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(−1)n
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1. Introduction
The Riemann hypothesis is a conjecture formulated in 1859 by the mathematician Bernhard
Riemann, according to which the non-trivial and infinity zeros of Riemann’s zeta function all
have a real part equal to 1

2 .
Its demonstration would improve knowledge of the distribution of prime numbers and open

up new areas for mathematics.
Riemann’s article [4] on the distribution of prime numbers is his only text dealing with

number theory, he develops the properties of the function zeta C(s) =
+∞∑
n=1

1
ns and prove the

prime number theorem by admitting to passing several results including what is now called
the Riemann Hypothesis (RH). Then, Hardy demonstrated that there exist an infinity of zeros
on the critical line (see, Hardy [1], and Hardy and Littlewood [2]), this gives us an esperance
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that the RH would be true.
Let S(s)=

+∞∑
n=1

(−1)n

ns =−
+∞∑
n=1

(−1)n−1

ns , thus S(s)= ρ(s)eiθ(s)S(1− s)

Remark 1.1 (Functional equation of Hardy). We have ∀ s ∈C such Re(s) ∈ ]0,1[

S(s)=ϕ(s)S(1− s)

with ϕ(s)= 21−2s−1

1−2s π
s−1 sin

( s
2π

)
Γ(1− s)= ρ(s)eiθ(s) (see [1] and [2]).

2. Preliminaries
Proposition 2.1. Let s = r+ ic, thus

S =
+∞∑
n=1

(−1)n e−i ln(n)c

nr = C1 −C2

=
+∞∑
n=1

(−1)n eiαn

nr = R′+ iI ′

and

C =
+∞∑
n=1

1
ns =

+∞∑
n=1

e−i ln(n)c

(2n)r =
+∞∑
n=1

eiαn

(2n)r

= C1 +C2 = R+ iI

with αn =− ln(n)c,

C1 =
+∞∑
n=1

1
(2n)s =

+∞∑
n=1

e−i ln(2n)c

(2n)r =
+∞∑
n=1

eiα2n

(2n)r = R1 + iI1 ,

C2 =
+∞∑
n=1

1
(2n−1)s =

+∞∑
n=1

e−i ln(2n−1)c

(2n−1)r =
+∞∑
n=1

eiα2n−1

(2n−1)r = R2 + iI2

and

R1 =
+∞∑
n=1

cos(α2n)
(2n)r ,

I1 =
+∞∑
n=1

sin(α2n

(2n)r ,

R2 =
+∞∑
n=1

cos(α2n−1)
(2n−1)r ,

I2 =
+∞∑
n=1

sin(α2n−1)
(2n−1)r ,

R =
+∞∑
n=1

cos(αn)
(2n)r = R1 +R2 ,

I =
+∞∑
n=1

sin(αn)
(2n)r = I1 + I2 ,

R′ =
+∞∑
n=1

(−1)n cos(αn)
nr ,
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I ′ =
+∞∑
n=1

(−1)n sin(αn)
nr ,

R′ = R1 −R2 ,

I ′ = I1 − I2 .

Proposition 2.2. Let s = r+ ic = r+ i α
ln(2) (since α= ln(2)c),

C1 = e−iα

2r C ,

C2 =
(
1− e−iα

2r

)
C ,

S = (21−r e−iα−1)C .

Proof. α= ln(2)c =⇒ e−i ln(2)c = e−iα. Therefore,

C1 =
+∞∑
n=1

e−i ln(2n)c

(2n)r = e−i ln(2)c

2r

+∞∑
n=1

e−i ln(n)c

nr ,

C1 = e−i ln(2)c

2r C = e−iα

2r C ,

C2 = C−C1 = C− e−iα

2r C =⇒ C2 =
(
1− e−iα

2r

)
C

and

S = C1 −C2 = e−iα

2r C−
(
1− e−iα

2r

)
C =⇒ S = (21−r e−iα−1)C.

3. Contributions
Theorem 3.1 (Adherent Point and Closure). Let X be a topological space and A ⊆ X be a subset.
A point x ∈ X is said to be an adherent point of A if every open neighborhood of x intersects A.
The closure of A, denoted by A, consists of all adherent points of A.

Theorem 3.2 (Adherent Point and Existence of Convergent Sequences). Let X be a topological
space and A ⊆ X be a subset. A point x ∈ X is an adherent point of A if and only if there exists a
sequence xn in A such that

lim
n=⇒+∞xn = x .

3.1 The First Announcement
Lemma 3.1. Assuming that there exists an s1 with r1 =Re[s1] ∈ ]

0, 1
2

[
and α= ln(2)c > 0 such

that S2(s1) ∈R, so

(i) ∃ V (s1)⊂C such ∀ s ∈V (s1)− {s1}, S2(s) ∉R,

(ii) ∃ un ∈V (s1)− {s1} such limun = s1 (since s1 ∈V (s1)− {s1} with A is the adherant of A).

Proof. Obvious.

(i) reasoning through the absurd.
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(ii) using (i) and the last theorem.

Lemma 3.2. Let D1 = {z ∈C/Re(z) ∈ ]0,1[, Re(z) ̸= 1
2 and Im(z) ̸= 0}, so ∀ s ∈ D1,

S2(s) ∈R ⇐⇒ S2(1− s) ∈R.

Proof. Since the first lemma: Assuming that there exists an s1 with r1 = Re[s1] ∈ ]
0, 1

2

[
and

α= ln(2)c > 0 such that S2(s1) ∈R, so

(i): ∃ V (s1)⊂C such ∀ s ∈V (s1)− {s1}, S2(s) ∉R.

(ii): ∃ un ∈V (s1)− {s1} such limun = s1 (since s1 ∈V (s1)− {s1} with A is the adherant of A).

un ∈V (s1)− {s1}

=⇒ S2(un) ∉R
=⇒ (S(un),S(un)) is a basis of C

=⇒ ̸ ∃ (an,bn) ∈R2 such S(1−un)= anS(un)+bnS(un)

S(s)=ϕ(s)S(1− s)

=⇒ S(1−un)= anϕ(un)S(1−un)+bnϕ(un)S(1−un)

=⇒ [1−anϕ(un)]S(1−un)= [bnϕ(un)]S(1−un)

=⇒ [1−anϕ(un)]S(1−un)= [bnϕ(un)]S(1−un)

=⇒ bnϕ(un)S2(1−un)= [1−anϕ(un)]|S(1−un)|2
ϕ(s)ϕ(1− s)= 1 ∀ s

=⇒ bnS2(1−un)=ϕ(1−un)[1−anϕ(un)]|S(1−un)|2
=⇒ bnS2(1−un)= [ϕ(1−un)−anϕ(un)ϕ(1−un)]|S(1−un)|2

ϕ(s)ϕ(1− s)= 1

=⇒ |ϕ(s)|2ϕ(1− s)=ϕ(s)

=⇒ ϕ(s)= ρ2ϕ(1− s)

=⇒ bnS2(1−un)= |S(1−un)|2[ϕ(1−un)−anρ
2
nϕ

2(1−un)]

= |S(1−un)|2ϕ(1−un)[1−anρ
2
nϕ(1−un)]

=⇒ |bn| = |ϕ(1−un)| |1−anρ
2
nϕ(1−un)| or |S(1−un)| = 0

We have

S2(un) ∉R
=⇒ S(un) ̸= 0

=⇒ |S(1−un)| ̸= 0

=⇒ |bn| = |ϕ(1−un)| |1−anρ
2
nϕ(1−un)|

Also ρn ̸= 0 since

|S(un)| = ρn|S(1−un)|

=⇒ |bn| = 1
ρn

|1−anρ
2
nϕ(1−un)|
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=⇒ b2
nρ

2
n = |1−anρ

2
nϕ(1−un)|2

=⇒ b2
nρ

2
n = 1+a2

nρ
2
n −2anρn cos(θn), (1)

S(1−un)= anS(un)+bnS(un)

=⇒ |S(1−un)|2 = (a2
n +b2

n)|S(un)|2 +anbn(S2(un)+S2(un))

=⇒ ρ2
n|S(1−un)|2 = (a2

nρ
2
n +b2

nρ
2
n)|S(un)|2 +anbnρ

2
n(S2(un)+S2(un))

=⇒ |S(un)|2 = (a2
nρ

2
n +1+a2

nρ
2
n −2anρn cos(θn))|S(un)|2 +anbnρ

2
n(S2(un)+S2(un))

=⇒ 0= (2a2
nρ

2
n −2anρn cos(θn))|S(un)|2 +anbnρ

2
n(S2(un)+S2(un))

=⇒ anρn[2(anρn −cos(θn))|S(un)|2 +bnρn(S2(un)+S2(un))]= 0

=⇒ anρn = 0 or 2[anρn −cos(θn)]|S(un)|2 +bnρn[S2(un)+S2(un)]= 0,

2[anρn −cos(θn)]|S(un)|2 +bnρn[S2(un)+S2(un)]= 0

=⇒ bnρn[S2(un)+S2(un)]=−2[anρn −cos(θn)]|S(un)|2

=⇒ b2
nρ

2
n[S2(un)+S2(un)]2 = 4[anρn −cos(θn)]2|S(un)|4

=⇒ (
1+a2

nρ
2
n −2anρn cos(θn)

)
[S2(un)+S2(un)]2 = 4[anρn −cos(θn)]2|S(un)|4

=⇒ [(anρn −cos(θn))2 +sin2(θn)][S2(un)+S2(un)]2 = 4[anρn −cos(θn)]2|S(un)|4

=⇒ sin2(θn)[S2(un)+S2(un)]2 = [anρn −cos(θn)]2[4|S(un)|4 − (S2(un)+S2(un))2]

=⇒ sin2(θn)[S2(un)+S2(un)]2 = [anρn −cos(θn)]2[2|S(un)|4 −S4(un)−S4(un)]

=⇒ sin2(θn)[S2(un)+S2(un)]2 =−[anρn −cos(θn)]2[S2(un)−S2(un)]2

=⇒ [isin(θn)]2[S2(un)+S2(un)]2 = [anρn −cos(θn)]2[S2(un)−S2(un)]2

=⇒ [anρn −cos(θn)][S2(un)−S2(un)]=±isin(θn)[S2(un)+S2(un)]

=⇒ [anρn −cos(θn)∓ isin(θn)]S2(un)= [anρn −cos(θn)± isin(θn)]S2(un)= Z

As Z = Z so Z = [anρn −cos(θn)∓ isin(θn)]S2(un) ∈R,

=⇒ (anρn − e±iθn)S2(un) ∈R
=⇒ S2(un)= Kn(anρn − e∓iθn)

with Kn ∈R,

=⇒ Im[S2(un)]=±Kn sin(θn)

Since limun = s1 and S2(s1) ∈R∗ so

lim[sin(θn)]= sin(θ(s1))= 0

=⇒ θ(s1)≡ 0 [π]

As

S(s)=ϕ(s)S(1− s) and ϕ(s)= ρ(s)eiθ(s)

=⇒ S(s1)= ρ(s1)eiθ(s1)S(1− s1)

=⇒ S2(s1)= ρ2(s1)e2iθ(s1)S2(1− s1),
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θ(s1)≡ 0 [π]

=⇒ S2(s1)= ρ2(s1)S2(1− s1).

Thus,

S2(s) ∈R
⇐⇒ S2(1− s) ∈R
Another proof if liman = a and limbn = b, and as we have

bnS2(1−un)= |S(1−un)|2 [
ϕ(1−un)−anρ

2
nϕ

2(1−un)
]

with ρn = |ϕ(un)|, where n −→+∞ we would have

bS2(1− s1)= |S(1− s1)|2[ϕ(1− s1)−aϕ(s1)ϕ(1− s1)]

=⇒ bS2(1− s1)= |S(1− s1)|2[ϕ(1− s1)−aρ2ϕ2(1− s1)]

with

S(s1)=ϕ(s1)S(1− s1)= ρeiθ(s1)S(1− s1)

=⇒ S2(1− s1)= ρ−2e−i2θ(s1)S2(s1) (or ρ = 0)

(S(s1) ̸= 0⇐⇒ ρ ̸= 0)

=⇒ bρ−2e−i2θ(s1)S2(s1)= |S(1− s1)|2[ϕ(1− s1)−aρ2ϕ2(1− s1)] or S2(s1)= S2(1− s1)= 0

Moreover

S2(1− s1)= ρ−2e−i2θ(s1)S2(s1) and S2(s1) ∈R
=⇒ |S(1− s1)|2 =±ρ−2S2(s1)

=⇒ ±be−i2θ(s1) =ϕ(1− s1)−aρ2ϕ2(1− s1) or S2(s1)= S2(1− s1)= 0,

ϕ(s1)= ρeiθ(s1) and ϕ(s1)ϕ(1− s1)= 1

=⇒ ±ρ2 =ϕ(s1)−aρ2 or S2(s1)= S2(1− s1)= 0

=⇒ (a±b)ρ2 =ϕ(s1) or S2(s1)= S2(1− s1)= 0,

(a±b)ρ2 =ϕ(s1)= ρeiθ(s1)

=⇒ (|a±b|ρ = 1 and θ(s1)≡ 0 [π]) or ρ = 0

=⇒ S2(1− s1)= ρ−2e−i2θ(s1)S2(s1)= ρ−2S2(s1) ∈R or S(s1)= 0

Hence

S2(s1) ∈R
=⇒ S2(1− s1) ∈R or S2(s1)= S2(1− s1)= 0.

Remark 3.1. It’s obvious if s ∈R, S(s) ∈R and S(1− s) ∈R.

Lemma 3.3. Let D = {z ∈C/Re(z) ∈ ]0,1[}, so ∀ s ∈ D,

S2(s) ∈R
⇐⇒ S2(1− s) ∈R
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Proof. Since D−D1 = {z ∈C/Re(z)= 1
2andIm(z) ̸= 0},

Re(s)= 1
2

=⇒ 1− s = s

So

S(1− s)= S(s)= S(s)

and

S2(s) ∈R
⇐⇒ S2(1− s) ∈R

Claim 1. Let D = {z ∈C/Re(z) ∈ ]0,1[}, so ∀ s ∈ D,

S(s) ∈R⇔ S(1− s) ∈R,

S(s) ∈ iR⇔ S(1− s) ∈ iR.

Proof. S(s) ∈R or S(s) ∈ iR=⇒ S2(s) ∈R=⇒ θ(s)≡ 0 [π],
S(s)=ϕ(s)S(1− s)= ρeiθ(s)S(1− s1)=±ρS(1− s1).

3.2 Other Results
Let be S = S(s) and S′ = S(1− s) such S(s) ∈R, thus

C1 = e−iα

2r C, C2 =
(
1− e−iα

2r

)
C and S = (21−r e−iα−1)C

with C2 = C−C1, S = C1 −C2 and

C′
1 =

eiα

21−r C′, C′
2 =

(
1− eiα

21−r

)
C′ and S′ = (2r eiα−1)C′

with C′
2 = C′−C′

1, S′ = C′
1 −C′

2.
As 1− s = r′+ ic′ = 1− r− ic,

α= ln(2)c

=⇒ r′ = 1− r,

c′ =−c

=⇒ r′ = 1− r, α′ =−α
(1) 2C1C′

1 = CC′,

(2) C1C
′ = 21−2rCC

′
1,

(3) 2C1C
′
1 = e−i2αCC

′
,

(4) 2C1C′
2 = SC′ = SC′,

(5) 2C2C′
2 = SS′ ∈R,

(6) SC′
1 = CC′

2.

Proof. (1) C1C′
1 =

e−iα

2r C
eiα

21−r C′ = CC′

2
,
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(2) C′
1 =

eiα

21−r C′ =⇒ C′ = 21−r e−iαC′
1

C1C
′ =

(
e−iα

2r C
)
(21−r e−iαC′

1)

C1C
′ =

(
e−iα

2r C
)
(21−r eiαC′

1)= 21−2rCC
′
1

(3) 2C1C
′
1 = 2

(
e−iα

2r C
)(

eiα

21−r C′
)
= 2 e−iα

2r C e−iα

21−r C′

2C1C
′
1 = e−i2αCC

′

(4) We have S = 2C1 −C = 2C1 −C = S ∈R
=⇒ 2C1 +C = 2C1 +C

=⇒ 2C1C′+CC′ = 2C1C′+CC′

=⇒ 2C1C′+CC′ = 2C1C′+2C1C′
1

=⇒ 2C1C′−2C1C′
1 = 2C1C′−CC′

=⇒ 2C1(C′−C′
1)= (2C1 −C)C′

=⇒ 2C1C′
2 = SC′ = SC′.

(5) 2C1C′
2 = SC′ =⇒ 2(S+C2)C′

2 = SC′

=⇒ 2SC′
2 +2C2C′

2 = SC′ =⇒ S(C′−S′)+2C2C′
2 = SC′

=⇒ SC′−SS′+2C2C′
2 = SC′

=⇒ SS′ = 2C2C′
2.

(6) is (4)+(5).

Lemma 3.4. S(s) ∈R=⇒ C2(s)C2(1− s) ∈R.

Proof. Since the last claim ∀ s ∈ D = {z ∈C/Re(z) ∈ ]0,1[},

S(s) ∈R⇐⇒ S(1− s) ∈R
S(s) ∈ iR⇐⇒ S(1− s) ∈ iR

=⇒ SS′ = S(s)S(1− s) ∈R
and from (5)

2C2C′
2 = SS′ ∈R.

3.3 The Second Announcement
Claim 2. ∃ s0/S(s0) ∈ iR⇐⇒∃ s1 ∈ (r0, s0] /S(s1)= 0 such that

r0 =Re(s0) ∈
]
0,

1
2

[
∪

]
1
2

,1
[

and (r0, s0]= {r0 + ic ∈C/0≺ c ≤ c0}.

Proof. Assuming that ∃ s′ = r′+ ic′ such S(s′) ∈ iR∗ with r′ ∈ ]0, 1
2 [.

Let

c0 =min{c ∈R+/∃n ∈N∗,Sn(r′+ ic) ∈ iR∗}. (*)
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So ∃ m ∈N∗,Sm(s0) ∈ iR∗ with s0 = r′+ ic0

=⇒ S2m (s0) ∈R−∗
without forgetting S2m(r′) ∈R+∗ , since

S(r)= ∑
n≥1

(−1)n

nr ∈R, ∀ r ∈R+
∗ .

Let now S2m(s)= R(s)+ iI(s), we have R(s0)≺ 0 and R(r′)≻ 0, thus ∃ s1 = r′+ ic1 ∈ (r′, s0) such

R(s1)= 0,

=⇒ S2m(s1) ∈ iR with 0≺ c1 ≺ c0,

0≺ c1 ≺ c0

=⇒ S2m(s1) ∉ iR∗, (Since (∗))

S2m(s1) ∈ iR and S2m(s1) ∉ iR∗
=⇒ S2m(s1)= 0

=⇒ S(s1)= 0

Thus,

∃ s0/S(s0) ∈ iR=⇒ S(s0) ∈ iR∗ or S(s0)= 0

=⇒ ∃ s1 ∈ (r0, s0]/S(s1)= 0

The other implication is obvious:

∃ s1 ∈ (r0, s0]/S(s1)= 0

=⇒ ∃ s1 ∈ (r0, s1]/S(s1)= 0

with s1 = s0,

S(s0)= S(s1)= 0

=⇒ ∃ s0/S(s0) ∈ iR.

Conjecture 1. ∀ r ∈ ]0,1[,

r ̸= 1
2

=⇒ Re[S(s)] ̸= 0.

4. Conclusions
A new conjecture that is based on Riemann’s Hypothesis, and therefor it is a new way to see if
this hypothesis is just, otherwise we also have a new useful to determine a counter example.
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