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1. Introduction

The double Laplace transform [8] of a function f(x,¢) defined in the positive quadrant of the
xt-plane is defined by the equation

L.LAf(x,0)}=Ff(p,s) :fooe_prooe_“f(x,t)dtdx (1.1)
0 0

whenever that integral exist. Here p, s are complex numbers.

The double Laplace transform is useful in solving wave, Laplace, heat and non-homogeneous
partial differential equation which occur in many branches of physics, in applied mathematics
as well as in engineering. It can be used as a very effective tool in simplifying the calculations in
many fields of engineering and mathematics. It also provides a powerful method for analyzing
linear systems. It is heavily used in solving differential and integral equations. Estrin and
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Higgins [6] in 1951, has given the systematic account of the general theory of an operational
calculus using double Laplace transform and illustrated it’s application through solution of two
problems, one in electrostatics, the other in heat conduction. Coon and Bernstein [3] has done
systematic study of double Laplace transform in 1953 and developed its properties including
conditions for transforming derivatives, integrals and convolution. Buschman [2] in 1983 used
double Laplace transform to solve a problem on heat transfer between a plate and a fluid flowing
across the plate. In 1989, Debnath and Dahiya [4] established a set of new theorems concerning
multidimensional Laplace transform of some functions and used the technique developed to
solve an electrostatic potential problem.

Recently in 2013, Aghili and Zeinali [1] implemented multidimensional Laplace transforms
method for solving certain non-homogeneous forth order partial differential equations. In 2014,
Eltayeb, Kilicman and Mesloub [5] applied double Laplace transform method to evaluate the
exact value of double infinite series.

Despite this, systematic account of the convergence of double Laplace transform is not
accessible and understandable to many. Therefore, we revisit the double Laplace transform
developed in the middle half of 20th century and present convergence, absolute convergence and
uniform convergence of double Laplace transform. In the last section, we use double Laplace
transform to solve Volterra Integro-Partial Differential Equation [7].

2. Convergence Theorem of Double Laplace Integral

In this section, we prove the convergence theorem of double Laplace integral.

Theorem 2.1. Let ¢(x,t) be a function of two variables continuous in the positive quadrant of
the xt-plane. If the integral

ffe_px_“(p(x,t)dxdt (2.1)
o Jo

converges at p = po, S = So then integral (2.1) converges for p > pg, s> sg.

For the proof we will use the following lemmas:
Lemma 2.2. If the integral
(e.0)
f e lp(x, t)dt (2.2)
0
converges at s = sg then the integral (2.2) converges for s > sy.

Proof. Set
t
alx,t) :f e *%p(x,v)dv, 0<t<oo. (2.3)
0

Clearly a(x,0) =0 and tlim a(x,t) exists because integral f(fo e Slp(x,t)dt converges at s = sg.
— 00

By the Fundamental theorem of Calculus

—Sot

a(x,t)=e "Cp(x,t)
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Choose €1 and R1 sothat 0<e1 <Rj.

R1 Ry
f e Stp(x,t)dt :f e St q,(x, t)dt
£

1 €1

R
= f e 0 g (x, t)dt.
€1
By using integration by parts

R,
=[e™ 650" g, 1)]51 - f e S (s —so)lalex, t)dt

€1

R1 Rl
f e_Stq)(x,t)dt: e_(s_SO)Rla(x,Rl)—e_(S_SO)Ela(x,£1)+(s—so)f e_(S_SO)ta(x,t)dt.
€1 €1

Now let €1 — 0. Both terms on the right which depend on £; approach a limit and
R1 Rl
fo e Stp(x,t)dt = e SORI g (x Ry)+(s— so)fo e 5750 g (x. H)dt.
Now let R1 — oco. If s > s¢, the first term on the right approaches zero.
(e .0] o0
f e Stp(x,t)dt = (s — so)f e 5750 g(x, £)dt  for s > sg. (2.4)
0 0

The theorem is proved if the integral on the right converges.
By using the Limit test for convergence (see [10]).

For we have,

2

lim t2e 750 g(x,¢) = lim

=0x [thm a(x,t)| = 0 = finite
—00

Therefore, integral on the right of (2.4) converges for s > sg.

Hence the integral [;° e *‘¢(x,t)dt converges for s > s(. O

Lemma 2.3. If (a) integral

h(x,s)= f()ooe_Stw(x,t)dt (2.5)
converges for s = sg and (b) integral

foooe_pxh(x,s)dx (2.6)

converges at p = py then the integral (2.6) converges for p > py.
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Proof. Let
,B(x,s):f e PUh(u,s)du, 0<x<oo. 2.7
0

Therefore [(0,s) = 0 and lengo B(x,s) exists because integral [5°e P h(x,s)dx converges at
P =Do-

By Fundamental theorem of Calculus

From (2.7), B.(x,s) = e P**h(x,s).

Choose €9 and Rg so that 0 <eg < Rs.

Ry
f e P*h(x,s)dx
&

2

Ry
= f e P*eP%* B (x,s)dx
&

2

Ry
:f e_(p_pO)xﬁx(x,S)dx
£

2

R
= [e"PPO*B(x, 5)1F2 - f "0 PO (p - po)IBlx, $)dx

€2

Ry
= PTPOR2B(Ry,5) — e~ P P2 B(eg,5) + (p —po)_[ e PPN F(x, s)dx.
€2

Now let e2 — 0. Both terms on the right which depend on €2 approach a limit and

Rz R2
f e P h(x,s)dx = e P POR2B(R,y $)+(p— po) f e PP B(x s)dx. (2.8)
0 0

Now let Rg — oco. If p > pg, the first term on the right approaches zero.

Ry Ry
f e P*h(x,s)dx=(p _pO)f e (PP By s)dx, for p> po. (2.9)
0 0

The theorem is proved if the integral on the right converges.
By using the Limit test for convergence (see [10]).

For we have,
2,~(p-po) x?
; —(p—po)x — T :
Jim e 0T, = Jim 2o | i, )
=0 [ lim f(x,s)| = 0 = finite.
X—00

Therefore, integral on the right of (2.9) converges for p > py.
Hence, the integral [ e P*h(x,s)dx converges for p > py.

The proof of the Theorem [2.1]is as follows.

(e9) o0 o0 o0
f f e P Stp(x, t)dxdt = f e P* {f e~ olx, t)dt} dx
0 0 0 0

:fooe_pxh(x,s)dx (2.10)
0
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where h(x,s) =[5 e Stp(x, t)dt.

By Lemma(2.2] integral [5~e *'¢(x,t)dt converges for s> sq.

Also by Lemma integral [;°e P*h(x,s)dx converges for p > po.
Therefore, the integral in RHS of converges for p > pg, s > sg.

Hence the integral

f f e P* St p(x, t)dxdt
0 0

converges for p > pg, s > sg.
This completes the proof of the Theorem O

Corollary 2.4. If the integral (2.1) diverges at p = po, s = so then the integral (2.1) diverges at
P >po, S>So.

Corollary 2.5. The region of the convergence of the integral (2.1) is the positive quadrant of the
xt-plane.

Now we prove absolute convergence of integral (2.1).

Theorem 2.6. If the integral (2.1) converges absolutely at p = pg, s = so then integral (2.1)
converges absolutely for p = pg, s = sg.

Proof. We know that
e P p(x, ) <e P po<p<00,50<S<00.

Therefore

00 00 (e .e] o0
f f e P p(x, t)|d tdx Sf f e PO g(x, t)|d td .
o Jo 0 Jo
From given hypothesis,
o0 oo
f f e Pox=sol o (x t)|dtdx converges.
o Jo
Hence, [5° o~ e P* 5! ¢p(x,t)|dtdx converges for p = po, s = s.

Therefore, integral (2.1) converges absolutely for p = pg, s = sg. O

3. Uniform Convergence

In this section we prove the uniform convergence of double Laplace transform.

Theorem 3.1. If f(x,t) is continuous on [0,00) x [0,00) and

X t
H(x,t):f f e POUTSOV £y v)dvdu 3.1)
0 JO

is bounded on [0,00) x [0,00), then the double Laplace transform of f converges uniformly on
[p,00) x[s,00) if p > po, s> so.
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For the proof we will use the following lemmas:

Lemma 3.2. If g(x,t) = fote_s()"f(x, v)dv is bounded on [0,00) then the Laplace transform of f
with respect to s converges uniformly on [s,00) if s > sy.

Proof. If0<r=<rq,

ri ri
f e_Stf(X,t)dt=f e (8Ts0 o =S0l £y 1)dlt

r

ri
= f e_(s_so)tgt(x, t)dt

r
Using integration by parts

r1
= e 570 g(x, ry) — e ST g(x, 1) + (s — So)f e 550 g(y, t)dt.
r

Therefore, if |g(x,t)| < M then

f h e SUf (o, t)d ¢

ri
< M{e—(s—so)rl +e—(s—so)r +(s _SO)f e_(s_SO)tdt}
.
— M{e—(s—so)n + e—(s—so)r _ e—(s—so)r1 n e—(s_so)r}

=2Me G757 for s> s,.

By Cauchy criterion for uniform convergence (see [9]).

JoCe st f(x,t)dt converges uniformly on [s,00) if s > so.

Hence, Laplace transform of f with respect to s converges uniformly on [s,o0) if s > s¢. O
Lemma 3.3. If (a) integral g(x,s) = fé’o e SUf (x,t)dt converges uniformly on [s,00) if s > sq,

(b) alx,s) = [y e P%g(u,s)du is bounded on [0,00) then the Laplace transform of f with respect
to s converges uniformly on [p,o0) if p > po.

Proof. Proofis similar to Lemma (3.2

The proof of the Theorem 3.1 is as follows:

x prt
H(x,t):f f e POETSOV £y v)dvdu
0 JO

x t
:f e Pou {f e_sovf(u,v)dv}du
0 0

X
= f e Po%g(u,t)du
0

Where g(u,t) = [§ e f(u,v)dv is bounded on [0,00).
By Lemma Laplace transform of f with respect to s converges uniformly on [s,00) if s > sg.

Also by Lemma Laplace transform of g with respect to p converges uniformly on [p,o0) if
P> Dpo.
Hence double Laplace transform of f converges uniformly on [p,o0) x[s,00) if p > pg, s >s9. [
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We now prove the differentiability of double Laplace transform

Theorem 3.4. If f(x,t) is continuous on [0,00) x [0,00) and

x prt
H(x,t):f f e POETSOV £y v)duvdu
0o Jo

is bounded on [0,00) x [0,00), then the double Laplace transform of f is infinitely differentiable
with respect to p and s on [p,00) x [s,00) if p > pg, s> Sg, With

0m+n

Op™as™

f(p,s)= (—1)m+nf()oof()ooe_px_Stxmt”f(x,t)dtdx. (3.2)

For the proof we will use the following lemmas:

Lemma 3.5. If g(x,t) = fote_sovf(x, v)dv is bounded on [0,00) then the Laplace transform of
is infinitely differentiable with respect to s on [s,00) if s > sg, with

an _ o0
—f(x,8)= (—1)”[ e S f(x,t)dt. 3.3)
os™ 0
Proof. First we prove that the integrals
I,(x,s)= (—1)”f e S f(x,t)dt, n=0,1,2,3,...
0

all converge uniformly on [s,o00) if s > s¢.

If0<r<rq,then

ri ri
f e S fx, t)dt = f e 5780 o (., t)dt
r r

= e_(s_s(’)”r'{g(x, ri)—e TSP g(x r)
ri d
- —[e~(sms0)tyn t)dt.

Therefore, if |g(x,t)| < M < oo on [0,00) then

<M {e‘(s_s‘))’r” +e emsorpn foo { %[e_(s_s")tt”] } dt} .
r

ri
f e SU f(x, t)dt

Therefore, since e $750" " decreases monotonically on (0,00) if s > sg.

<3Me “0rpn 0<r<ry.

r1
f e S F(x, t)dt
r

By Cauchy criterion for uniform convergence (see [9]).
I, (x,s) converges uniformly on [s,00) if s > s¢.
Now, using [9, pp. 18-19] and induction proof, we have (3.3).

That is Laplace transform of f is infinitely differentiable with respect to s on [s,00) if s >s9. [
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Lemma 3.6. If (a) the integral ¢(x,s) = fé’o e St f(x, t)dt converges uniformly on [s,00) if s > sg.
(b) h(x,s) = [y e Po%p(x,s)dx is bounded on [0,00) then the Laplace transform of ¢ is infinitely

differentiable with respect to p on [p,00) if p > po, with

m

a o0
2 p(x,8) = (1) f et t™ o, $)dlx.
apm(p 0 14

Proof. Proof is similar to Lemma 3.5
The proof of the Theorem [3.4]is as follows:

x prt
H(x,t):f f e  POETSOV £y v)dvdu
o Jo

x t
:f e Pou {f e_sovf(u,v)dv}du
0 0

X
= f e Po%g(u,t)du
0

where g(u,t) = [ e f(u,v)dv is bounded on [0,00).

(3.4)

By Lemma Laplace transform of f is infinitely differentiable with respect to s on [s,00) if

S > S8p.

Also by Lemma Laplace transform of g is infinitely differentiable with respect to p on

[p,00) if p > py.

Hence double Laplace transform of f is infinitely differentiable with respect to p and s on

[p,00) x[s,00) if p > po, s >sp.

4. Double Laplace Transform of Double Integral

We now find the double Laplace transform of double integral.

Theorem 4.1. If L, L{f(x,t)} = f(p,s) and

x prt
g(x,t):f f f(u,v)dvdu
o Jo

then

x prt £
Lth{f f f(u,v)dvdu} = f(p,s).
0 Jo DS

Proof. Denote h(x,t) = [i f(x,v)dv.

By fundamental theorem of calculus
hi(x,t) = f(x,)
and

h(x,0)=0.
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Taking double Laplace transform of equation (4.3), we get

sh(p,s)—h(p,0)=f(p,s) (4.5)
and single Laplace transform of equation (4.4)

h(p,0)=0
Then equation becomes,

7 _( ’S)

h(p,s)= ! ’Z : (4.6)

From (4£.), g(x,t) = [y h(u,t)du
gx(x,t) = h(x,t) and g(0,t) =0,

p&(p,s)—g(0,s) = h(p,s).
Now by using (4.6) and (4.1), we obtain

L Lt{f f f(u, v)dvdu} f(;);s) O

5. Application of Double Laplace Transform in
Volterra Integro-Partial Differential Equation

We use the double Laplace transform to solve the problem which is already solved in [7]] using
Differential transform method.

Example 5.1. Consider the following Volterra Integro Partial Differential Equation:

0 0
u(x,y) u(x, y) ~1+e"+e¥+e*Y +f f u(r,t)drdt (5.1)
O0x o0y
Subject to the initial conditions:
u(x,0)=e" and u(0,y) =e”. (5.2)

Applying double Laplace transform of equation (5.1), we get
pu(p,s)—u(0,s) +su(p,s)—u(p,0)
1 1 1 1 7
__ 1. . ; L Up:s) (5.3)
ps (p—1s ps-1) (p—-1)(s—-1) ps
and single Laplace transforms of equation (5.2)

1 1

i(p,0) = —— d @,s)=——. 5.4

i(p,0) oD and #(0,s) 1 (5.4)
Substituting (5.4) in (5.3) and simplifying, we obtain

1
u(p,s) = ———. (5.5)
P -1 -1

By using double inverse Laplace transform, we obtain solution of (5.1) as follows:

u(x,t)=e**t. (5.6)
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6. Conclusion

In this paper, we presented convergence, absolute convergence and uniform convergence of
double Laplace transform. Besides these, we obtained double Laplace transform of double
integral and use it to solve Volterra integro-partial differential equation.
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