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1. Introduction

The mathematical approach of rough set theory addresses ambiguity and uncertainty in data.
7. Pawlak [3]] introduced rough set theory in the early 1980s, offering a framework for estimating
sets with inaccurate or insufficient information. The key concept of rough set theory is an
information system, in general, an approximation space I = (U,R), where the object set U
is the universal set and R is an arbitrary equivalence relation that induces partition on U.
For each subset X of U, T denotes the set of all rough sets defined through the lower and upper
approximation. Two binary operations Praba A and Praba V defined between the subsets of
U, to find its least upper bound and greatest lower bound used to prove that (7', <) is a lattice
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called a rough lattice. Later, the distributive property over 7' with the binary operations A and
V proved (T',A,V) to be a semiring known as a rough semiring (Praba et al. [5]). Considering
this rough semiring structure, weaker notions of complements are verified over T to obtain
the rough bi-Heyting algebra. In addition, establishing a filter (Praba and Freeda [4]]) for the
subsets of U in a rough bi-Heyting algebra helps to build the rough identity summand graph.
In addition, various filters are characterized and their rough identity-summand graphs are
obtained. The significance of the rough identity-summand graph is further extended to defining
Gray code through its distinct complete bipartite graphs.

Suparta and Zanten [6]] highlight the importance of consecutive numbers in the sequence and
describe how to modify a Gray code’s transition sequence to create a Gray code that produces a
complete graph. The transition sequence of the Gray code is represented as a graph, with edges
denoting subsequent bit flips in the Gray code sequence and vertices representing bit positions.
This method aims to create a complete graph K,,. Suparta [7] has investigated techniques for
creating complete and other structured bipartite graphs, Gray codes that induce particular
bipartite graphs. While Arora [1] focuses on the generation of Gray codes using Hamiltonian
networks and cycles, highlighting its importance in discrete mathematics and applications
across a wide range of domains. A direct method based on Hamiltonian cycles and an iterative
approach that can be computationally implemented are compared in the work in constructing
Gray codes. The idea of strongly compatible codes and the investigation of how well Gray codes
work with various graph configurations, such as paths and grids, are discussed by Wilmer
and Ernst [|8]. This work explores the existence of Gray codes compatible with different graph
types and refutes a conjecture concerning the diameter of trees induced by cyclic Gray codes.
Additionally, super-composed Gray codes are introduced and their properties are examined.
To obtain Generalized Gray Codes (GGC) more easily, the idea of a GGC generation tree is
presented by Lee and Lee [2]]. Here each level of tree represents a distinct bit-length of GGC
and the recursive link between the number of nodes at various tree levels is also covered in this
study.

The literature discusses modifying the transition sequence so that it is used to create Gray
code which produces a complete graph, particularly a complete bipartite graph. This paper
introduces a new approach to establishing Gray code from the transition sequence with the
help of distinct complete bipartite graphs obtained from the rough identity-summand graph.
Analyzing the distinct complete bipartite graphs generated from the rough identity-summand
graph, which contains all the vertices of the rough identity-summand graph but not the edges,
plays a major role in the Gray code generation and aligns with the approach of identifying Gray
codes of varying lengths. This applies to any filter Fx(T') for which the rough identity-summand
graph exists. Hence this work set a new strategy for constructing more robust Gray codes
through the rough identity-summand graph.

The structure of this paper is as follows. The terminologies and notions related to filters and
rough identity-summand graphs required for our study are given in Section [2| The primary
outcome is discussed in Section [3| by establishing distinct complete bipartite graphs from the
rough identity-summand graph and their vertex cardinality. Section 4] details the various Gray
code generation through the subgraph of the rough identity-summand graph. The conclusion
and the suggested future direction of this research are provided in Section
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2. Preliminaries

The primary notions of filter and rough identity-summand graph of a rough bi-Heyting algebra
are as follows:

Definition 1 ([4]). For any X c U, the set S € T is a filter of a rough bi-Heyting algebra. If
(1) S is closed under V,

(2) For RS(Y)eS and RS(Z2)eT,RS(YAZ)€S.

Definition 2 ([4]). For any X < U, define Fx(T) by Fx(T) ={RS(Y)|Y = XAVAW,V €
P(E\Ex),W € P(B\ Bx)}, where E is the set of equivalence classes in U and Ex be the
set of equivalence classes in X, B is the pivot set of representative elements of equivalence
classes and By is the pivot set of representative elements in X of equivalence classes, whose
cardinality is greater than 1.

Theorem 1 ([4]). Fx(T) is a filter.

Definition 3 ([4]). Let (T,A,V,*,",—,—,RS(#),RS(U)) be a rough bi-Heyting algebra and
X c U. A rough identity-summand graph of filter Fx(T) is denoted by G(Fx(T)), whose
vertex set is V(Fx(T)) = {RS(Y) € T\ Fx(T)| for some RS(Z)e T\ Fx(T),RS(Y)ARS(Z) =
RS(YAZ)e Fx(T)} and the edge between the vertices of RS(Y) and RS(Z) exists if and only if
RS(YAZ)e Fx(T).

3. Analyzing Distinct Complete Bipartite Graphs and Its Vertex
Enumeration From Rough Identity-Summand Graph

This section deals with the enumeration of distinct complete bipartite graphs and their vertices
from the rough identity-summand graph:

Theorem 2. For any X < U, the cardinality of Fx(T) is 273m~(t+r)gn—(m+k),

Proof. 1t is proved that Fx(T)={RS(Y)|Y =XAVAW,V e P(E\Ex),W € P(B\ Bx)}. Note that
X contains pivot elements, equivalence classes with cardinality greater than one, and/(or)
equivalence classes with cardinality equal to one. Let X = {x; ,x;,,...,%;,,X;,, Xs,,..., X5, X},
Xj,,...,X;,} where {x;,,x;,,...,x;,} € B,| X |,|Xs,],...1Xs,| > 1 and | X, |,1X,1,...,1X, | = 1 with
{i1,i2,...,0r,81,82,...,8:$ €{1,2,...,m} and {j1,jo,...,Je} S{m+1,m+2,...,n}.

IfRS(Y) € Fx(T) and when Z = {x;,x;,,...,x; } then Z €Y which can accommodate 2" elements.
And when Z = {X;,X,,...,X;,},Z €Y, therefore the remaining m — (¢ +r) equivalence classes
whose cardinality is greater than one will have 3 choices namely @ (or) x; (or) X;.

Suppose when Z = {X;,,X,,...,X;,} and Z €Y then the remaining n —(m + k) equivalence
classes whose cardinality is equal to one will have 2 choices either @ (or) X ;. Hence the total
number of such elements will be 273~ (t+gn—(m+k), O

Lemma 1. The number of distinct complete bipartite graphs generated from G(Fx(T)) when
X ={z1,29,...,2p} where z1,29,...,zp are x; (or) X for i,j €{1,2,...,m,m+1,...,n}and 2<p <m,
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nis
v v ; v L v p-1 , i -
r - .
Z Cp+Z CP+Z Cp+z {TCq'Cpg+"Cy"Cp_q+'Cy"Cp_q}
p=1 p=1 p=1 p=2q=1
v p—2p—(g+1) -
+ Z qu Cu Cp—(q+u)7
p=3¢q=1 u=1
where 0<r,t<m,0<k<n-mandv= _(r+t§k)—1 (or) v = (r+;+k).

Proof. In the proof, the number of distinct complete bipartite graphs generated from G(Fx(T))
will be given in different cases for various X

Case 1. Suppose X = {x;,,%;,,...,%;,} for {i1,i9,...,i,} €{1,2,...,m}, the vertex set V(Fx(T))
T\Fx(T) of G(Fx(T)) is partitioned into "C, ways for p =1,2,...,v. When p =1, the vertex set
is partitioned as follows

Vi, )WFx(T)) = {RS(Z)|Z € {x; JAP(E\{X;y, Xy, ..., X; DAP(B\ %, %i5,..., %, D},

V{xiz,xis ,,,,, xir}(FX(T)) ={RS(Z)|Z € {xiy,%is,...,%; JAP(E \{X; D)AP(B\{x;,,%xi,,...,%; D},
where
V{xil}(FX(T)) u V{xiQ,xiS ..... xir}(FX(T)) = V{xil,xi2xi3...xir}(FX(T)) cV(Fx(T)),

V{xil}(FX(T))nV{xiQ,xi3 ..... xir}(FX(T)) =Q

and
V{xiz}(Fx(T)) ={RS(Z)|Z € {x; , JAP(E\{X;,,X;;,...,X; DAP(B\{x;,,%;,,...,%; D},
V{xil,xi3 ..... xir}(FX(T)) ={RS(D)Z € {xi,,xis,...,%; JAP(E\{X;,D)AP(B\ {x;,,%i,,...,%; D},
where

.....

Vi Fx (TN N Vi, iy i ) Fx(T) = @
and so on,
Vi )(Fx(T)) ={RS(2)I1Z € {x; JAP(E\{X;,,X,,..., Xi, (DAPB\{x;},%i,,...,%i, D},

.....

.....

So for p =1, "C; ways vertex set are partitioned into generating "C; complete bipartite graphs.
Now partitioning the vertex set for p =2,

V{xil,xiz}(FX(T)) ={RS(D)IZ € {xi,,xi,}AP(E\{X;;,X;,,...,X; DAP(B\{x;,,%xi,,...,%; D},

Vi x ) (Fx(T) ={RS(Z)|Z € {xig,%iy,---,%i JAP(ENX; |, X; , DAP(B \ {x;, %iy, - -, %1, D},
where

Viei i (FX (TN U Vi, xii Y Fx(T)) = Vi, xy i, ) Fx (T)) € V(Fx(T)),

Vici, xi ) EXTN Vi, i ) Fx (1)) =

xi3 $Xigoeees
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and so on,

Vie, it EXTNU Vi wy oy yEx(T))

={RS(Z)|Z e {x;,_,,x; AP(E\{X;,,Xi,,...,X; ,DAPB\{x;,,%iy,...,%i D}
U{RS(Z2)|Z € {x;,,xiy,...,%i, oJAP(E\ {X,-H, i, DAP(B\ {x;,,%i,,...,%i D},

where

Vi, i EXTNU Vi i JEX (TN = Vi, sy i) Ex(T)) € V(EFx(T)),

Vie, Lxid EXTNOVig i JEFx(T) =
So "Cqy ways vertex set are partitioned into generating "Co complete bipartite graphs. Continuing
this way for p = 3,4,...,(r —2), the vertex set partitioning of "C3,"Cy,...,"C(—2) ways enable
to generate "Cg3,"Cy,...,"C(—2) complete bipartite graphs. Now partitioning the vertex set for
p=r-1,

Ve, xigosi,_JEFX (TN =ARS(Z)Z € {xj;, xiy, ..., x5, JAPENX; DAPB\ {x;y, %455, 27, D},

Vi, }(Fx(T)) ={RS(Z2)|Z € {x; JAP(E\{X;, Xi,,...,Xi, ;DAP(B\ {x;;,%i5,...,xi, D},
where

Vi

igsees

oy stigrnt, JEFXTN Vi yFx(T) = Vi, )y o) Fx(T) € VFx (D)),

Vies, tigts,_JEFX (TN Vi y(Fx(T)) = @
and so on,
Wxiz,xig,...,xi,}(FX(T)) ={RS(Z2)|Z € {xiy,Xiy,..., % JAP(E\{X; DAP(B\{x;,,%iy,...,%; D},

Vie, )(Fx(T) ={RS(2)|Z € {x; JAP(E\ (X5, Xy, ..., X5, DAP(B\ {xi, %, ..., %3, DI,
where

Viciyxig et IFX (T U Vi, {(Fx(T)) = Vi,

Viciy gt X (T) O Vi, ((Fx(T)) = @

Then "C(._1) complete bipartite graphs are obtained. But from the above arguments,
the complete bipartite graph obtained while partitioning the vertex set for p=1and p=r-1
are isomorphic, p =2 and p =r — 2 are isomorphic, and so on. To avoid this repetition, assume
r is odd. Then (r — 1) even number of ways vertex set are partitioned into generating "C,_1

complete bipartite graphs. By using the previous argument, (r — 1) even terms are taken into
-1

2
(r;—l) terms excluding the repetition. Hence Zl "Cp, complete bipartite graphs are generated,
p:

W(Fx(T)) < V(Fx(T)),

xi3...xir,xi1

when r is odd.

Suppose if r is even, then (r — 1) odd number ways vertex set are partitioned into generating
"C,-1 complete bipartite graphs. Then using the earlier argument to avoid the repetition, (r — 1)

2
odd terms are divided into 2 equal parts by the middle term 5. Hence }. "C, complete bipartite
p=1
graphs are generated. But if r is even and § dividing (r - 1) terms equally is even, leading to

the repetition again at the stage of p = Hence when p=35,"C, = C”
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Case 2. Suppose X ={X,,X,,...,Xs,}, for {s1,s9,...,5:4 €{1,2,...,m}, the vertex set V(Fx(T)) <
T\Fx(T) of G(Fx(T)) is partitioned into ‘C, ways for p =1,2,...,v. When p = 1, the vertex set
is partitioned as follows:

Vix, ) (Fx(T)) ={RS(2)|Z e { X JAP(E\ (X5, X5y, X3, X5, DAP(B \ {x5, D},

={RSD)Z € {Xsy,Xs5,..., X, JAP(E\{X;,, X, Xs5,..., X5, DAPB\ {x5,, %53, . ..,%s5, 1)}

where

.....

.....

and
Vix, ) (Fx(T) = {RS(2)|1Z € {Xs,}AP(E\{X5,, X5y, X5y, -, X5, DAP(B\ {5, )},
Vi, Xogpn Xs ) Fx (T))
={RS(Z)Z € {Xs;, X555, Xs JAP(E\{X;,, X 55, X555, Xs DAPB \ {xg,, sy, 25, D},
where
Vix, )\ Fx(THUVix, x,,,.x,)Fx(T))
= ViX,, Xy Xy X ) (Fx(T) € VIFx (T)HVix, ) (Fx(T) N Vix,, X, X, ) Fx(T) = @
and so on,
Vix, J(Fx(T) = {(RS(2)|Z € (X }AP(E\{X,, X5y, X5, X5 DAP(B\ {1}
Koy XX, EX(T))
={RS(2)1Z € {X¢,,Xsp,...,Xs, JAP(E\{Xs,, X0, Xs35--, X, DAPB\ (&g, , Xy, ..., X5, D}
with
Vix, ) Fx(THUVix, x,,..x, \Fx(T)=Vix,, x, x,,.x, Fx(D)cVEFxT)),

So for p =1, !C; ways vertex set are partitioned into generating !C; complete bipartite graphs.
Similarly, partitioning the vertex set for p =2,3,...,(t— 1), leads to generate 'Cy,’Cs,...,’C¢_1)

-1

2
complete bipartite graphs. Then using the arguments of r in Case 1, if ¢ is odd, Y. ‘C, complete
p=1

t

2
bipartite graphs are generated. But if ¢ is even, Y. C, complete bipartite graphs are generated,
p=1

t
at p = £ replace ‘C,, by %
Case 3. Suppose X ={X;,,X;,,...,X;,} for {j1,j2,...,jpt€{m+1,m+2,...,n}. When p =1, the
vertex set V(Fx(T)) < T\ Fx(T) of G(Fx(T)) is partitioned into kCy ways as follows

Vix, ) (Fx(T) = (RS(Z)\Z € (X }AP(E\(X;,, Xy, X s.,.... X ;, DAP(B)},

.....
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where

.....

.....

.....

.....

.....

and so on,
V{Xjk}(FX(T)) ={RS(Z)|Z e {X; }AP(E\{X;,,X;,,Xj;,...,X;, DAP(B)},
Vix;, X)X, 1 Fx(T))

={RS(Z)Ze{X;,,X,,....X;, JAP(EN{X;,,X;,,X,,...,X;, D)AP(B)}
with
W(Fx(T)) s V(Fx(T)),

k-1
,,,,,,,

This generates kC, complete bipartite graphs. The remaining kCy,kCs,...,kCh_1 complete

bipartite graphs are generated for p =2,3,...(k —1). Then using similar arguments from Case 1,
(k1) k

if & is odd, il ka complete bipartite graphs are generated. But if % is even, ilka complete
p o, p
e
Case 4. Suppose X = {x;,,%X;y,...,%;,, Xs;,Xsq,...,X5,} for {i1,i9,...,i,,581,82,...,5: €{1,2,...,m},
the vertex set V(Fx(T)) < T \ Fx(T) of G(Fx(T)) is partitioned for p =1,2,...,v. When p =1,
"Cy ways vertex set are partitioned into

Vi, )Fx(T))
={RS(Z)|Z € {x; }AP(E\{X;,,Xi,,....X; , X5, Xsg,...,. X5, DAP(B\{x;,%;y,...,%; D},

bipartite graphs are generated and at p = g, kc p=

={RS(Z)\Z € {xiy,...,%i,, X5, Xsg,-. ., X, JAP(E\{X;,, X, Xs5,...,X5,}))

APB\{x;|,Xig,. .., Xi ,Xs;, X595+, %s, D},

where
Vi )X (TN U Vix, i X Xy X JEX T = Vi, i, X Xy X ) Fx(T)) € V(Ex(T)),
Vi )X (TN Vg, i Xy Xy X JEX(T)) = @

and so on,

..........

={RS(Z)|Z € la; AP(EN{X;,, Xiy, ., X, X5, Xsgs oo Xs DAPB\ i, X, .., 25, D)}

Ir—1>
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UIRS(Z)I1Z € {xi1, %, %, 1, Xsy» Xsgser s Xs JAP(ENAX;,, X, Xy, , X5,)))
AP(B\ {xil,xiQ,. cosXi, 3 Xs15Xggs .0 ,xst})},

where

..........

generating "C1 complete bipartite graphs. Similarly for p = 1, {C; ways vertex set are partitioned
into
V{XSI}(FX(T)) ={RS(D)Z e (X JAP(EN{X;,,X,,.... X, X5, Xgy,. .., X, D)
AP(B \ {xil,xiz, ces ’xir’xsl})}’

={RS(DZ € {xiy,Xigs- s %i,, Xsgr Xsgs--r, Xs, JAP(E\{X,, Xs,,-..,Xs,})
APB\{x;,,Xig,.. 1%, ,Xs59,%s5,---,Xs, D},
where
X ) EFx(T) =Vix,, xi,oxi, Xy Xy X ) Fx (T) € V(EFx(T)),

Vix ) Ex(THN Vi, .oz, Xy X5 ) Fx (1) =

---- i > §930eey

and so on,
Vi, ) Fx(TNU Vi, i iy Koy Koy Xs, 1 Fx(T))
={RS(D)Z e (X;,}AP(EN{X;,,Xiy,.... Xi,, X5, Xgg,- -, X5, D)
AP(B\A{x;i;,%ig,...,%i,, Xs, DYUIRS(Z)|Z € {xi |, Xigy .., %i,, Xss Xsgse s X5, 1)
AP(EN{Xs), Xoys., Xs MAPB\AX; 1, Xy, Ky Xy, Xy o5 Xy D)
with

.....

generating ‘C; complete bipartite graphs. Hence the total number of complete bipartite graphs
generated for p =1is "Cq; +!Cy. Now for p =2, "Cy ways vertex set are partitioned into

Vigi xi Fx(T) = {RS(2)|Z € {xi,, 21, }AP(E X5, X5, X, Xy Xsgso s X, D)
APB\{x;y,%iy, .-, %, D},

AP(EN{X;,, X0, X5, Xsy»-- -, Xs,)))
AP(B\ {xil,xiQ, ce s X3 Xg 93 Xggsee ,xst})}

with

..........

..........
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and so on
Viei 2, ) Fx(T))
={RS(Z)\Z € {x;,_,,x; }AP(E\{X;,,X;,,...,X
APB\{xi,,Xiy,-..,%; D},

Xsl’st" .. ’Xst})

1r-99

={RSZZ € {x;1,%iy,...,%i, 5, X5, Xs9,...,Xs,}
APEN{X; ,X; , X, X, o, Xs, D)APB\{xi |, Xigy. . Xi,, X515 X595+, X, D)}

Ir_19

with

..........

= ‘/{xir_lxir’xil"'xir_2X31X82"'XSt}(FX(T)) < V(FX(T)),
generating "Cy complete bipartite graphs, and !Cy ways vertex set are partitioned into
Vix,, X, ) (Fx(T))
={RS(Z)|Z e {X;,,X;,}AP(E\{X;,,X;,,....X; , X5, Xsp,..., X5, D)
AP(B \ {xil,xiz, N ,xir,xsl,xsz})},

={RS(D\Z € {xi,,xig,..., %, X535, Xs,,...,. X5 JAP(E\{X,, Xs,,..., X5, 1))
AP(B\ {xil,xi2,...,xi,,x33,x34,...,xst})}

with

..........

..........

and so on,
Vix,, .x,)(Fx(T))
={RS(2)\Z € (X, |, X JAP(EN X, Xy, ., X, X1, Xy, X5, )
APB\{xiy, Xigy -, Xi, s Xs, 1, %5, )},
={RSD)Z e {xi|,Xig,-- 1 %i,, Xs1, Xsgs- - Xs; o JAP(EN{X,, Xs,,..., X5, D)

APBN\A{xi;,Xigy s Xi,, X515 X59,- -3 Xs; oD}

with
Vix,, | X ) FxXTNUVig, i iy Koy Koy X, ) Ex(T))
= Vix,, | Xopxiy i, Xy X, Y Fx(T)) € V(Fx(T)),
Vix,, X S EXTNNO Vi, i ,in X Koy Xs, o} EFX(T)) = 3

Journal of Informatics and Mathematical Sciences, Vol. 17, No. 1, pp. , 2025



82 Rough Identity-Summand Graph and Its Applications: B. Praba and L. P. A. Freeda

generating !Co complete bipartite graphs. Also, for p = 2, there is another possible way of
partitioning the vertex set is "C1!C; way as

Vixi X ) (Fx (1))
= (RS(Z)|Z € {x;,, Xs JAP(EN{X 1y, Xisy s Xi, s X1, Xsgsos Xs D)
APB\{xi,Xigys--,Xi %5, D},
Vicigseotiy Xy Xs ) Fx (T))
={RS(D)\Z € {xiy,...,%i,,Xsg,.. ., Xs JAP(EN{X; |, X5, Xs5,..., X5, 1))
APB\{x;,,Xig,. ., Xi, ,Xgg,. .., %5, 1)}
with
Vie X JEXTNU Vi, vy Xy X Y EX T = Vi, X, i, i, Xy X ) Fx (T) € V(EX(T))
Vi X Fx (TN Vi i Xy X ) EFX(T)) = &
and so on,
Viwi, X, ) Fx(T))
={RS(Z)Z € {x;,,X; }AP(E\{X;,,X;,,....,.X
APB\{xi,,Xiy,...,%;,,%s, D}
Vi, Kog X, ) Fx(T))
= (RS(Z)Z € (xiyy.. %i, s Xspseo s Xs, JAPENAX; , Xs,, Xsy, oo, X, )
APB\{xi,,Xig,. s X;,, X575, %5, D}

ir717X81’X821 cee 7Xst})

with
Vic,, X )EX(TNU Vi, i Xy X, ) Fx(T))
= Vix,, X, 50y i Xop X5, JFx(T) € V(EFx(T))
Vi, X 0 ExTNO Vi, oy XX, (EFX(T) =0

generating "C1’C; complete bipartite graphs. Hence for p = 2, the total number of complete
bipartite graphs generated are "Cg +!Cy + "C1/C;. Repeating this procedure for p = 3,
"C3+!C3+7C1'Ca+"Cy!C1 complete bipartite graphs can be generated and so on. This procedure
terminates at the finite step for the choices of » and ¢. Suppose if r + ¢ is odd, then using the

arguments from the earlier cases % ways vertex set can be partitioned, and if r < ¢ then
(r+1)-1 (r+t) 1
r — -1
>, "Cpt Z”C+Z Zrc "Cp—q
p=1 p=1 p=2 g=1
complete bipartite graphs can be generated. If » > £, then
(r+t)-1 (r+t) 1
ZrC+ZC+ZZrCthq
p=1

complete blpartlte graphs can be generated. On the other hand, if r + ¢ is even then (r;t) ways
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vertex set can be partitioned and if » < ¢ then
(r+t) (r+t)
Z’C +ZtC +Z Z"C ‘Cpyq
b= p=2¢q=1

"Cq'Cpq
3 .

complete bipartite graphs are generated with when p = (Ht) , fCp —, "Cq'Cp—q =
If r > ¢, then

(r+t) (r+t)
ZrC +ZtC +Z Z’C ‘Cpyq
p= p=2¢q=1

complete bipartite graphs are generated with when p = #, "Cp = r&, "Cq!Cp_q =

2
Suppose if r = ¢, then

(r+t) (r+t) (r+t)

Z”C +ZtC +ZZrC 'Cpyq

p= p=2q=1

"Cq'Cp—q
3 .

complete bipartite graphs are generated with at p = M "Cp C” , 1Cp 2" , "Cq'Cp—q =
thCP —q
—45.

Case 5. Suppose X = {x;,,%iy,...,%;,,X;,X},,...,X;,} for {i1,ig,...,i;} € {1,2,...,m} and
{Ji1,72,--,Jrt € {m+1,m +2,...,n}, the vertex set partitioning of V(Fx(T)) € T \ Fx(T) of
G(Fx(T)) for p =1,2,...,v is as follows. When p =1, "C; ways vertex set are partitioned
into
Viei j(Fx(T))
={RS(Z)IZ € {x; }AP(E\{X;,,X;;,....X;,,X;1,Xy,....,X;, DAP(B\ {x;,,%i,,...,%;, D},
Viciygoostiy X jy Koo X, E X (T))
={RS(DIZ € {xiy,...,%i,, X, Xjy,..., XjAP(EN{X; |, X, Xy,.... X, D)
APB\{x;,,Xiy,---,%i D},

where
Vi )Ex(TNUViw,, i, Xy Koo X VEFX (D) = Vi )i, X Xy X, ) Fx (1)) € V(Ex(T)),
Vi )\WEx (TN Vi, iy Xy Xy X ) FX(T)) = &
and so on,
Vix; 1} (Fx(T))
={RS(D)\Z € {x; JAP(E\{X;,,Xi,,....Xi, , X, Xjo,.. .. X, DAP(B\{x;,,%;5,...,%; D},
Vi, igoesi,_ X jy XX EX (1))

= {RS(Z)|Z € {xil,xi2,...,xir l’X.]l’XJ2’ Xjk}AP(E\{XLr’X,]l’XJZ’ XJk}))
AP(B\{xil,xiz,...,xir})},

where
Ve WEx(TNU Vi i Xy XX SV EX (D) = Vi i X Xy X5, Fx (T))
S V(Fx(T)),
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Viei )\Ex TNV i X XX ) Fx(T) = &
generating "C; complete bipartite graphs. Then partitioning the vertex set for p =1 in ko, ways
Vix,; )(Fx(T))
={RS(D)Z e {X; }AP(E\{X;,X;,,.... X, X, X5, Xjs,....,. X, D)
AP(B\{xj;,%iy,---,xi D},
={RS(DIZ €{xi1,%igs. %0, X9, Xjg,.. ., Xj MAP(ENX |, Xy, Xy, ..., X, D)
APB\{xi,,Xiy,-..,%; D},
where
cV(Fx(T)),
Vi JFxTNN Vi, g iy Xy XX, ) Fx(T)) = &
and so on,
Vix; \(Fx(T))
={RS(Z)Z e (X; }AP(E\{X;,,Xiy,.... X, X1, X5, X5, .. X, D)
AP(B\{xj;,%iy,---,xi D},
1 Fx(T))
={RS(ZD)|Z €{xi},Xig,- -, %, X1, Xy, ..., X, JAPENX;,, X0, X s,y ..., X, D)
AP(B\ {xiy,%iy,---,%i, D},

V{xi1’xi2 ..... xir,le ,ij ..... X

where
Vix; \Fx(TH U Vix, xiy i Xy XXV EXTN=ViX) i, X Xy X5, Ex(T))
cV(Fx(T)),
Vix, \Ex (TN O Vixy, xigeoiy Xy XX, JEX(T) =@

generating *C; complete bipartite graphs. Hence the total number of complete bipartite graph
generated when p =1 is "Cq +*Cy. Now for p =2, "Cy ways vertex set are partitioned into

Vi, i) (Fx(T))
={RS(Z)|Z € {x; ,xi,}AP(E\ X5, Xiys oo, X1y X 13 X g, X, D)
AP(B\{x;;,Xig,...,%i, D},
= {RS(Z)|Z € {xiga---axi,«anlanQa"'ank}AP(E\{Xil’XiZ’le’Xj2""’Xjk}))
AP(B\{xil,xiz,...,xir})},

where

cV(Fx(T)),
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..........

and so on,
V{xirfl,xir}(FX(T))

= (RS(Z)\Z € {xs, |, NP(EN{X;,, Xiy,. s X 0, X1 X s X 1)

ir2:Xj15
AP(B\{xj;,%iy,---,xi D},
Vi, igoeosi, g X iy XX EX (T))
={RSD\Z € {x;,,Xigs-- - %i, 5. X1, Xjgso o, X AP(ENAX;, 1, X, X1, X5, ..., X, D)
APB\ {xi,, %y, 2 D},
where
Vie, i FXTNU Vi v X5 Xy XV FX TN = Vi, iy oi, o Xy Xy X5, ) Fx (1))
cVFx(T)),

..........

generating "Cs complete bipartite graphs. Then *Cy ways partitioning the vertex set as
Vix;, X, (Fx (1))
={RSDIZ e{X;,X;,JAP(E{X;,X;y,....X;, X, Xy, Xjs,...,. X, D)
APB\{x;,,%iy,...,%; D},
Viwi, igoeosin Xjg oo, F X (T))
={RS(D)|Z €{xi},Xig,-- %, X5, Xy, o, X APEN{X;, X5, X s,...,. X, D)
AP(B\{xj;,%iy,---,xi D},
where
X, \Fx(T) =Vix; x;, %, .,

cV(Fx(T)),
x;, ) (Fx(T) =@

Xy X, (Fx(T))

and so on. Then

Vix;, .x,;,)\Fx(T))
=(RS(Z)Z (X, ,,X;)APENX;, Xy, X1 X1, Xy X oo X5 1)
APB\{x;,%iy,...,%i, D},
Vi, igseostiy Xy X jo oo X gy Ex(T))
={RS(Z)|Z €{xiy,Xig, ., %i,, X1, Xy, o, X, JAPENX;,, X, X s, ...,. X, D)
APB\{xj;,%iy,---,xi D},
where
Vix;, | X0 FXTNOVie wip iy Xjg Xy JEXTN=Vix, X 00, Xy X, ) Fx(T))
cV(Fx(T)),
Vix,, X 0 Fx(TNOVig, sy x50%, ) Fx(T)=0
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generating #Cy complete bipartite graphs. Also for p = 2, "C1#C; ways partitioning the vertex
set

Vi, %, 1 Fx(T))
={RS(Z2)|Z € {x;, X }AP(E\{X;,,X;,,....X;,, X;, Xy, Xjs,..., X, D)
APB\{x;;,%;y,...,%; D},
Vitig g ey 1 X jo X} Ex (T1)
={RS(D)\Z € {xiy,%ig,...,%i,, Xy, Xjs,...,X; AP(EN\{X;,,X;,,X,, Xs,..., X[, D)
AP(B\{x;,%iy,...,%i, D},

where
Vier X VFX (TN U Vi, i Xy X VEFX (D) = Vi, x5 00y o, Xy X5, ) Fx (1))
c V(Fx(T),
Vi, X ) EX TN O Vi) i i Xy o X ) Fx (T = @

and so on. Then
Vi, . x;, ) Fx(T))
= RS(Z)IZ € {x; , X; }APENAX;, Xigso o, X, X1, X Koo s X, )
AP(B\ {xiy,%iy,---,%i, D},
L EFx(T)
={RS(Z)Z € {x;,,xipy-. -, %i, 1, X1, Xjgsoo o, Xj, JAPENX,; X, X0, X0y, X))
AP(B\ {xj;,%iy,---,xi })}

V{xil’xiz ..... xir—l’le’ij ..... X

where
V{xir,Xjk}(FX(T)) U ‘/{xil,xiz ..... xir—l’XA ..... Xjk,l}(FX(T)) = V{xierk ’xil"'xir—lle"'X'

. N Fx(T))
< V(Fx(T)),

...........
generating "C1*C; complete bipartite graphs. Hence the total number of complete bipartite
graphs generated when p = 2 is "Cq +*Cy +7C1*C;. Repeating this procedure for p = 3,
"Cs +#Cg +7C1#Cq +7Co*C; complete bipartite graphs can be generated and so on. Using
the argument from Case 4 and, for the choices of r and %, the number of distinct complete
bipartite graphs generated can be identified.

Case 6. Suppose X ={X,,,Xy,,..., X;,, X, Xj,,...,Xj,} for {s1,s9,...,5:4€{1,2,...,m}, {j1,]2,...,
Jrreim+1,m+2,...,n}, then the vertex set partitioning of V(Fx(T)) € T\ Fx(T) of G(Fx(T))
for p=1,2,...,v is as follows. When p = 1, !C; ways vertex set are partitioned into

Vix, )(Fx(T))
={RS(Z)|1Z e (X, }AP(E\{X,, Xy, Xss,.... X5, X1, Xy, X, D)
AP(B \{xs, D},

.....
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= {RS(Z)1Z € {Xsy,Xs3r» X5 Xj1, X s e Xy}
AP(EN{Xg;, Xy, Xsgse e »Xspp Xj1s X g Xjy DAPB\ (Xgy, X - . -, 5, D,

93

where
Vix, )\ Fx(T)UVix,,,... X, X, XX )X (D) = Vix,, X, X0, X, Xy X, ) Fx (T))
cV(Fx(T)),
Vix, )\ Ex(THNVix,, . X, X, X, X, ) Fx(T) = @

and so on. Then
Vix, \(Fx(T))
={RS(Z)|1Z e {(X; }AP(E\{X;,,Xs,,Xs5,..., X5, X

13 93

Xj ,Xjk})AP(B\{xst})},

ViX o, Koy X, 1 Kjy o Kigsros
= (RSZ € Xy, Xops s Xsr s X1, Xy, X, )
AP(E\{X,, Xy, X 53, s X X0, X g, X APB\ {xg,, sy ., s, D),
where
Xjy Koo XV Fx (T = Vi, %, X, X)) Xy X, Y Fx(T))
SV(Fx(T)),

ssss Sg_17»

Vix, JEx(TNNVix,, . X, Xj) Xy
generating !C; complete bipartite graphs. And *C; ways vertex set are partitioned into

Vix, ) (Fx(T) = (RS(Z)\Z € (X; }AP(E\{Xy,, Xsy, ... X5, X1, X5, Xy, X j, DAP(B)},

={RS(Z2)|Z € {stst,- . -,Xstanz’Xj37' .. 7X]k}
AP(EN{X,,, Xoy- s Xo1, X1, X0y X, X5, APB)Y,

where
Vix, \WFx(T)UVix,, X5, X, Xy Xjg X ) Fx(T) = Vix; X, X, X, X, (Fx(T))
cV(Fx(T),
Vix, ) Fx(T)NViX,, Xy Xy Xy Xy Xy ) Fx(T) = &

and so on. Then
Vix; \Fx(T) ={RS(2)|Z e (X }AP(ENX,, Xy,..., X5, Xj, X jp, Xy, ..., X j, DAP(B)},
L EFx(T))
={RS(Z)I1Z e (X, Xsy,..., X5, X1, Xjp, ..., X, 1}
AP(EN{X;,, Xsp,. ., X5, X1, X5, X gy ..., X, D)AP(B)},
where

Vix; \Fx(THUVix,, X5, X, X J(Fx(T))

..... XX, N EX(TN=Vix, X, XX .X;

Jk-1
S V(FEx(T)),

k-1
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W(Fx(T) =9

generating #C; complete bipartite graphs. Hence ‘C; +*C; complete bipartite graphs are
generated when p = 1. Now for p =2, !Cs ways partitioning the vertex set into

Vix,, X, (Fx(T))
= {RS(Z)|Z €{X,,, X, }AP(E X, Xy, Xsgr s X1, Xj1: X g X, DAP(B\ s, , x5, D},

Vix; \Ex(TNNOVix,, XogoXs, Xy XXy

={RS(Z)|Z € {X33,X347- . -,Xstanpij" .. ’X]k}
AP(E\ (X5, X 59, Xsgs- > Xs,s X j1s X jgse oo s X jg DAPB\ {xsg, X5y, - - %5, D},

where
Vix, X, ) Fx(TNOVix, . X, X Xjp X ) EX (D) = Vix, X, X, X, X, Xy X, ) Fx(T))
cV(Fx(T)),
Vix,, X ) Ex(TNNVix,, . X, X, Xy X ) EFX(T) = @

and so on. Then
Vix,, , X, ) Fx(T))
={RS(Z)Z e (X, |, X; JAP(E\{X;,,X5,, Xsos..., X5, Xj1, Xy, X5, D)
AP(B\{xs, ;,xs,D},

={RSD)Z € (X, Xsy,.. ., X5, 5, Xj1, X g, ., X, }
AP(EN{X s, Xy, Xsgs. 0, X5, X1, X gy, X DAP(B\ g, Xgy, . . ., X, o1},
where

Vix, X, JEFxX(TNUVix, X, , X X)X, Fx(T))

=Vix, X,, | Xoy X, 1 X, X5y X, (Fx(T) € V(Fx(T)),
Vix,, x, (Fx(TNNVix, .. X, X X X)) Fx(T) =0

generating !Co complete bipartite graphs. And *Cy ways partitioning the vertex set into
Vix;, X, ) Fx(TN=ARS(D)\Z e{X; }AP(EN{X;,,Xs,,..., X5, X1, Xy, X, X j, DAP(B)},
={RS(D)Z e{Xs,, Xs5,...,X;5,, Xjs,..., X, }
AP(EN{Xs,, Xsp,.. ., X5, X1, X5, X3, ...,. X, DJAP(B)},

where
Vix,, X ) Fx (TN U Vix,, X, .. X, Xjg X )\ Fx(T) = Vix; x5, X, X, Xy X, ) Fx(T))
cV(Fx(T)),
Vix; X, Fx(TNNVix, x,,..X,, X5 Xy, X5, Fx(T)) = &

and so on. Then

Vix;, .x,;,)\Fx(T))
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= (RS(Z)\Z € {X;, |, X;JAP(E\{X,,Xop, s X, X1 X js Xj»- -, Xj, DAP(B)},
) Fx(T))
= (RS(Z)Z € (Xsy, Xepro- X Xj1s Koo Xy o)

AP(EN{X ), Xopre-» X5 X1 X js Xjsro -, X, DAP(B),

where

.....

=Vix;, X), | KXoy X, X)X, ) EFx(T) SV (EFx(T)),
Vix;, x;, JFx(TNNVix, %, X, X, XjgorXj_)Fx(T) =0
generating *Cy complete bipartite graphs. Also !C1#C; ways vertex set partitioning for p = 2,
Vix,, . x, ) (Fx(T))
={RS(Z)IZ € {X,,X; }JAP(E\{X;,, X5y, Xss,...,. X5, X1, Xy, ., X j, DAP(B\ {x5, D},

= {RS(Z)|Z € {X.5‘27XS4,"',XSt7Xj2’
AP(E\ {X31,X827X837"',X8t’Xj

Xisyooo, X}
X]277X.]k}))AP(B \ {x827xs37" '7x8t})}’

1

where

Vix, x ) Fx(TNUVix,,,. x,x

Jore

x;, \Fx(T) =Vix, x; X,..X,, X%, ) Fx(T))
S V(EFEx(T)),
x;, Fx(T) =9

and so on. Then

Vix,, x,;, ) \(Fx(T))
= (RS(Z)Z € (X5, X ;, }AP(E\{X;,, Xy, Xss s X5, X1, X g, X DAP(B {5, )},
ViXy, Xogo Xy Xy X Xj Y EX(T))

={RS(DZ e (X, Xy, ... X, 1, Xj1, Xjpy oo, Xjy 1}
AP(EN{X,, Xy, Xogre X1 Xj1: X, X, DAP(B\ s, , X .., %5, D),

where
Vix, x;, )\Fx(THUVix, .. x, X%, \WFx(D)=Vx, x, x. X%, X.%x;, {Fx(T)
< V(Fx(T)),
Vix,, X )\ Fx(TNVix, ..x,, | X)X, JFx(T)=¢

generates ‘C;*C; complete bipartite graphs. So the total number of complete bipartite
graphs generated when p = 2 is ‘{Cq +*Cy + !{C1#C;. Continuing in this manner for p = 3,
tC3+%C5+1C1#Cy +1Cy*C; complete bipartite graphs can be generated and so on. The number
of distinct complete bipartite graphs generated can be identified using the argument from
Case 4 and Case 5, for the choices of ¢ and k.
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Case 7. Suppose X ={x;,,%;y,...,%i,, X5, Xsp,..., X5, X}, Xjp,..., X, Hor {i1,10,...,i,,581,52,...,5¢
€f{1,2,...,m}, {j1,J2,...,Jrete{m+1,m+2,...,n}, then the vertex set partitioning of V(Fx(T)) <
T\ Fx(T) of G(Fx(T)) for p =1,2,...,v is as follows. When p =1, "C; ways vertex set are
partitioned into

Vi, ) (Fx (1))
= {RS(Z)\Z € {x; YAP(E Xy, Xigy s X Xors Xy s Xy Xy X oo r X, D)
APB\{xj;,%iy,---,xi D},
Vi osin Koy Ky oKy Xy X jg oo Xy S E X (T)),
= RS(Z)Z € xiy, ..., %1, Xs1, Xsyrer s Xs1 Xj1, X s X )
APENX,, X1, Xogse o Xs1, X1, Xy oo, X5 D)
APBN\{xi;,Xig, s Xi,, %515, Xs59,-++5Xs, D},
where
Ve fZEx(THU Vi, i, Xy X x;,)(Fx(T))
= Vix, xig iy Xy Xog o X, Xjy X g X5, ) E X (1) € V(Fx(T)),
Vi )X (TN N Vig, i, X, X
and so on. Then
Vi, }(Fx(T))
={RS(Z2)|Z € {x; }AP(EN\{X;,,X;,,....X;, 1, X5, Xy, ., X5, X1, Xy, ..., X, D)
APB\{xi,,Xiy,-..,%; D},

oo X X g X jg oo

g Xy Xy Xy X EX(T)) = @

X

V{xil ,xiz :"',xir,l 7X51 :XSQ 7"'aXSt,Xj JQo

iy x;, ) (Fx(T))
={RS(DZ €{xiy, Xigs s %0, 1, X1, Xsgse o3 X513 X1, Xjgre o, X}
AP(EN{X; , X5, Xy, s X5, X1, X gy oo, Xju AP B\, Xigy oo Xy, X515 Xy o o5 X, DY,
where

Ve WX (TN U Vi, i X Ky Xy Ky X g

x;,)(Fx(T))
= Vixiy iy i, Xy Xogoo Xy Xy Xy X, ) Fx (T)) € V(EFX(T)),
x;, ) (Fx(T) =@
generating "C; complete bipartite graphs. Then partitioning the vertex set for ‘C; ways into
Vix, )(Fx(T))
={RS(Z)IZ e {X; JAP(EN{X; |, Xy, Xis,...,. Xi,, X1, Xy, Xz oo X5, X1, X gy, X, D
APB\{xi,,Xig,s--,Xi %5, D},
g X, E X (T))
={RS(D)Z €{xi, Xigs -, %i,, Xy, Xsgser s X3 X1, Xjgrew o Xy}
AP(EN{X,, X5y, Xsg,.., X5, X1, Xy, X, D))

APB\{Xjy,Xigy- -3 Xi, s XsgsXsgs---rXs, )},

Ve VWX (TN Vi, i Xy Ky X Xy X g

V{xil axiz 7---,xiraX32 ,XS3 ""’Xst’le ,X_]
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where
Vix JEX(TNDU Vi i) Xy Kg oo Xy X jy Xy
= Vixy, iy iy Xy Xog o X, Xy X jp o X5, Ex (1) € V(Fx(T)),

X, (Fx(T))

Vi, JEFXTNO Vi, iy Koy Koy X Xy X jg oo X ) E X (T)) = &

and so on. Then

Vix, ) (Fx(T))

= (RS(Z)I1Z € (X JAPENX;,, Xy, Xigr- s Xi Xy Koy Xoar oo s Xy Xj1s Xjgr oo X5 )

AP(B \ {xil,xiQ, ces ,xi,,xst})},
V{xil’xiZ""’xir’Xsl’XSQ""’Xst—l’le’XJZ""’Xjk}(FX(T))

X, X X}

= {RS(Z)Z € {xi,,%ins %, X5y Koo s Xy 10X 1> X g X,
AP(EN{X g, X0, Xsgre s X5 Xj1o X s X))
AP(B\{xil,xi2,...,xir,xsl,xSQ,...,xs,_l})},

where
Vi, ) Fx(TNU Vi i, Xy Koy Koy 1 Xy XX WX (T))
Xy, Fx (D) S V(Fx(T)),

= Vix,, iy iy Xy Xog o Xs, (X
x;, \(Fx(T) =9

Vix, JEX (TN Vig i Xy Koy Xsy 5Ky Koo
generating !C; complete bipartite graphs. Also partitioning the vertex set for *C; ways into

Vix,; ) (Fx(T))
={RS(Z)|Z € {(X; }AP(E\{X;,, Xiy, Xigr-. s Xi, X1 Xog oo X X1, Xy X X, )

AP(B \ {xipxigv . ’xir})}’

Viciy igeeostiy Koy KogsersXsy Xy X jg e Xy F X (T))

= (RS(Z)\Z € {xiy, Xigs s %0, Xy, Xags oo s Xy Xjgs Xjgro o r X )
AP(EN (X, Xy, X X1, Xjgr Xjgre o, Xju DAPBN K, Xigs oo, Xi, Xy K5 X, )

where
Vix, \Fx (TN U Vg, i Xy Kog oK Xjigrn X X (T))
= Vix), iy oip Xy Xy X, Xy X, (Fx (1)) € V(EX(T)),

Vix, \EX (TN O Vig; iy Xy Kog e Xosp Xjg X, Fx(T)) = @

and so on. Then

Vix;, \(Fx(T))
= (RS(Z)Z € {X,; }AP(E\{X:,, X1,, X1y, X1, Xy, Xogse oo Xsis X1 Xy Xjgr s X )

AP By, iy, %3, ),
x, /(Fx(T)

Vi, igseosin Xsg Ksg e Xt Xy Koo Xy

={RS(Z)|Z € {xipxiz""’xir’Xstsz"'-’XSjopija"-’Xjk_l}
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AP(EN{X, Xsp,. o, X5, X1, X5, X gy oo, Xj DAPB A%, Xig, o, Xi,, X5 Xsgs -5 X, DY,
where
{(Fx(T)
= Vix;, iy oxiy Xy Xog o X, X5y - X5, EFx(T) €V (EFx(T)),
Vix; \Fx(TH N Vi i Xy Xogon Xy Xy X, JEX(T) =0

8§27 Jk-1

Vix; \Fx(TH U Vigy, i Xy Koy Koy Xy Xy

generating *C; complete bipartite graphs. So the total number of complete bipartite graphs
generated when p =1 is "C; +!C; +*C;. Following from Case 4 to Case 6, when p = 2, the total
number of complete bipartite graphs can be generated by partitioning the vertex set will be
"Ca+'Ca+*C+"C1!C1+"C1*C1 +!C1*C1. While for p = 3, there will be "C3+‘C3+*C3+"C1!Ca+
"ColC1+7C1#Cy +7Co*C1 +1C1#Cq +1Co*C1 +7C11C1*C1 complete bipartite graphs generated.
The "C1!C1*C; ways of partitioning the vertex set is as follows
Vi, X5, %, Fx (1))
={RS(Z2)|Z € {x;}, X, X; JAP(E\{X;,,X;.,.... X, , Xs,, Xy, ., X5, X1, Xy, X, D)
AP(B \ {xil;xigy e 7xirax81})}7
g X5, JEx (1))
={RS(Z)|Z € {xigy s i, Xogyo oo, Xy, Xjgyo o, X}
AP(ENX;, X5, Xsgso o s X, X1, X oy, X APB N, Xigy oo o3 X4, 5 Xgg5 05 X, D,

‘/{xiz,...,xir,st,...,XSt,Xj

where

V{xil,Xsl,le}(FX(T)) U V{xi2 ..... xir,XSQ,...,Xst,XjQ,...,Xjk}(FX(T))
Kig iy Xsg - X, Xy X, Y Fx(T)) € V(Fx(T)),

X, Fx(T) =0

= V{JCilelle,

Viei, Xop XV FX (TN Vi i X X Xy o

and so on.
Viwi, X, X5, (Fx (T))
= RS(Z)|Z € {x; ,X,,, X AP(E\{X;,, Xi,,..., X
APB\{xi,,Xigy--->%i,,%s, 1)},

ir_laXsl’sty' .. 7XSt’Xj1’Xj2" . ’X]k})

81> st—144J1> k_l}(FX(T))
= {RS(Z)|Z € {xil’xiz""7xir—1’X81>X827"'7X8t—17Xj17Xj2""’Xjkq}
AP(EN{X;,, X1, Xogrer s X5 X1 X s r X))

AP(B \ {xilyxigy---axir7x817x827'"7x-5‘t—1})}?

Vixiy igorosti,_1 Xy Xsgsrrs Xy 1:Xj1 X jgorrn X

where

V{xir yXSt»XJk}(FX(T)) U V{xil ""’xir—l ’Xsl ’~~'3X

51Xy X,V (Fx(T))

WFx(T) < V(Fx(T)),
WWFx(T) =¢.

Continuing the process for p =4,5,...,v, termination at p = v is determined by the choices of
(r+t+k)-1
2

X

= Ve, X, X, g i,y Xog Xy Xy Xy

X

V{xir aXSt’XJk}(FX(T)) n V{xll 7“'3xir_1 aXSI 7"'3X J1o

s¢-1° Xjr_1

r,t, and k. Suppose if r + ¢ + &k is odd, then using the arguments from the earlier cases
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ways vertex set can be partitioned. The number of complete bipartite graphs generated from
G(Fx(T)) for the various choices of r,, and % is shown from (i) to (xix) with the comparison
made between them

(1) If r=t=k, then

- (r+t+k) 1p—1
r t k rC t r k t k
Y TCpr+ ) fC +ZC+ZZ{ 7' Cpoqgt7Cy*Cp_q +7C;"Cp_g}
p=1 p=1 p=2 gq=1
(r+t+k)—1
p—2p—(q+ I
7‘
+ Z Cq Cu Cp_(q+u).
p:3 q: :
(1) If r <t <k, then
- : (r+t+k)-1 (r+t+k)—1
(rrttk)-1 R T
r t k r t r k t k
2 Cpt ) Cpt ) FCp+t Z Z{ g Cp-g+ ' Cq"Cp_q+7Cq"Cp_g}
p=1 p=1 p=1
(r+t+k) 1

p—2p

—(q+
Z Z Z qutCuka—(q+u)-

(iii) If r >t >k, then

(r+t+k)-1 ( +t+k) 1
r > ¢ k r

Y TCp+ ) Cpt ) ka + Z Z {'C¢’Cpyq +quka—q +thka—q}
p= p=1 p=1 p=2

[uy

(r+t;k)—1 p—2p—(g+1)

+ Z qutCuka—(qﬂL)'
p=3 ¢q=1 u=1
@iv) If r<t and ¢t =k, then

(r+t+k)-1
¢ r—

.
> Cp+ ) fCp+ Z kC + Z Z {'C4'Cpyq "‘quka—q +thka—q}
p=1

(r+t;k)—1 p—2p—(q+1)

+ Z Z Z qutCuka—(qw)-
p=3 g¢q=1 u=1

(v) If r<t and ¢ > &, then

- (r+t+k)-1 (r+t+k) 1
(rritk)1 _
r t k rC t r k t k
> Cp+ ) C +Z Cp+ Z Z{ q Cp-q+'Cq"Cp_q+°Cq"Cp_g}
p=1 p=1
(r+t-;k)—1p_2p_(q+1)

Z Z Z qutCuka—(qﬂt)-

p=3 ¢q=1 u=1

(vi) If r>t and ¢t =k, then

(r+t+k)-1 (r+t+k) 1 _
Yy rc +Ztc +ch + Z Z{r ¢'Cpq+7CFCpy +1CFCp_y}
p=1

(r+t§k)_1p—2p—(q+1) t \

Z Z Z qu Cu Cp—(q+u)-

p=3 g¢q=1 u=1
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(vii) If r>¢t and t <k and r > k&, then

(r+t+k)-1 (r+t+k)—1p 1
2 2 —
r t k r t r k t k
Y TCpt Y Cr+ Y "Chrt Y D {TCYIChg+7Ce Cpg +1CCpg}
p=1 p=1 p=1 p=2 g¢=1
(r+t+k) 1

p-2p—(g+1

)
Z Z Z qutCuka—(q+u)~

Ifr>tand ¢t<k and r <k, then

- ¢ (r+t-§k)—l (r+t+k) 1 _
Z "Cp+ Z ‘Co+ ) ka + Z Z {"'Cq'Cp—q "‘quka—q "‘thkcp—q}
p: : p:]_
(r+t+k) 1 _ (q+1) t .
Z Z Z qu Cu Cp—(q+u)‘
: : u=1
(viii) If r=t and ¢ <k, then
- ¢ (r+t;k) 1 (r+t+k) 1 _
Z "Cp+ Z ‘Co+ ) kC + Z Z {'C¢'Cpyq +quka—q +thka—q}
p: : p:1

(r+t+k) 1

-2p—(q+
T i SR

(ix) If r=t and t >k, then

(r+t+k)-1
—s — p-

r t k
ercp + thcp + Zlka + Z Z {'Cq'Cp—g + quka—q + thka—q}
p= p= p= p=2

(r+t+k)-1
=5 p—2p—(

- qg+1) Y
23 Zl Zl qutCu Cp—(q+u)-
p=3 g¢g=1 u=

x) If r=Fk and & > ¢, then

(r+t+k)-1
r ' e |
Z "Cp+ Z pt Z kC + Z Z {"C4'Cpyq +quka—q +thka—q}
p: :
(r+t+k) lp— (q+1)

Z Z Z qutCuka—(qw)-

u=1

(xi) If r=k and & < ¢, then

, (r+t+k)-1 (r+t+k)— lp
rridh)-1 -1,
r t k r t r k t k
> Ch+ ) C "‘Z Cp+ Z Z{ g Cp—q+ Cq"Cp_q+7Cq"Cp_g}
p=1 p=1
(r+t;k) 1 (q+1)

Z Z Z qutCuka—(qw)-
p=3 g=1

u=1
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(xii) If r > &k > ¢, then

(r+t+k) 1 (r+t+k) 1 1
21 "Cp+ thC + Zl Cp+ 22 Zl{’C d'Cpq+7CFCHy +1CFC,H_ g}
P D D q
(r+t+k) 1 _ (q+1) t .
Z Z Z qu Cy Cp—(q+u)-
: : u=1
(xiii) If r <k <t, then
- (r+t+k)-1 (r+t+k)— lp
{retihl=L (dtih)=1
ercp + 21 ‘Cp+ Z kC + Z Z {'C4'Cpq "‘quka—q "‘thka—q}
p= p=
(r+t+k) 1p—2 (q+1) t .
Z Z Z qu Cy Cp—(q+u)-
: : u=1
xiv) If r<k and k > ¢, then
- ; (r+t+k)-1 (r+t+k) 1
{retik)-1 _
Z "Cp+ Z ‘Cp+ Zl ka + Z Z {'C4'Cpq "‘rchCp—q "‘thka—q}
p: : p:
(r+t+k) lp— (q+1) t \
Z Z Z qu Cu Cp—(q+u)-
: : u=1
(xv) If r>k and k<t and r < ¢, then
- (r+t-;k) 1 (r+t+k) 1 _1
ercp + Zl ‘Cp+ Z kC + Z Z {'C¢’Cpyq +quka—q +thka—q}
p= p=
(r+t+k) 1 p_2 (q+1) t \
Z Z Z qu Cu Cp—(q+u)-
: : u=1
Ifr>k and k<t and r > ¢, then
(r+t+k)-1 (r+t4ék)—1 p—l
21 "Cp+ thcp + Zlka + 22 Zl{quth_q + quka—q + thka—q}
p= pP= p= p= q=
(r+t+k) lp— p (q+1) t .
Z Z Z qu Cy Cp—(q+u)-
p=3 g¢q=1 u=1
(xvi) If t >r >k, then
(r+t+k)-1 (r+t+k) 1
- r 2 t k k -l r t r k t k
21 Cp+ Zl Cp+ 21 Cp+ Z Z{ g Cp—q+ Cq"Cp_q+7Cq"Cp_g}
p= p= p= p=2
(r+t;k) 1 (q+1)

u=1

Z Z Z qutCuka—(qw)-
p=3 g=1
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(xvii) If t<r <k, then

(r+t+k)-1 (r+t+k)— 1
2

r t P]
¢ k ¢ k t
2 Cpt ) Cpt Y FCp+t Z Z{r Cp-g+"Cq"Cp_g+7Cq"Cp_g}
p=1 p=1 p=1 p=2
(r+t+k) lp_2 (q+1) t .
Z Z Z qu Cy Cp—(q+u)-
: : u=1
(xviii) If ¢t <r and r >k, then
(r+t+k)-1 (r+t+k)-1
< t ko 2~ Rl rot rev k te k
Y Cp+ ) 'Cpt ) FCh+ Z Z{ q Cp—q+ Cg"Cpq+'Cy"Cp_g}
p=1 p=1 p=1 p=2
(r+t;k)_1p—2p—(q+l) t .
+ ) Y TC CL Cp(gru)-

p=3 gq=1 u=1

(xix) If t>r and r <k and ¢ > &, then

- (r+t-;k) 1 (r+t+k) 1 _
r t k o t r k tr k
Y Cp+ ) C +Z Cp+ Z Z{ q Cp—q+'Cq"Cp_q+7Cq"Cp_g}
p=1 p=1
(r+t+k)-1
2

—2p—(q+1) ik
Z Z Z qu Cu Cp—(q+u)-
p=3 ¢q=1 u=1

Ift>rand r<k and t <k, then

- ¢ (r+t+k)-1 (r+t+k) 1
2
r t k rC t r k t k
Zl Cp+ Zl Cp+ Zl Cp+ Z Z{ q Cp—q+ Cq"Cpq+'Cy"Cp_g}
p= p= p=

(r+t+k)-1
2 p—2

—2p-(g+1) .
23 21 Zl qutCu Cp—(q+u)‘
p=3 gq=1 u=

(r+t+k)
—5— ways vertex

Suppose if r + ¢ + £ is even, then using the arguments from the earlier cases
set can be partitioned. The number of complete bipartite graphs generated from G(Fx(T))

for the various choices of r,¢, and & is similar from (i) to (xix) with % is replaced

+i+k +i+k rC ¢ 'Cp ke £ "Cq'Cp-
by u In addition, at p = %, "Cp = Cp=2,"Cp = T:’ "Cq'Cp-q = 54,
k _Cghc ty B _teghc,- ¢ _ TCG'CL Cp(grw)
"C*Cpog = —15271  1C*Cpy = —2527 and rcq Cu*Cp_igsw) = = ) 0

Remark 1. Lemma (1, shows the number of distinct complete bipartite graphs generated from
G(Fx(T)). The union of these distinct complete bipartite graphs forms the subgraph of G(Fx(T')).

Remark 2. The following lemma will show the correspondence between the cardinality of
vertices of G(Fx(T')) and its subgraph.

Lemma 2. The number of vertices in G(Fx(T)) (or) the subgraph of G(Fx(T)) when X =
{z1,29,...,2p} where z1,29,...,2p are x; (or) X; for i,j€{1,2,....m,m+1,...,n}, 2<p <m,n
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is
v
_ - k —(t+r)gn—(m+k)
l[GC(2t+p+2r p)+th(2t p+2r+p)+ Cp(2t+2r)]3m t+r 2n m+
p:

v p-1
+Y Y I7C,ICp- (2921779 4 2709P70) 4 TC R C,_ (2119 + 277)
p=2q=1
+ thk Cp_q(zt—q + 2r2t—(t—q))]3m—(t+r)2n—(m+k)

v RZPED ¢ t—(t ¢ k
Y Y Y TG CLCy (2921 2T a3t gn ),
p=3¢g=1 u=1

(r+t+k)-1 _ (r+t+k)
— (or) v = —=—"*.

where, 0<r,t<m,0<k<n-m,v= 5

Proof. The cardinality of vertices in G(F'x(T')) for various X is discussed in the proof.

Case 1. When X = {x;,,x;,,...,x; } for {i1,i9,...,1,} €{1,2,...,m}, then using Lemma the vertex
set of G(Fx(T)) is partitioned for p = 1,2,..., %1) (or) § accordingly r is odd (or) even,
respectively.

When p =1, "C; ways vertex set are partitioned into V; containing (2)3™ 772"~ choices of
vertices and Vy containing 27~13™772"~™ choices of vertices. When p = 2, "Cy ways vertex set are
partitioned into V; containing 223™ 72"~ choices of vertices and V5 containing 2" ~23m72""™
choices of vertices and so on. So the cardinality of the vertex set is

[
V(Fx(T))| =) "Cp(2P +2"7P)3m 72" ™,
p=1
"Cp
3=
Case 2. When X = {X; ,X,,...,X;,} for {s1,s2,...,5:} € {1,2,...,m}, then using Lemma the
vertex set of G(Fx(T)) is partitioned for p =1,2,..., (t;—l) (or) % accordingly ¢ is odd (or) even,

When r is odd, v = (r;—l) Suppose if r is even, v = 5 and provided at p = 5, "C,,

respectively.

When p =1, !C; ways vertex set are partitioned into V; containing 2¢7137t2"~™ choices of
vertices and V; containing 2¢:-¢-1D3m~t92nm choices of vertices. When p = 2, {Cy ways vertex
set are partitioned into V; containing 2/723™7t2""™ choices of vertices and Vs containing

ot=(t=2)gm=tgn-m choices of vertices and so on. The cardinality of the vertex set is
v
|V(FX(T))| = Z th(2t—p +2t_(t_p))3m—t2n—m.
p=1

. — . . . e
When ¢ is odd, v = % Suppose if ¢ is even, v = % and provided at p = %, th =5

Case 3. When X ={X;,X,,...,X;,} for {j1,jo,...,jr} € {im+1,m +2,...,n}, then using Lemmal[l}
the vertex set of G(Fx(T)) is partitioned for p =1,2,..., (kz;l) (or) % accordingly % is odd (or)
even, respectively.

When p =1, ¥C; ways vertex set are partitioned into V; containing 32" "*%) choices of
vertices and Vy containing 3™2" (%) choices of vertices. When p = 2, *Cy ways vertex set
are partitioned into V; containing 32"~ *+*) choices of vertices and Va containing 32"~ (m+k)
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choices of vertices and so on. When £ is odd, the cardinality of the vertex set is

v
IVEx(THI=2) *C,3m2m ™k,
p=1

k
When % is odd, v = (k% Suppose if & is even, v = g and provided at p = ’%, ka = %

Case 4. When X = {x;,,%;,,...,%;,, X5, Xsy,...,X5,} for {i1,i9,...,i7,51,52,...,5:} € {1,2,...,m}
then using Lemma (1, the vertex set of G(Fx(T)) is partitioned for p = 1,2,...,% (or)
% accordingly (r + ¢) is odd (or) even, respectively.

When p =1, "C; ways vertex set are partitioned into V; containing 2¢+13m~(t+97-m chojces
of vertices and Vy containing 2713~ (4727~ choices of vertices, and !C; ways vertex set
are partitioned into V; containing 2¢713m~ (4127~ choices of vertices and Vo containing

gr+lgm—(t+r)gn=(m+k) chojces of vertices, and there will be

rcl(2t+1 +2r—1)3m—(t+r)2n—m +tcl(2t—1 +2r+1)3m—(t+r)2n—m

vertices for p = 1. Suppose if p =2, "Cy ways vertex set are partitioned into V; containing
gt+2gm-(t+r)gn—m chojces of vertices and Vo containing 27237~ (¢+79n-m chojces of vertices, ‘Co
9t—2gm—(t+r)gn-m chojices of vertices and Vo
containing 27*23M~(+12n-m chojces of vertices, and "C1C; ways vertex set are partitioned into
Vi containing 2:3™~(#+12n-m choices of vertices and Vo containing 2737~ ¢+72n-m choices of

vertices. So for p =2
r02(2t+2 +2r—2)3m—(t+r)2n—m +t02(2t—2 +2r+2)3m—(t+r)2n—m +7‘cltcl(2t +2r)3m—(t+r)2n—m

ways vertex set are partitioned into V7 containing

vertices and so on. The cardinality of the vertex set when (r +¢) odd is

v
[VFx(T) = ) ["Cp2"P +277P)+1Cp(2"P +27P)]
p=1
(r+¢)-1

-1
+ i pZ'“cqtcp_q(zqzt—‘l’—‘ﬁ+2f—qu—q)]3m—“+”2"—’"
p=2 q=1

with
(i) If r <t, then the summation terminates for p at v =r in the first term and v = % in

the second term

(r+t)-1
2

(i1) If r > t, then the summation terminates for p at v = in the first term and v = ¢ in

the second term

The cardinality of the vertex set when (r +¢) even is

[VFx(T)| =Y [[Cp2“P +277P)+Cp(2'7P +27*P)]

p=1
(r+t)
=2 p-1

+ Z Z quth_q(z(Izt—(p—q) +2r—q2p—q)]3m—(t+r)2n—m
p=2q9=1

with
(1) If r < t, then the summation terminates for p at v =r in the first term and v = (r+8) ;t) in the
t r t
second term provided at p = (r;rt), ‘cp = % and "C,'C,_q = CaCrq 2CP*‘1'
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(i) If r > ¢, then the summation terminates for p at v = (rth) in the first term and v = ¢ in the
r r t
second term provided at p = (rQLt), "Cp= % and "C,'C,_, = %
(iii) If r =¢, then the summation terminates for p at v = %Lt) in both first and the second term
. C ic "ColCpe
provided at p = %ﬂ, "Cp=—=2,'Cp==L and "C,'Cp_q = -2,

Case 5. When X ={x;,,x;,,...,%i,, X, Xj,,..., X, } for {i1,ig,...,1,} €{1,2,...,m} and {j1, j2,...,
Jrte{m+1,m+2,...,n}, then using Lemma |1 the vertex set of G(Fx(T)) is partitioned for
p=12,..., (r +’§)_1 (or) & ;k) accordingly (r + k&) is odd (or) even respectively.

When p =1, "C; ways vertex set are partitioned into V; containing (2)37 72"~ ("+k) choices
of vertices and V; containing 27~13™~727~(m+k) choices of vertices, and *C; ways vertex set are
partitioned into V; containing 372"~ ("+) choices of vertices and Vy containing 273™~72n—(m+k)
choices of vertices. Hence there will be

rcl(z + 2r—1)3m—r2n—(m+k) +kcl(1 + 2r)3m—r2n—(m+k)
vertices for p = 1. Suppose if p =2, "Cy ways vertex set are partitioned into V; containing
92gm-ron—(m+k) ¢hoices of vertices and Vs containing 27 23" 2n=(m+k) choices of vertices, #Cy
ways vertex set are partitioned into V; containing gm-ron=(m+k) ohoices of vertices and Vo
containing 273™ 72"~ (m+k) chojces of vertices, and "C;*C; ways vertex set are partitioned into
Vi containing (2)3™72"~(m+k) choices of vertices and Vy containing 27~137727~(m+%) chojces of
vertices. So for p =2

7‘02(22 +2r—2)3m—r2n—(m+k) +kCQ(1 + 2r)3m—r2n—(m+k) +r01k01(2 +2r—1)3m—r2n—(m+k)

vertices and so on. The cardinality of the vertex set when (r + k) odd (or) even is

IV(Ex(T) = Y ["Cp(2° +27P)+*C,(1+27)]

p=1
(r+k)-1
RS - —ron—(m+k)
+ Y TCq Cp—q(27 +2779) 32NN,
p=2 ¢q=1

However, various comparisons for the choices of » and £ are similar to Case 4.
Case 6. When X = {X; ,X,,,....X;,X;,,X;,,....X;,} for {s1,s9,...,s:} € {1,2,...,m} and
{J1,J25---,Jr} €{m+1,m+2,...,n}, then using Lemmal[l] the vertex set of G(Fx(T)) is partitioned
for p=1,2,..., (”];)_1 (or) (t;k) accordingly (¢ + %) is odd (or) even, respectively.

m+k)

When p =1, {C; ways vertex set are partitioned into V; containing 2¢~13m~#2n~( choices

of vertices and Vs containing g1lgm-ton-(m+k) chyices of vertices, and *C; ways vertex set are
partitioned into Vi containing 2¢3™~t27~(m+k) chojces of vertices and Vi containing 37 ~t2n—(m+k)
choices of vertices. Hence there will be

tcl(2t—1+21)3m—t2n—(m+k)+kcl(2t+1)3m—t2n—(m+k)

vertices for p = 1. Suppose if p = 2, !Cy ways vertex set are partitioned into V; containing
gt=2gm—ton=(m+k) choices of vertices and Vy containing 223™12n~(m+k) chojces of vertices, *Cy
ways vertex set are partitioned into V; containing 2¢3™ 127~ ("m+k) chojces of vertices and Vo

containing 3" t2"~(m+k) choices of vertices, and ‘C;#C; ways vertex set are partitioned into

ot-1gm-ton—(m+k) gm-ton-(m+k) choices of

V1 containing choices of vertices and V5 containing 2!
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vertices. So for p =2
tC2(2t—2 +22)3m—t2n—(m+k) +kCZ(2t + 1)3m—t2n—(m+k) +tclkcl(2t—1 +21)3m—t2n—(m+k)

vertices and so on. The cardinality of the vertex set when (¢ + %) odd (or) even is

(¢+k)-1
v —3 p-1
IVEx(T) =Y [[Cp2P +2P)+5C, 2"+ DI+ Y Y 1C,FC, (2177 +29)]3m g —(m+h),
p=1 p=2 ¢=1

However, various comparisons for the choices of # and £ are similar to Case 4.

Case 7. When X ={x;,,%;5,...,%;,,Xs;, Xsy,..., X5, X, Xy,..., X}, or {i1,10,...,1,,51,82,...,5¢} €
{1,2,...,m} and {j1,j2,...,Jr} € im+1,m +2,...,n}, then using Lemma [1, the vertex set of
G(Fx(T)) is partitioned for p =1,2,..., (”sz)_l (or) (r+;+k) accordingly (r+t+£) is odd (or) even,
respectively.

When p =1, "C; ways vertex set are partitioned into V; containing 2¢*13m~(t+rgn-(m+k)
choices of vertices and Vs containing 2713~ (t+1n-n+k) chojces of vertices, !Cq ways vertex
set are partitioned into V; containing 2¢~13m~(t+7)9n-(m+k) chojces of vertices and Vy containing
grlgm-(t+rign-(m+k) choices of vertices and *C; ways vertex set are partitioned into Vi
containing 2¢37m~(¢+19n=0n+k) chojces of vertices and Vi containing 273~ ¢+727=(m+k) chojces of

vertices. Hence there will be
rCI(2t+1 +2r—1)3m—(t+r)2n—(m+k) +tcl(2t—1 +2r+1)3m—(t+r)2n—(m+k)
+ kCI(2t + 2r)3m—(t+r)2n—(m+k)

vertices for p = 1. For p = 2, "Cy ways vertex set are partitioned into V; containing
gt+2gm=(t+r)gn=(m+k) chojces of vertices and Ve containing 2723~ (t+1gn—(m+k) choices of
vertices, {Cy ways vertex set are partitioned into V; containing 2t-237m~(¢+1gn=(m+k) chojces
of vertices and Vy containing 27*+23m~(t+1gn=(m+k) ¢hojces of vertices, *Cq ways vertex set
are partitioned into Vi containing 2¢3™~(¢+M27-(m+k) choices of vertices and Vs, containing
grgm-(t+rgn-(m+k) chojces of vertices. Also, "C1!C; ways vertex set are partitioned into Vi
containing 2¢3m~#+Man—(m+k) choices of vertices and Vs containing 273~ #+12n—(m+k) choices of
vertices, "C1*Cy ways vertex set are partitioned into V; containing 2t+137m~(¢+1gn-n+k) chojces
of vertices and V3 containing gr-lgm=(t+r)gn=(m+k) chojices of vertices, and ‘C1%C; ways vertex

set are partitioned into V; containing 2¢~13m—(t+r)gn-(m+k)

2r+13m—(t+r)2n—(m+k)

choices of vertices and V, containing
choices of vertices. Hence there will be
[rC2(2t+2 +2r—2) + L‘Cz(zt—Z + 2r+2)+k02(2t + 27‘) + rcltcl(zt + 2r)+ rclkcl(2t+l +2r—1)
+ tclkcl(zt—l + 2r+1)]3m—(t+r)2n—(m+k)

vertices for p = 2. Now for p =3, "Cs, !C3 and kCg ways vertex set are partitioned into V; and Vo
containing (2t+3+2r—3)3m—(t+r)2n—(m+k)’ (2t—3+2r+3)3m—(t+r)2n—(m+k) and (2t+2r)3m—(t+r)2n—(m+k)
choices of vertices respectively. Further, "C1'Cs and "C5!C; ways vertex set are partitioned
into V; and Vs containing (2t~1 4 27+1)gm-(t+rgn-(m+k) gapq (Qt+1 4 gr-1ygm-(t+rign-(m+k)
vertices, "C1¥Cy and "Cy9*Cy ways vertex set are partitioned into V; and Vs containing
(2141 4 2r~1)gm-(trrgn=(m+k) anq (2142 4 2r~2)3m-(t+rgn=(m+k) yertices, and 'C1*Cy and ‘Co*Cy
ways vertex set are partitioned into V; and Vy containing (2¢1 4 27+1)3m-(t+r)gn-(m+k) gnq
(2872 4 2r+2)gm—(t+r)gn—(m+k) yertices. Also, for p =3, "C1/C1*C; ways vertex set are partitioned
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into V1 and V, containing (2! + 2rygm-(t+rgn=(m+k) ¢hoices of vertices. There will be
[rc3(2t+3 +2r—3)+t03(2t—3 +2r+3)+k03(2t +27‘)+rclt02(2t—1 +2r+1)+r02t01(2t+1 +2r—1)
+ rclkcz(2t+1 + 2r—1) + r02k01(2t+2 + 27‘—2) + tclkcz(2t—l + 27‘+1) + t02k01(2t_2 + 2r+2)
+ rcltclk Cl(zt + 2r)]3m—(t+r)2n—(m+k)

vertices and so on. The cardinality of the vertex set when (r +¢ + &) odd is
v v
|V(FX(T))| — Z rcp{(2t+p +2r—p)3m—(t+r)2n—(m+k)} + Z tcp{(zt—p +2r+p)3m—(t+r)2n—(m+k)}
p=1 p=1
(r+t+k) 1 -1

+ Z kcp{(2t+2r)3m (t+r)2n (m+k)}+ Z Z[r th_q(zqzt—(p—q)+2r—q2p—q)

p=1 p=2 gq=1
+ quk Cp_q(2t+q + 2r—q) + thka_q(zt—q + 2r2t—(t—q))]3m—(t+r)2n—(m+k)

(r+t+k)-1
2 b—

with
(i) If r =t = k, then the summation terminates for p at v = r in the first term, v = ¢ in
the second term and v = & in the third term.
@1ii) If r < t < k, then the summation terminates for p at v = r in the first term, v = ¢ in
the second term and v = % in the third term.
(iii) If r > ¢t > k, then the summation terminates for p at v =
the second term and v =% in the third term.

% in the first term, v =¢ in

@iv) If r<t and t = k&, then the summation terminates for p at v =r in the first term, v = ¢ in
the second term and v = % in the third term.

(v) If r <t and ¢ > k, then the summation terminates for p at v = r in the first term,
v= % in the second term and v = k& in the third term.

The cardinality of the vertex set when (r + ¢+ &) even is
|V(FX(T))| — i rcp{(2t+p +2r—p)3m—(t+r)2n—(m+k)} + i tcp{(2t—p +2r+p)3m—(t+r)2n—(m+k)}
p=1 p=1

(r+t+k) 1

+ Z kcp{(2t+2r)3m (t+r)2n (m+k)}+ Z Z[r th_q(2q2t—(p—q)+2r—q2p—q)
p=1 p=2 ¢q=1
k t - tr k t— t—(t—q) —(t+r)gn—(m+k)
+7Co " Cpq(21+ 2779 +7C, Cp_ g (2779 4 2720070y gm i rIgn—im s
(r+t+k)

Z i i qutCuka_(q+u)(2q2t—u+2r—q2t—(t—u))3m—(t+r)2n—(m+k)

with
(1) If r =t =k, then the summation terminates for p at v = r in the first term, v = ¢ in
r t
the second term and v = & in the third term provided at p = w, "Cq'Cp—q = Cy QC”_"
"Cy*CpHe tCkC,_ "CytCL¥Ch_igsu
"Cq*Cpq = —* DR ‘Cq"Cpq =~ 5, and "Cq'Cu* Cpigruy = —* R—

@1i) If r < t < k, then the summation terminates for p at v = r in the first term, v = ¢ in
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(r+t+k)

k
. . . C
the second term and v = *—5— in the third term provided at p = (r+;—+k), ka = =5,
"CytCp- "CytCp L0 *CpH
rey t — _~a “p-—q rc k — _Ma “p-q te k — _~q “p—q rey tey k —
Cq'Cpg=—5"","C"Cpg=—5—, 'Cg"Cpqg = —5—, and "C"C,"Cp_(gtu) =
rcqtcukcp—(qw)
—
(i1i) If r >t >k, then the summation terminates for p at v = (H;—Jrk) in the first term, v =¢ in

r

the second term and v = & in the third term provided at p = %’ "Cp ==F, "Cq'Cp—q =

quthfq rey k _ qukafq te k _ thkcpfq rey ty k _ rcqtcukcpf(qm)
—g 0" Cpg=—57,7C"Cpg=—5,and "C’Cu"Cpgrwy = —— 5
@iv) If r <t and ¢ = &, then the summation terminates for p at v =r in the first term, v = ¢
. . . TCq'CpHe "Co®Cop
in the second term and v = & in the third term quth_q =5, quka_q =4 ra
tey k rey te k
t k _ Cq"Cp te k _ "Gy Cu"Cpgrw
Cq"Cpgq=—75"",and "Ce’Cu*Cp_(qyuy = ——5——
(v) If r <t and ¢t > k, then the summation terminates for p at v = r in the first term, v = (”;—Jrk)
. . . tc "Cq'CpH_
in the second tirm and v =% in the tkhlrd term p = %”‘), ‘Cp =2, ’CZth_q =4 0,
"Cy*Cp— iCkC,o TCoiCLEC,
"Cq*Cp-g = 522, 1C*Cpg = =522, and "Cy ' Cu* Cp(gu) = ——5 242 O

4. Gray Code Length Identification From Rough Identity-Summand
Graph

This section discusses the scheme that the transition sequence obtained using the distinct
complete bipartite graph generated from the rough identity-summand graph helps to obtain
Gray codes of various lengths. However, the length of the gray code varies for each transition
sequence corresponding to the vertex set cardinality. Then from [4], the cardinality of vertices
in each distinct complete bipartite graph generates Gray codes of length |V, (Fx(T))| for
i =1,2,...,l, where [ is the number of distinct complete bipartite graphs generated from

l
GFx(T)) and |V(Fx(T))| = Z |VB,(Fx(T))|. The final lower and upper approximation transition

sequences are obtained usiilg the initial lower and upper transition sequence for the given
X. To begin with, let I = (U,R) be an approximation space, where the universal set U is
the sequence of n-bit binary numbers say {00...0,10...0,01...0,...,11...1}. The cardinality of
n-bit binary numbers in U is 2". The equivalence classes obtained by the partition on U is given
by {X1,Xo,...,X,,Xn+1}. For 1 <i <n, X; is the set of i zero n-bit binary numbers and X,,;1 is
the equivalence class containing n-bit binary number of all 1’s. The cardinality of |T| is 2237 L.

For example, consider a 3-bit binary sequence as the universal set U = {000,100,010,
001,110,011,101,111}. Then, the partition on U forms the equivalence classes {X1,X9,X3,X4}
where X1 ={110,101,011}, X5 ={100,010,001},X3 = {000} and X4 = {111}.

Let X = {x1,%9,X3,X4} and |T| = 223371 =36, |Fx(T)| = 22 = 4, then the filter

Fiay 20 x3.x30(T) ={RS(x1 Uxa UX3UX4),RS(x; UXoUX3UX4),RS(X1UxaUX3UXy),
RS(Xl UX2 UX3 UX4)}.
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So the Rough identity-summand graph G(Fiy, x, x;,x,)(T)) exists [4] and by Lemma (1], the
number of complete bipartite graphs generated from G(F, », x; x,)(T)) for r=k =2 and ¢ =0 is

(2+2) (2+2) (2+2)

2 2 2 Pl o
I=3 *Cp+ ) “Cp+ ) ) "Cy°Cpyg

p=1 p=1 p=2g=1

2Cy  2C42C
RS e

2C
:201+72+201+
=2+2+1+2="17.

Therefore, 7 complete bipartite graphs are generated from G(Fx(T)). Now, to calculate the
cardinality of vertices in G(F, x, x5.x,)(T))

@2+2) @2+2)

2 2

IV (Fley 0, %5 X (T = Y 2CH{(2P +227P)32 @242y 4 3" 20 (20 + 2%)32~24-(2+2))

p=1 p=1

@2+2)

2 p-1

+ Z Z ZCqZCp_q(zq +22—q)32—(2)24—(2+2)

p=2q=1

2
=2C;2'+22 H + %(22 +2272420,(1+2%)

201201

202
+7(1+22)+ (2+2)

=4+4+5+5+5+4+4=31.

When X ={x1,x9,X3,X4}, Sz.(1) =1 and Sy(0) =0. The 7 distinct complete bipartite graphs gen-
erated from G(Fy, x, x; x,)(T)) are denoted by B(Fx(x1,x2X3X4)), B(Fx(x2,x1X3X4)), B(Fx(x1x2,
X3X4)),B(Fx(X3,x102X4)), B(Fx(X4,x122X3)), BFx(x1X3,%2X4)), BFx(x1X4,x2X3)). Here the
Gray code of length 4 is generated for B(Fx(x1,x9X3X4)), B(Fx(x9,x1X3X4)),B(Fx(x1X3,x2X4)),
B(FX(x1X4,x2X3)) and length 51is for B(FX(xlxz,X3X4)),B(FX(X3,x1x2X4)),B(FX(X4,x1x2X3)),
respectively.

Remark 3. From [4], generating Gray codes from G(Fx(T')) depends on finding the number of
distinct complete bipartite graphs generated from G(Fx(T')) and the length of the Gray code
corresponds to the vertex set cardinality of the respective complete bipartite graph. Hence for
each complete bipartite graph Gray codes of the same length are obtained through its lower and
upper approximation transition sequences.

5. Conclusion

This study defined to extract different Gray code lengths from the distinct complete bipartite
graphs of the rough identity-summand graph G(Fx(T)). A detailed enumeration of distinct
complete bipartite graphs from G(Fx(T')) was established to determine the nature of the rough
identity-summand graph defined for the filters of a rough bi-Heyting algebra. Additionally,
the vertex cardinality was determined. This resulted in two approximate transition sequences
producing Gray codes of different lengths.
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