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Abstract. Let (M,F) be a closed Finsler manifold. Studying geometric flows and the eigenvalues of
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1. Introduction

For a closed Finsler manifold (M, F), the eigenvalues of geometric operators is important in
geometric analysis. In studying of the p-Laplace equation several parts of mathematics for
instance: Calculus of Variation, Partial Differential Equation, Potential Theory and Analytic
Function have a momentous impress. Recently, there are many research about properties of the
eigenvalues of p-Laplacian on Finsler manifolds and Riemannian manifolds to estimate the
spectrum in terms of the other geometric structures of the manifold ( [6,8,14,,16]).

Also, geometric flows have been a topic of active research interest in mathematics and other
sciences ( [10-13]). Yamabe flow ( [7,9,/17]]) which is extension of Hamilton’s Ricci flow ( [4,/10[])
is the best known example of a geometric evolution equation. The Yamabe flow is related to
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dynamical systems in the infinite-dimensional space of all metrics on a given manifold. One of
the aims of such flows is to obtain metrics with special properties. Special cases arise when the
metric is invariant under a group of transformations and this property is preserved by the flow.

Let M be a manifold with a Finsler metric gy (or Fy), the family g(¢) (or F;) of Finsler
metrics on M is called an un-normalized Yamabe flow when it satisfies the equations

0:(gij)=—Hggij, &(0)=go, (1.1)
it implies that

1
dtlogF:—ﬁHg, Fit=0)=F,, (1.2)

where Hg = gYRic; 7, which introduced by Akbarzadeh in [1] and Ric is the Ricci tensor of g(¢),
Ric;j = (%F2Ri0)yi yi- In fact the Yamabe flow is a system of partial differential equations of
parabolic type which was introduced by Hamilton on Riemannian manifolds for the first time in
1982 and author with A. Razavi (see [[3]]) studied Yambe flow equation in Berwald manifold. The
Yamabe flow has been proved to be a very useful tool to improve metrics in Finsler geometry,
when M is compact. One often considers the normalized Yamabe flow

0:8 =(—Hg+Avg(Hg))g, £(0)=go, (1.3)
it implies that

O¢logF = %(—Hg +Avg(Hy)), F(0)=Fy, (1.4)
where Avg(Hg) = m JsarHgdVsy and under this normalized Yamabe flow, the volume of the
solution metrics remains constant in time. Short time exitance and uniqueness for solution

to the Yamabe flow on [0,7") have been shown by T. Aubin in [2] and by A. Bahri in [5] for
Riemannian manifolds and by the author with A. Razavi in [3] for Berwald manifolds.

2. Preliminaries

Let M be an n-dimensional C* manifold. For a point x € M, denote by T, M the tangent space
at xe M, and by TM = Uy T M the tangent bundle of M. Any element of TM has the form
(x,y), where xe M and ye T, M.

Definition 2.1. A Finsler metric on a manifold M is a function F : TMy — [0,00) which has the
following properties:

1) F(x,ay)=aF(x,y), V a>0;

(i) F(x,y)is C*® on TM, ;
(iii) For any non-zero tangent vector y € T'xM, the associated quadratic form g, : T, M xT', M —

R on T'M is an inner product, where

1 2
gy(u,v):= 33507 [F (x,y+su+rv)] .

The pair (M, F) is called a Finsler manifold.
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Let us denote by S, M the set consisting of all rays [y]:= {Ay|A > 0}, where y € T,My. The
sphere bundle of M, i.e. SM, is the union of S, M’s:

SM = %CJSxM

SM has a natural (2n — 1)-dimensional manifold structure. We denote the elements of SM

by (x,[y]) where y € T,M,. If there is not any confusion we write (x,y) for (x,[y]). In a local

coordinate system (x?,y’) we have gij(x,y)= %aa Lg J(x y) and (g¥):= (8ij)” 1

The geodesics of F' are characterized locally by e "+ 2G(x, & 1) =0 where

dt
;1 (081 08jr|
Gi== ”{2—’— ! } Ik, 2.1
4g oxk  ox! Iy @1
Definition 2.2. The coefficients of the Riemann curvature R, R dx ®6—L are given by
: oGt 0°GT . 0°G'  0G' 4G
R :=2————y/ +2G' — - — . (2.2)
oxk  dxJoyk dyiayk 0yl dyk

The Ricci scalar function of F is given by Ric := F%R ; A companion of the Ricci scalar is
the Ricci tensor
1
Ric;j:= (—FzRic) . (2.3)
2 yiyJ
Definition 2.3. A Finsler metric is said to be an Einstain metric if the Ricci scalar function is
a function of x alone, equivalently Ric;; = R(x)g;; (see [15]).

Definition 2.4. Let (M, F) be a Finsler manifold, the Sasakian metric g of g on T'M|) is defined
as

5y &y’
Y oY (2.4)
F°F

g= gudx ®dx’ +8ij

then g is a Riemannian metric on TM, and {% F ai} is a coordinate bases on T'M, where
2 =% -Gl and {dx‘ 8y }IS the dual of{ o FL }where §y' =dy' +Gida.

Remark 2.5. The Levi-Civita connection V on TM, with respect to the Sasakian metric g is
locally expressed as follows:

5 0 .1 k) o .5
¥, -2 ZRE +F!
i (C Tl or g

-0 G o

Vo -—=Ch— Ft -G gt —

2557 =Chiagr 80~ Glg 5

- 9 0 g 9 0

L op 0o e 2o, ey
soyWayk (T g8 Voo gy =0

where

k
h (6ghl- L 08ni 5gij) e %G
oxJ  bxt Oxh o gyt

Journal of Informatics and Mathematical Sciences, Vol. 8, No. 5, pp.|335 , 2016



338 Eigenvalues variation of the p-Laplacian under the Yamabe Flow on SM: S. Azami

and
Gy %G) 15 5] 0[5 21-ah
Wooogxd  bxt’ | Ox 6x/ Uoyk’ | 5xi’ 0y/ Y oyk
Lemma 2.6 ( [15[). For a Sasakian metric g and any f : TM — R, there exists a unique vector
field Y € X(TM) such that

gY,X)=df(X), VXeX(TM), (2.6)
where
X=X— 0 + XL F— 0
Ot oyl’

and Xi, Xé are C* function on TM. Here we take Y =0 if df =0.

Denote the vector field Y in (2.6) by Vf. We call Vf the gradient of f and define the
divergence divX as follows:

divX =trVX = tr(VX)(,-).

Definition 2.7. According to the above definition,the gradient of a function f is
ﬂi +F2 ij 2 af 0

Vf =gV — 2.7
f=¢ oxt 6x/ dy' dyJ 27
therefore, the norm of Vf with respect to the Riemannian metric g is given by
- JPO 1) . 0f 0
r2 =g, =g" 2L 0L p2gis O O 2.8)

5 L 5l Ayt dyl
Definition 2.8. Let M be a compact Finsler manifold. The Laplace operator of f on TM is
defined as follows:

Af =div(Vf)
=800, —8/T};0nf
. 8%f o O%f 1y Of of
— gl . 4 L]F2 . gl 11"]?, L] 2Fk
8" sxiont T8 T Gyigyi € (i a ~FE (LR

where ffj is Christoffel symbols of V and
Syk

~ 0 ~ ~
1Tk _ k 1Tk _
Iy = (V 3 yj)dx or rij_(vazi ayf) 7

and
- [« & ~ [~ & \Oy*
27k _ e k 2Tk |
Fij—(VLi xj)dx or F (Véil 6xJ) 7
therefore using (2.7), we have:

Af =g" 0*f _ﬁﬁ_ r o*f -GS 0°f r $62_f + ijF202_f
Oxiox/  Oxt dy"  Joxidy™ 'oysox/ J 'oySoy” oyioy’
of ik OF of f
k k k k 2 h h lk
+g”(C .+ R )6 - Fg”Fij6 ”Cua - ~F2glgy, (G}, ~Fj)g
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Definition 2.9. Let M be a compact Finsler manifold. The p-Laplace operator of f : TM — R,
feWLP(TM) for 1 < p < oo is defined as follows:

Apf =div(VFIP2VE) = IVFIP2Af +(p - 2)IVF 1P~ (Hess fIVf,V]), (2.9)
where

(Hessf)(X,Y)=V(VAX,Y)=Y - (X-f)-(VyX)-f, X,Y € X(SM),
and in local coordinate, we have:

(Hess )(0;,0,) = 0;0;f — T ;041 -
Note 2.10. If f is a function of x alone, or suppose that is the lifting of / : M — R then

o 0%f o Of
Af =gV | —=— - gV (TF )L |. 2.10
F=g Ox' 0o/ g ‘J)(?xk (2.10)
2.1 Eigenvalues of the p-Laplacian

Definition 2.11. Let (M",F') be a compact Finsler manifold and f : SM — R. We say that A is
an eigenvalue of the p-Laplace operator whenever

gApf+A|f|p_2f=0 (2.11)
then f is said to be the eigenfunction associated to A, or equivalently they satisfy in
VfIrd
2= M (2.12)
Jsu If1Pdv
Normalized eigenfunctions are defined as follows:
f FIFIP2dv =0, f IfIPdv =1. (2.13)
SM SM

Suppose that (M", g(t)) is a solution of the yamabe flow on the smooth manifold (M", g() in the
interval [0,T) and

A) = f IVf(x,y)Pdv; (2.14)
SM

defines the evolution of an eigenvalue of p-Laplacian under the variation of g(¢) whose
eigenfunction associated to A(¢) is normalized. Suppose that for any metric g(¢) on M"

Spec(g) ={0=2p(g) = A1(g) = Aa(g@) = - = Ap(g)=---}
p
is the spectrum of A, = g Ap.
In what follows we assume the existence and C!-differentiability of the elements A(¢) and
f(t), under a Yamabe flow deformation g(¢) of a given initial metric. We prove some propositions

about the problem of the spectrum variation under a deformation of the metric given by a
Yamabe flow equation.

3. Variation of A(?)

In this part, we will give some useful evolution formulas for A(¢) under the Yamabe flow. Let
(M", g(t), t€[0,T), be a deformation of Finsler metric g¢. Assume that A(¢) is the eigenvalue of
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Ap, [ =1f(x,y,t) satisfies
Apf +AIfIP2f =0
and [g,,1f1Pdv =1, using (2.8), we have:
U)éf Of , gi (6f) 6f  iof @ (6f) A(F2) oF?) i;0f oF
Oxt 6x/ ot \ b 5xJ Oxt 0t \ b/ ot 0yt dyJ

o .. 0f 0 Of' 0
4720 (i O O  ope,ijOF OF
ot 6 0 J 6yL6yJ

—IVfI

(3.1)
where

0 _ij it jk O
= 3.2
at(g ) 88 at(glk) (3.2)

(5f ) (ﬁ_Grﬁ)
0t \8xi)  ot\oxi oy’
afl af/
= — G
Ox? Loy”
_of' 6( an of
- oxl Y oy”"
therefore, a substitution of (3.2) and (3.3) in (3.I), implies that:

and

(r)f

3.3)

Proposition 3.1. Let (M™,g(t)) be a deformation of Finsler manifold (M™,g0), then

—1V P:_v p il 5 _r - lJ_'_. 7’
VAP =35IVAIT T -8"8 FYAC L i A ( l)a .

_ OF ..of 0 N Of" 3
+£|Vf|p_2{2F— i OF OF _ pagit it 9 (g f.—f.+2F2g”—f.—f.
2 0t~ 0y'dy/ ot oyt 0y’ oy 0y’

}. 3.4)

On the other hand we have
i(az )—{ ifi( ) — 2(10 F)}d (3.5)
de VT8 5 8 T8 v ’

Now, we get the following two integrability conditions:

d

d
=— Pdv = '|fIP~2d f P—d
dthlel v pfSMff 7] o SMIfI at’

which implies

pf ff’lflp_zdvz—f If1? {g —(gu) n—(logF)}dv (3.6)
SM SM

Now, if we suppose that g(¢) is a solution of the un-normalized Yamabe flow (1.2) and (1.1), then
we have:

dA d ~ ~ d
PR _ p P
[SM(dthl )dv+fSM|Vf| % (@)

dt
p it 5f 6f . .of' Of AT
= - H +2 ‘]—.—. G V p= d
[SM{ M85 501 T2 5 b ( Doy ow | V1774
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p o 1 ijOf Of o i1 _jk faf ziaf’af} 2
+= 2F“|-——H J -F°g'g/*(-H +2F4 gt VFfIP “dv
ZLM{ (2g)g 3yi 357 (- gglk) 3 9y galajlfl

+f I?flp{g”(—Hggij)—n(——Hg)}dv
SM 2

B | HSPdvep [ @@ P
SM

Oof 8f . »s f 2y i70F O o op
- r o ale F2H u p-
pfSM (G‘O 6J| FPdy 0y’ Oy oy VI do

where (%(G:f ) is obtained as follows:
Grzlgrl {20ng _6gjk} j k, Gr oG™

4 oxk  ox! ay’
Hence
0 0
—(G)=—(@G"Y
3G = 5.5G)
alee oo -}
= - | =g Q—2 _ J
Oyl{4(6tg oxk  oxl |77
{3 (2ot (59) - o v |}
2 J
ay{ & “oxk (057~ aud \0e57% )1 VY
o ( 10H, p, 1 laHgJ.k}
= — Tyt —ging —= 3.7
ayl{ o ogk Y Y T8k SV (3.7
Using (3.6) we obtain

- o~ o~ A
p f EVf . VNOIVFIP?dv =pA f FFIFP2do = - "2 f 1P Hgdv.
SM SM 2 Jsm

We have thus proved the following proposition:

Proposition 3.2. Let (M™,g(t)) be a solution of the un-normalized Yamabe flow on the smooth
Finsler manifold (M",gq). If A(t) denotes the evolution of an eigenvalue under the Yamabe flow,
then
dA p-n
i

——|VfIP~2dv

of of
Py — g
¢|fIPdv pfSM (G‘)d o

D 2 of of
-= F°H
2Jsm ggalaf

where f is the associated normalized evolving eigenfunction.

IVFIP2dv, (3.8)

Note 3.3. Let f : SM — R be a lifting of f : M — R. We have:

% =27 glfIPdv,
and in this case, if H, is a constant, then

dA _pA

dt 2 ¢
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Corollary 3.4. Let (M"™,g(t)) be a solution of the un-normalized Yamabe flow on the smooth
Riemannian manifold (M",g), i.e. Fy, Fy are Riemannian metric. If A(t) denotes the evolution
of an eigenvalue under the Yamabe flow, then Hgy = R hence

dA _p-n D » ij of of -2
=P ReSrrave [ RfPdv-p [ g @ L 2Lw o
of
f F?R,g" flafjwﬂp 2dv, (3.9)

where R4 is the scalar curvature of M.

Corollary 3.5. Let (M"™,g(t)) be a solution of the un-normalized Yamabe flow on the smooth
homogenous Riemannian manifold (M",gg). If A(t) denotes the evolution of an eigenvalue under
the Yamabe flow, then:

SM

R
VP 2dv - fF VFIP2dv,
dt 2 G gy 5w V1 2 Jour ga aJ'f'

where R is the scalar curvature of M.

Proof. Since the evolving metric remains homogenous and a Riemannian homogenous manifold
has constant scalar curvature, so the corollary is obtained by (3.8). O

Now, we give a variation of A(¢) under the normalized Yamabe flow which is similar to the

pervious proposition.

Proposition 3.6. Let (M",g(t)) be a solution of the normalized Yamabe flow on the smooth
Finsler manifold (M",gq). If A(t) denotes the evolution of an eigenvalue under the Yamabe flow,

then:
dA pA p
E = —?Avg(Hg) +

- _ A
”f Hg|Vf|pdv+%f HIf1Pdv

aff

- f ( G0 of IVFIP~2dv pf F?(H, - Avg(H, »g” —|VfIP~2dv, (3.10)
SM P 0yS 5xl yJ

. . . . . . H.,d
where f is the associated normalized evolving eigenfunction, Avg(Hg) = f%,l(‘fl(sﬁl)v.

Proof. In the normalized case, the integrability conditions read as follows

pf f'FIfIP~2dv = _Ef (-Hg+Avg(Hp))If|Pdv, (3.11)
SM 2Jsm
using (3.4), (3.7) and the above equation, we can then write

ar_ f (—IVpr)dv+ f 712 (dy)
SM SM dt

dt dt
P k of of f’ of 2
_ELM{ g/ (- Hg+Avg(Hg))glk 6_ g 527 5 J}|vf|P dv
L2 f {2F2( ~H, +Avg(H, ))g” of of —F?gilglh(— Hg+Avg(Hg))glk—f—f}|Vf|p 2dv
2 Jsm yi 0yl o0y’

Journal of Informatics and Mathematical Sciences, Vol. 8, No. 5, pp.|335 , 2016



Eigenvalues variation of the p-Laplacian under the Yamabe Flow on SM: S. Azami 343

p n Of 6f 2”0]”6]‘} - f ,
+2fSM{ (G‘)a " +2F*g 3 v IVFIP~2dv + — (-H, +Avg(H, NIVFIPdv

DIVFIPdy +pf SVF VAOIVFIP2dv

- rn9f of p-2 f 2 LJ of of p-2
PfSM (G 3y ox JIVfl dv F(-H,;+Avg(Hy)) g 3y’ Oy ]IVfI dv
(3.12)
but
Pl BT IOTFP R =pd [ fFIfP R
SM SM

__n_/l IfIP(—-H, +Avg(H))d (3.13)
- 2 SM 8 vg g v .

and %(Gf ) is obtained by replacing F' and g’ij from (1.4) and ID respectively, in |D Thus
the proposition is obtained by replacing (3.13) in (3.12).

Corollary 3.7. Let (M",g(t)) be a solution of the normalized Yamabe flow on the smooth
Riemannian manifold (M™,g). If A(t) denotes the evolution of an eigenvalue under the Yamabe

flow, then:
A A — ~ A
a_ —%Avg(Rg)+ P2 RaVPdo+ [ Reifrdo

_ (S af 5f p-2 f 2 l]
p [ &SGRty [ PR -aveR e

where R is the scalar curvature of M.

of of
la_]

——|VFIP2dv, (3.14)

Corollary 3.8. Let (M",g(t)) be a solution of the normalized Yamabe flow on the smooth
homogenous Riemannian manifold (M™,gg). If A(t) denotes the evolution of an eigenvalue under
the Yamabe flow, then:

A of 6F —. o
— =_ GS VF£IP %dv
= p[SM S L bir

where R is the scalar curvature of M.

Proof. Since the evolving metric remains homogenous and a Riemannian homogenous manifold
has constant scalar curvature, so the corollary is obtained by (3.10). O

4. Examples

In this section, we will find the variational formula for some of Finsler manifolds.

Example 4.1. Let (M",g() be an Einstein manifold with constant Ricci i.e. there exists a
constant a such that Ric(Fy) = aFg. Therefore Ric;;j(go) = ag;;(0). Assume we have a solution to
the Yamabe flow which is of the form

gt)=u(t)go, u0)=1
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where u(?) is a positive function. We compute

og an
=yt Hy=—
at u( )gO) g U(t),

for this to be a solution of the un-normalized Yamabe flow, we require
u'(t)go=-Hgg = —mu(t)go =—ango,
this shows that
u'(t)= -na
therefore
u(t)=—-nat+1,
so that we have
g(t)=(1-nat)go

which says that g(¢) is an Einstein metric. Therefore

an
H,= .
£ 1-nat
Also
: 1 (.08 08|
Gzt:_ll{2 Jb ]}Jk
(1) 4g ek oxl y'y
1 il{ 0(go)ji a(gO)jk} b i
== 2 - Jy* = GH(0),
(go) o o [YY (0)
therefore

0 .
(@) =0,
Using the un-normalized Yamabe flow equatlon 1) and (3.8) ,we obtain the following relation:

dl p-n an an of of
— = VFIPd +—f P d——f F?2 o VFIP~2d
dt 2 fMl na tI fPdv A v 2 Jsu 01— natgo oyt dy JI f1 v

1-nat

_ panl pan o ijOf of
T 2(1-nat) 2(1-nat) Jsu' °80 byl oy

Remark 4.2. Let (M",Fy) be a Finsler manifold of dimension n = 3. Suppose that the flag
curvature k = k(x) is isotropic and a function of x € M alone then %k = constant and therefore

——|VfIP 2dv.

(M",Fy) is Einstein and the variation of its eigenvalues is similar to Example

Example 4.3. If we suppose that F; = u(t)Fy, u(0) =1 is a solution of the Yamabe flow, then:
H, = (u(t) 2Hy,.

Now the Yamabe flow (1.2) implies that
o(u(t)2

ot
By integration we have:

=—Hg,.
u"2(t)= —Hgyt +c,
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with condition ©(0) =1 we have:
u"3(t)=1- Hy,t,
therefore
1
=——  F2 4.1

By replacing above identities in (3.8) we obtain the variation of an eigenvalue.

F;

In next example we determine the behavior of the evolving spectrum on the Yamabe solitons.

Definition 4.4. Let (M, g(¢)) is a solution of the Yamabe flow. We says g(¢) is Yamabe soliton,
when satisfies in g? = u(t)p; g% where @, is a family of diffeomorphisms.

Example 4.5. Let (M, F) and (M, F) be two closed Finsler manifolds and
¢:(M,g)— (M,F)
an isometry, then for p =2 we have
ENog* =@ 0ZA.
Therefore given a diffeomorphism ¢ : M — M we have that
@:(SM,p*g8)— (SM, g)
is an isometry, hence we conclude that (SM,¢*g),and (SM, g) have the same spectrum
Spec(g) = Spec(¢™ g)
with eigenfunction f;, and ¢* f; respectively. If g(¢) is a Yamabe soliton on (M", g¢) then

1
Spec(g(t)) = —— Spec(gy),
u(t)
so that A(¢) satisfies
1 dr _ u'(t)
M=o @t~ wor

5. Conclusion

In this paper we obtain the evolution formulas for the eigenvalue of p-Laplacian on SM under
the Yamabe flow. Furthermore, we find the variational formula for Einstein Finsler manifold
and determine the behavior of evolving eigenvalue on the Yamabe soliton.
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