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1. Introduction
Suppose that S”7! is the unit sphere of R” equipped with normalized Lebesgue measure.

Let Q € L¥(R") x L"(S™" 1)(r = 1) be a homogeneous function of degree zero, and

- Qx,2)do(z')=0, forall xeR" (1.1)

and () satisfies the following conditions:

(1) Qx,A2)=Q(x,2), x,ze R*, 1 >0;

1
(2) 12 LoonyxLr(sn-1) := sup (Ln_l | Qx,2) " do(z')| <oo, 2’ = é—l, z € R\ {0}.

xeR?
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The Littlewood-Paley operators are play a very important role in harmonic analysis and partial
differential equations. So it is an important and interesting to study their boundedness. In 1955,
the L? boundedness of the singular integral operators with variable kernels was considered by
Calderon and Zygmund [1]]. Subsequently, many people have studied the boundedness of all
kinds of operators with variable kernel.

For r = 1, a kernel Q(x,z) defined as above satisfies a class of L”-Dini(r = 1) condition, if

1
f “”;5)(1+| logd )’ dé < oo, (1.2)
0

where w,(6) is the integral modulus of continuity of order r of 2, which is defined by

1
w,(6) = sup (f ) 1Qx, p2") — Qx, 2" do(z))] ,
xeR? n-
lpli<6

and p denotes the rotation in R”, with| p|l := sup |px'—«|, and denote w1(5) = w(5).
x'eSn-1

The parameterized Littlewood-Paley operator ug s and Littlewood-Paley g, function ug’a
are defined by

1
0 - 1 f .y -2) zdydt)z
Hastf )(x)_(f fnx) ) S e BTy 49
1
#.p _ t )’L” lf Qy,y—2) *dydt)*
NQ’A(f)(x)_(ffm“(tﬂx—yl 80 Jiy—zi<t ly—z|"P f(z)dz g+l | (1.4)

where p >0 and I'(x) = {(y,t) e R*™ L : |x — y| < £}.

The Classic Morrey spaces .ZP* were introduced by Morrey [2], which were first introduced
in the study of the local character of the second order elliptic partial differential equation. In
2009, Komori-Shirai [3] defined a weighted Morrey spaces LP**(w), and studied the boundedness
of some classical operators on them. In recent years, there are fruitful results about the
boundedness of Hardy-Littlewood maximal operator, C-Z operator, fractional integral operator
on Morrey space and weighted Morrey space, see [4-10]. Inspired by these results, the main
purpose of this paper is to establish the boundedness of parameterized area integral and
Littlewood-Paley g function with variable kernel on weighted Morrey space L? *(w).

2. Definitions and Lemmas

Before establishing our theorems,first we introduce some necessary definitions and lemmas.

Let w be a nonnegative,locally integrable function defined on R". B = B(x(,rp) is a ball, w(E)

means measure of K, i.e.,

Il
=

w(E):fw(x)dx; l+i
E p p
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Definition 2.1. When 1< p <oo, we say w € A, if for every ball B,

(i f w(x)dx) (i f w(x)l—f”dx)p_l <C<oo
|B| JB |B| JB B '

A weight function w is said to belong to the reverse Holder class RH,. If there exist an r > 1
and a ¢ > 0, such that the following reverse Hélder inequality holds

1

1 r C

(—f a)(x)rdx) <— | w(x)dx, forevery ball B<R"
|B| JB |B| JB

for all balls B denote by w € RH,..

Definition 2.2 ( [3]]). Suppose that 1< p <oo, 0<k <1,w is a weight function, then weighted
Morrey space is defined by

D,k — p .
LPA@)={f €L, @)1l o, <00},

loc

where

1

1
- p P
w(B)kalf(x)l w(x)dx) .

”f”Li;i(w) = Sgp(

Torchinsky and Wang [[13] studied the weighted L? boundedness of Marcinkiewicz integral
by the method of studying the estimation of the maximum function. Using this method, Xin [[14]
got the weighted L? boundedness of Littlewood-Paley operator.

Lemma 2.1 ([11]). Suppose that 1< p <oo, w € A, then there exists a absolute constant C >0,
so that

w(2B) < Cw(B), for every ball B.

Lemma 2.2 ( [12]). Suppose that w € RH,, then there exists a constant C >0, so that for every

ball B and any measureable set E c B,

r-1
oE) (BT
w(B)SC(E)

Subsequently for all A >0, w(AB) < CA"Pw(B). C is independent of B and A.

LP(w) denotes the set of measurable functions f such that

1
P
1l = ( fR | f(x)lpw(x)dx) <oo.

Lemma 2.3 ([14]). Suppose that Q € L®(R") x L%(S™™ ") satisfies (L1) and (L2), pg) o 1" are
defined by (1.3), (1.4) when p> 2%, 1 >2, 1< p <oo, then there exists a constant C which is
independent of f, such that

Mﬂ(,ug’s f)x) < C,M,f(x), forall xeR",

M*u @) < CpMpf(x),  for all xeR".
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Lemma 2.4 ( [14]) Suppose that Q € L¥(R") x L2(S™™ 1) satisfies (I.1) and (T.2), ug 5 ,u;’a are
defined by (1.3), (1.4) when p > %, A >2, 1< p <oo, then there exists a constant C which is
independent of f, such that

o

3. Main Results

Now, we state our main results as follows.

Theorem 3.1. Let Q € L®(R") x L2(S ”_1) is homogeneous on second variable, satisfy (1.1)), ,ug S
is defined by (1.3), when 0 <k <1, p> %, 1< p <oo. Then there exists a constant C which is
independent of f , such that

||,Ugs(f)||Lp k(w) = £ Lp. k()

Theorem 3.2. Let Q € L¥(R") x L2(S™1) is homogeneous on second variable, satisfy (1.1), u*’p
is defined by (1.4), when 0<k <1, p>3, A >1+2p, 1<p <oo. Then there exists a constant C
which is Lndependent of f, such that

*’
e oy < 1F | Loy -

4. Proofs of Theoremsn

Proof of Theorem 3.1l For every ball BcR", let f = f1 + f2, where f1 = fy,;, x2B denotes the
characteristic function of 2B. Then

1
(f |1, S(f)(x)lpw(x)dx)
a)(B)P

1 1
p p
< ( | mgS(fl)(x)Ww(x)dx) b ( [ 16, st o
o) s o®)s Uz

=I1+1s. 4.1)
Then by Lemma [2.1] and Lemma 2.4}

I, <

1
( f |(f1)(x)|"w(x)dx)
a)(B)P

= (f |(f1)(x)lpw(x)dx)
(u(B)l7

w(ZB)
=Clfllppky—%

w(B)P

= C”f”Lp,k(w)- (4.2)
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To estimate I, we first estimate ,ug s(f2)(x) for x € 2B.

1 Q(y,y—2) 1 Q(y,y—2)
_f Ln—f( Ydz| = f Ln_fz(z)dz
tP ly—z|<t |y—2| p tP (2B)Cn{z:ly—z|<t} Iy—ZI p
1 & Q( z)
f sz(z)dz . (4.3)
th 1J@B\2B){z:ly—z|<t} |y —2|" 7P

Suppose that B = B(y,rp), for all x€ B, y € I'(x), z € 27*1B\ 2/B, then there exists yg €
B(x,t)nB(z,t), such that

2t=|x—yol+lyo—zl=zlx—z|=lz—y|-|x—y] ZerB—rBEZJ_er.

According to (4.3),

g g (F2)(@)
1
> 1 Qy,y—2) 2dydt)?
SC(] f — ' _ Ln_fz(Z)dZ y+1)
2/-2rg Jly—x|<t | tP J(2i+1B\2/B) |y —2[""P tn
1
2 2
oo 1 1 dydt
fcf f = —f QUy,y—2)f(2)dz yl (4.4)
272rp Jly-al<t | tP j37 |9j+1B| "7 J@TIB\2B) £t
If Qe L®(R) x L2(S™™1)
[ I00y-2lIfGIdz
(27t+1B\2/B)
1 1
2 2 2 2
S(f —1Q(y,y—2)I dz) (f CIf @) dz)
(27+1B\2/B) (27+1B\2/B)
1
2
sC||Q||LOO(Rn)XL2(Sn_1)( f If@)%dz (4.5)
2/+1B

According to (4.4), (4.5)
o 1

|H§2,S(f2)(x)| < ClIQ poorryx L2(Sm1) Z PENC]
Jj=1|2/*1B| ™=

1 1
2 dt 2
([zﬁlBlf 2lNdz 2/+1B\2/B) \J|y—x|<¢ V) 2041

1
1 2 1

= C”Q”Loo R?)xL2(Sn-1 _ (f |f(2)|2dz) :
. )le |2J+1B| = \J2itip |2J+lB|§

1
1 2
= CllQ LoomnyxL2(5n- I)Z 27713 (f |f(z)|2dz)
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Using the Holder inequality and we A,, 1< p < oo,

1
1127+1B]

1 p=2
( f | |f(z)|f’w<z)dz)p ( f | w(z)‘ﬁdz) ”
2/+1B 9j+1pB

<C ||Q||L°°(Rn)xL2(Sn_1) ”f ”LP:k((u)

|y 5 (F2)@)] < CIQ Loogn)wr2(sm-1) Z

4 1 1ok p
——w(@/'B)r ( — _ w(z)dz)
j=1|2/+1B|r |27+1B]| Joi+1B
o i+1 2
<Clflppr@ 2 0@ 'B) 7 . (4.6)
n=1
So
°° (B)@
w
Ip<Clfllppke) ) —a5
J= 1w(2J+1B)
Then by Lemma 2.2}
(r=1)(1-%k) (r-1)
OB o[ BT (1)

w(2/*1B) ~ |2/+1B| o

So
(r=1)0-k)

Is < C“f”Lp k() Z (an) = C”f”Lp,k(w). 4.7)

(r=1D(-k) .
Due to the rT > 0, according to (4.2), (4.7)

11, sPzp < ClF ok (w)- 0

Proof of Theorem 3.2l For every ball BeR", let f = f1 + fa, where f1 = f;,5, x2B denotes the
characteristic function of 2B. Then

( f s (f)(x)l”w(x)dx)
ou(B)zU

1 1
(f Ilvt;k2 (fl)(x)lpw(x)dx) + U IIJ:) (fz)(x)lpw(x)dx)

w(B)p w(B) p
= J1 -I-Jz. (4.8)
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Then by Lemma and Lemma [2.4],

Ji1 =

1
( f I(fl)(x)lpw(x)dx)
a)(B)P

1
( f |(f1)(x)|pw(x)dx)
a)(B)P

2B
< I iy e )
a)(B)P

< Clf Loty (4.9)

The follows is to proof /5.

t Anq Qy,y—2) 2 dydt
(Fo)(x)? = f f ( ) f 7 fo()dz| ——
”m > le—yl<t \E+ 2=yl P Jly—zi<t ly—z["P f2 gnt+l
o oo ¢ Aniq Qly,y—2) 2 dydt
"‘Zf f . ( ) _f Ln_fz(z)dz %
=100 J2lcpe-yi<2it \E+ X — tP Jly-zi<t ly—2|""P t

< Ol g (P + 3 277 o (f)()).
j=1

So
1
Jo < (f g S(fg)(x)lpw(x)dx + Z 277 (f |'U'Q S 2/(f2)(x)|pa)(x)dx
w(B)? j=1 w(B)P
= J21 + J22.
by the Proof of Theorem
J21 = CIf Lok (4.10)
1
1 Qy,y—2) 2dydt)?
()| = f f - Y22 e
|u932’ f)] = T, | P JeBCnizly-zi< 1y —21" P f2 g+l
2 3
o Qy,y-2) dydt
< — fo(2)dz| ———
f.[rzj(x) L-Zzl.[(zi+13\2i3)n{z:|y—z|<t} ly —z|"=P f2 gr+2p+l

Suppose that B = B(y,rp), for all x € B, y € I'yj(x), z € 2i+1B\ 2B, then there exists
yo € B(x,27t) N B(z,t),such that

t+2t=|x—yol+lyo—zl=lx—z|=|z—y|—lx—y|=2'rg—rg=2""1rp
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So 2/+1t > 21" 1pp

(f2)(@)|

|“Qszf

1
2 2
oo o Q -2z dydt
<C f f Zf TS ez 2
2i-2-irp Jiy—xi<2it |tP [Z{ J@iv1B\2iB) |y — 2" 7P e
1

? dydt )2

bl"‘

nt+2p+1

©© 00
o =y | Qy,y - f (2)d2
27 2rp Jly—x|<2t|i=1 |2i+1B| T J(@*1B\2'B)

If Q € L°(R) x L2(S™ 1), using the similar method of (4.5) and (4.6)), the Hélder inequality and
weAp, 1<p<oo,

oo 1
(f2)@)] < CIQ co@nyxr2gn-1) Z

1 1
. 2, V2™ L)i
(Lj+1B |f(2)| dz) (Li—z—jrB (fly—x|<21tdy) tn+2p+1

1
1 2
< CQJn/2+an”Q”Loo([Rn)xLZ(Sn 1y Z 2l+lB| (f |f(2)|2d2)

”‘Q S92

. . p
N L | e

< C27M2H || Q| peomywr2ism-1 I F | Lok le(2‘+13) » (4.11)
1=
So
00 [es) (B)M
_‘_ w
5 < Z 22N fll ok Y
j=1 i=1 a)(2‘+1B) p
Similar to the proof of Theorem
o o—din in/2+jn
Jo<C Y 272 27PN Fll Lok (4.12)
j=1
According to (4.9), (4.12)
1
“,p p N> 14 o jn/2+jnp
I,u L)) wxdx| <C|1+ Y 2772 1 2ok ()
w(B) s
for A >1+2p,
G F Lo r@) < I Fll Lok )- O
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