation (2.43),
A2-A* -20-B*
2A-B* A?-C*
By solving the equation (2.45),we get

=0. (2.45)

A -A%(A%+C*-4)+(A"C"-B") =0 (2.46)
where
A"+C*"-4=-1 (2.47)
and
27
A*C*-B* = g 3A- 44— (K-BY
27u(l - e, Te, 1311 1047 2310, 450,
:—H( ,u){ -1, 2 3 91 4 04702 Ly 2}. (2.48)
4 16 16 64 64 16 16
The characteristic equation (2.46) has been reduced to the following form:
27u(1 - e, Te, 1311 104 2310, 450!
A4+A2+M{1——1+—2- Sloy 10470, 2929 , 2}:0 (2.49)
4 16 16 64 64 16 16

It is notified that when 01 =09 = 0’1 = 0'2 =0, the characteristic equation (2.49) is showing the
classical restricted three body problem:
Let 11 =iw1 and Ay = iwe,from equation (2.49), we get
27u(1 - e, Te, 1311 1047 2310’ 450!
4 2+M{1__1+_2_ 01+ 02_ 1 2}:0

9.
1 16 16 64 64 6 16 (2:50)
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3. Stability of Triangular Equilibrium Points of the Problem in Elliptical
Case

The resonance stability of triangular points for circular case in elliptical restricted three body

problem under the assumption that, both the primaries are radiating and triaxial has been

analyzed. In this paper the resonance stability for small eccentricity e near the resonance

frequency wg = % will be discussed. To discuss the stability, the method given by Markeev

[[8,9] has been adopted. In order to investigate the stability of triangular points, the suitable

Hamiltonian up to second order is obtained as given below.

1

Substituting values of rIl, re rI3, r§3, r15 and r55 in equation (2.9) and taking second

order terms. After this we get expression for Hamiltonian, which is represented as follows:

p%+p§ ecosv ( 9

H, = + - +—" (g%+q2
2 5 (p192 —DpP292) 31+ ecosy) qi+q3)

~ 1 {_1 €y Tey , 48701 34903 770% 150, 30y | 302

(1+ecosv) 8 48 48 64 64 16 16  4u  4u
+3ue’1 .\ 5ue, _ 5Tuoy .\ 183uo2 . 21po’ _ 15u0, }qz
4 12 16 64 16 32 1

3 3u b€ be, 181 17 507 o0, 23 11ue!
+\/§{———”+—1——2— 01,2102 2%, %3 2001 02 MG
4 2 6 12 24 4 16 4 12 6u 8

13pue,  401uo, 91ucy 131uoy
+ + -6 - -
12 a8 M%7 Ty 96 }ql‘”
{5 , 3¢, 1701 34loy 770} 270, 30, 309 Tlue| 145pue,
+yc+26;—-—+ - + - - + - +
8 8 3 64 32 16 8u  8u 16 48
605 23 115u0’  107uo!
_2oHoL | 2opos | ZTOMOy  TTH QH 3.1)
192 32 16 32
The Hamiltonian Hy is expanded in powers of e up to the first approximation which gives:
2 2
pi+tp 1 5
Hy= =2 +(p1g2-p2ga) + (g +A|q3— (K -B)qiq2- (§ +C)q§
3 2 9 2
+ecosv §_A qi—(K-B)qi1q2+ §+C q5 (3.2)

where A, B, C and K are defined by equations (2.38), (2.39), (2.40) and (2.41).

Now taking the canonical transformation [q1,q2,p1,p2] which transform in to

[q},q5,p),PoIN

where
a1 aicx —aic1  ai(l-w?by)
_laz  agee —agcs  az(l-wsbs)
N= 0 aibr  a1(1-0by) aicy (8:3)
0 -—agbzs —az(l1-by) —agcy

which provides [q1,92,p1,p2]1=197,95,p},p5] N, also

!/ !/
q1=0a197+azq,
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go = alclq'l —agcgq'2 +a1(1- bl)p'1 —ag(l- bz)p'2

p1=-aici1q] —ascaqy+ai(l—b1)p) —aa(l—ba)ps

p2=ai(1- w%bl)q’l +ag(l- w%bz)q’g +aic1p] —azcapy (3.4)
—(K+B
o= 25 o ~EK+5) (3.5)
w ——| Ii
and
9 2
Ii:Z+2A+wi (3.6)

The values of q%, q%, q1, 92, p%, p%, P2q1, p1qe are calculated and are substituted in equation
(3.2). Also, the Hamiltonian Hy is represented as Hy = H;O) +H§1), where H;O) showing the
Hamiltonian independent from eccentricity and H. (21) is the Hamiltonian containing the first
order approximation in ‘e’. The value of H (20) is given as:

P1

H(O)
2 2

1 5
+(p1Q2 —p2Q2)+(q1 + q2)+ (§ +A) q? —(K-B)q1q2— (§ +C) q%] . (3.7

Also, we have
1 5
HO = {2 a%(1-b%)" +2a1c1+a1b1(1 bl)—(8+c)a§b§}p’f
1 22 19 2,2
1 2 12
1, 2 1 222 .72
1
+(§+A)a§ ( +C)a2c2 (K - B)a2c2}q'22
+{alazblbg+a1a2(1—blw%)(l—bzwg)—2a1a201c2—alag(l—bgwg)

1
—aia2 (1 - blw%) +2 (g +A)a1a2 -2

5
g + C)a1a20102 — (K -B)ajas(cy +C2)}q,1q,2
+{—a%cl(l—b1)+a?cl(l—blw%)+a%02(1—b1)—a%blcl—a?cl
5 2 2 ot

-2 §+C alblcl_(K—B)albl P14,

+{a1a201(1—b1)—a1a201(1—b1w§)—a1a202(1—blwﬁ)—alazq(l—bz)
5
+a1a202+2(§+C)a1a2b201+(K—B)a1a2b2}q'1p’2

+ {—a1a202(1 -bi1+ajagei(1- b2w§)+a1a202(1 —bg)—aijasbice

Journal of Informatics and Mathematical Sciences, Vol. 11, Nos. 3-4, pp. , 2019



Effects of Triaxiality and Radiation Pressure on Existence of Resonance Stability...: K. K. Pandey et al. 363

-2 (g + C)a1a2b102 — (K —B)aiazby —a1azcl}p'1qlz
+ {a%02(1 —by) —a%cz (1- bgwg) —a%cz(l —by) +a%b202
+2 (g + C) a§b202 +(K—B)a%b2}p'2q’2
+ {—alaz(l —-b1)(1-b3s)—ajagsba(1-5b1)

5
+2(§+C)a1a2b1b2—alagbl(l—bg)}p'lplz. (3.8)

From equation (2.50) and (3.6) we have:
2 27,u(1—,u) {1_ 6_1 L 7¢, 131101 10470 2310} 450’2} |

1@ = 4 16 16 64 64 16 16
w§+w§:1
and
27 27u 27
geo 212 2
16 4 4
27 2{ €; Tey 1311o; 104705 23107 450’2}
LI Y9 L B - ¥ - . 3.9
T TR TRV 64 16 16 (8.9)
The values of H (21) is evaluated up to sixth term as below:
3 9 9
H;l):ecosv {( +A)a2+(K B)a202+(8+C)a202}q2 {(§+C)a%b§}p’22
9
+{( +A)a1+(K B)a1c1+( +C)alcl}q'12
9 I !
+ A)2a1a9+ (K —B)(ajagsci1+aiagcs) + §+C 2a1a2c1C2 9199
+{(K B)a%b1+ +C)2a%blcg}p'1q'1
9 !
+3(K-B)ajasbs — 8+C 2a1a2b2c1 (¢ paq;
9 !
+1(K - B)a1a2b1+ 8+C a1a2b1c2 P199
9
+C) { §+C)2a1agblb2}p'1p'2]. (3.10)

Hence H(l)—ecosv[aq +bp2 +eqopy+...].
Here dash denotes the terms of second order in p) and g}, which are not required in
our further investigation. Putting values of H ;0) and H ;1) in equation (3.2),the normalised

Hamiltonian function can be given as:

Hy= —t(p1 +w2q’?) - (p1 +w3g2) +ecosviaqy +bpE +cqhph+...), (3.11)
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where

3 9
a= (g—A)a§+(K—B)a§cz+ (§ +C)a§c§ ;

b

(g +C) azbs ; (3.12)

9
c= {_(K—B)a%lm — (g +A) 2(1%1)202} .

Using transformations of the variables, given as:

;21
q= sinw1(v+061) ;
w1
/ 2 a9 .
qy=-— sinwg(v —09) ; (3.13)
w3

py=2vai coswi(v+61);
Py =2v/agz coswa(v—=Ez) ;

w2:%+£; lel < 1. (3.14)
Then the Hamiltonian given in equation (3.11), is reduces as given below:
H= 2232 sin? wo(v—09)+ 2ba:2€cos2 wo(v—09)— 2Z)a2 sinwg(v —09)coswa(v—>59)| (3.15)
o 2
H= 22)32 sin? wo(v—09)+2bas cos? wo(v—109)— %sinsz (v— 52)} .
2

From equation (3.14),
2w9=1+¢ (3.16)

Now, using equation (3.14), (3.16) and averaging the terms with finite frequencies from 0 to 27,
the perturbed Hamiltonian takes the following form:

b
Hyo=¢ |- % cos(2ev —2w909) + 292 cos(2ev —2w909) + C;“z sin(2ev — 2w9d9
2w;, 2 205
or
b-4 .
Ho=¢e |- 2 cos(2ev —2w909) + csin(2ev — 2w909) | a9 (3.17)
or
Hs =e[U -cos(2ev — 2w909) + V -sin(2ev — 2w982)]as
or
Hoy =elU - cos(2w909 — 2ev) —V - sin(2w9d 9 — 2eVv)]ag
or
Hy =e[U -cos2w9(6g — ev) — V -sin2w9(d9 — ev)]ag, (3.18)
where U = b_24a; V=c.
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To find the rid of V from the Hamiltonian, the canonical transformation is introduced:
Elzal; 51251; 622(12; 52:52—28‘7. (319)
Assuming H is the transformed form of Hamiltonian H in the new variable, which gives:

dF (qi,q;,t)=)_ pidq; +(H-H)dt

or
dF (qi,q;,V)=061da; —8ad@s— 51 day —Sadag+(H - H) dv
or
01 dal + (09 —2€v)da2 -01 dal —62da2 + (H—H) dv
oF oF oF oF oF —
= (—) dal + (—) daz + T) d&l + (T) d@ + (—) dv—2ev dag +(H-H)dv
oay oay oaq oay ov
oF oF oF oF oF
=|z—|dai1+|z—|dag+|=|da1+|=|das+|—|d
(aal) “ (0062) 2 aal) “ (aaz) " (av) Y
By equating coefficients of das and dv from both sides, we get :
E—H:@ ; —2£v:£.
ov oaso
Since
F=F(az,v);
hence
F F
dF = (a—)dag + 0_) dv;
oasg ov
dF OF 9
—=—=-2¢v
daz 6&2 ’
dF = -2¢evdas ;
F=-2evasy
hence
— oF
H-H=—=-2¢evay;
ov

that is H = H + 2evas.

The non-periodic part of the perturbation is given as below:
Ho = e[U cos2ws69 — V - sin 20989 ]as — 2vas , (3.20)
where U = b‘#; V=c.
The transformed Hamiltonian Hy given by equation (3.20) is now independent of .
Let

Hy = hy = constant (3.21)
Then equation (3.20) becomes

hi = e[U cos2we69 — V sin 20989 ]as — 2vas
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Now, substituting

U 1%
cosf=—; sinf=— (3.22)

(U2 +V?2)2 U2+V2):
Then equation (3.20) reduces to the following form:

hi= e[(U? + V2)% c0s6 cos 2w9b9 — U2+ VQ)% sin @ sin2w9091as — 2vas

or
1 _
hi=e (U%2+V?2cos(2w909 +0)as — 2vas
that is,
- hi+2va
cos(2w9do +0) = ! valz
e (U2+V?2)2 @,
or
— h 2va 1
cos(2w03 +0) = CR. s B -2 (3.23)
e (U2+V2)2 o (U2+V?2)2 | Q2
let h=—"1 _ then,
e (U2+V2)2
— 2va 1
cos (2w252 + 6) =|h+ # — (3.24)
e (U2+V2)2 | @2

where 0 is determined by the equation (3.22). Hence from the equation (3.24),
h

a9 =

- cos(2wobg +0) — — 2
e (U2+V2)2
here, the parameter @y will be unbounded if:
2v
— <1
e (U2+V2)2
That is,
1
e (U2+V?)2
le] < ———.

2
The inequality given in equation (3.25) shows the region of parametric resonance in the plane

(u—e), and in the neighbourhood of equilibrium points at wg = % given by:
o = 0.0285954 + 0.003659315722¢] — 0.02561521005¢5 + 1.19934072801
-0.957825890107 + 0.84530193190") — 0.164669207507 (3.25)

The equation of the boundary of the region up to first approximation in ‘e’ taken from (3.21),
that can be written in the neighbourhood of uy.
Let us consider p= pg+h.

Now, expanding w2(u) by using taylor’s theorem, we get

w2(p) = wa(po +h)
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367

dwa(u)
=wa(uo)+h %
B Tu=po
or
1 1 dwa ()
—+£:—+(u—uo)[ ,
2 2 d o Lmp,
ie.,
dwa ()
e=(u— 0)[ 2 .
1=Ho

Using equation -, the parametric resonance can be given by

1
dwo(pr) e (U?+V?)?
(1 —po) <.
dp ey, 2
That is,
1
e (U2+V?2)2
(= po)| < W <eGy,
i L p=po
where
U4V
G - @
2 [ de(N)]
H=Ho

(3.26)

(3.27)

hence, the region of existence of parametric resonance is determined by the inequality given

below:

,uo—eG1<,u<,u0+eG1.

Now, calculating the value of G; with the help of the values of parameters obtained.

Ath:%;

2
(1)2—

1| 1
2] 4
From equation (3.6)

9
12=Z+2A+w%

i.e.
5
IQZZ 7
_(1
2 IIwz 3l
That is,
a%:5+4ea
yo_2_ 2
271, b5+4A
and
-K+B 2(-K+B)
c = =
2T, 5+4A

Journal of Informatics and Mathematical Sciences, Vol. 11, Nos. 3-4, pp. , 2019

(3.28)



368 Effects of Triaxiality and Radiation Pressure on Existence of Resonance Stability...: K. K. Pandey et al.

1/2

e Tel 1311 1047 2310’ 450!
2w§=1—[1—27u(1—u)(1——1+—2— o1, 92 _ Ly 2)]

16 16 64 64 16 16
hence
9 1 ( €; Tey 13110;p 10470, 2310 450’2)
w-p+—=[1-—=+—=- + - +
36 16 16 64 64 16 16

or
1 =0.0285954 + 0.0036593157226'1 - 0.025615210056'2 +1.19934072801
—0.957825890109 + 0.84530193 19(7'1 - 0.16466920750'2
substituting the values of u in equations (2.38), (2.39), (2.40) and(2.41), then we get:
A= —0.042279896/1 + 0.133918586/2 +19.5017408101
—20.8566346709 — 4.7749685380’1 + 0.950904090'2

and
A =-1.37527373¢} + 0.66803176¢, — 103.445559501 + 3.031116049079
—0.44736774410" — 0.365426682907% .
Similarly,
C =1.873107913¢} —0.28861806¢;, — 7.5374359801
+7.80642529405 + 2.611779440" — 1.78311586907%
and
K =1.224745-0.00950718107¢] + 0.066550267¢;, — 3.11597861501
+2.4885046603 — 2.19615884 10" +0.427823150707% .

From equation (3.12), the parameters a, b and ¢ are represented as below:
3 9
a= (§ —A) a2+ (K —B)akcs+ (§ + C) aic?

3 20-K+B) (9 4(-K + B)?
- (— —A)(5+4A)+(K—B)(5+4A)¥ + (— +C)(5+4A)¥.
8 5+4A 8 (5+4A)?
That is,
a =0.225 +2.10217069¢, — 0.8123564784¢), — 122.93852660
+82.3005614705 + 25.431855860", — 0.35575460%
similarly,
9
b= (— + C) azbl
8
16

9
=|Z+C|5+4A)————,
(8+ )( i )(5+4A)2

ie.,

b =3.6+6.115711405¢ — 1.3092633¢,, — 80.284808670 1 + 85.04766880¢
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+22. 10960360'1 + 8.444574560'2
and
9
c= {—(K—B)agbz — (g +A) 2a§b202}

4 2(-K+B)

=—(K-B)(5+4A) 5+4A 5+4A

—2(g+¢Q(5+4A)

5+4A 8

That is,
¢ = —0.489898 + 8.044099329¢} — 1.362921086¢;, — 138.460250401
+104.378751709 + 27.77814290" + 10.0251505407% .
In the same way,
U =1.35-1.146485677¢] — 0.3557546¢, + 205.73464890
—122.077288503 — 39.808909920 +4.9337964807
and
V = —0.489898 + 8.044099329¢} — 1.362921086¢%,
—138.460250401 + 104.378751709 + 27.77814290" + 10.02515054 075 .
Similarly,
U?+ VZ)% =1.4361406 —2.661112162¢] + 0.9586919166¢; + 167.550630701
—104.697833303 — 32.654780630 +0.848157115607%

and
[@
dp

= 12.72792206 — 0.8455317724¢ + 5.918722407¢), — 277.12303840
H=Ho
+221.317941507 — 195.31783940", + 38.048929760),

Now evaluating,
U+ V2)

B dwa(u)
2 [ du ]

G1

H=Ho
i.e.,

G1=0.05641693095 — 0.1007905114¢] — 0.0114260446¢5, + 7.8103673320
—5.0939183440 + 2.1485536480" —0.135334367807%

Hence, the boundary of the region obtained by equation (3.27) of the parametric resonance

about we = % in the first approximation in ‘e’ is given by
p=Hote Gy
i.e.

p=1(0.0285954 + 0.003659315722¢ — 0.02561521005¢5 + 1.19934072801
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—0.957825890107 + 0.84530193190";, — 0.16466920750%) + £(0.05641693095
—0.1007905114¢}, — 0.0114260446¢} + 7.81036733201 — 5.09391834407
+2.1485536480";, —0.135334367807)). (3.29)

The dependency of u and e is represented in figures for different values of triaxiality and

radiation pressures.

4. Conclusion

The discussion about the stability of infinitesimal around the triangular equilibrium points
in elliptical restricted three body problem under the assumption that both the primaries are
radiating and triaxial, for small eccentricity e near the resonance frequency ws = % has been
done. For the verification of stability we have constructed a suitable Hamiltonian function and
investigated the stability of infinitesimal around the triangular equilibrium points and the
perturbed system analytically and numerically due to triaxiality and radiation of the primaries
elliptical case up to second order terms. The region of stability and instability has been found
by using simulation technique. In the curves drawn between u and e, the system is unstable
in the region lying within the boundary and the system is stable in the region lying out side
the boundary. We conclude that the effect of the triaxiality and radiation of primaries affects
the location and resonance stability of triangular equilibrium points in elliptical restricted
three body problem in the elliptical case (i.e. for small value of eccentricity ‘e’) at and near
the resonance frequency wg = %, which is verified by the graphical behaviour of the triangular
equilibrium points around the binary system.

Hence we have came on conclusion that the shifting of the location and the resonance
stability of triangular equilibrium points in elliptical case around binary system would be

possible by changing the triaxiality and radiation parameters, which are shown in Figures
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