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Characterization of Special Curves

Semra Saracoglu and Yusuf Yayli

Abstract In this study, the new characterizations of special curves are
investigated without using the curvatures of these special curves: general helices,
slant helices, Bertrand curves, Mannheim curves. The curvatures are given by the
help of the norms of the derivatives of Frenet vectors.

1. Introduction

As is well known fundamental structure of differential geometry is the curves.
Within the process, most of classical differential geometry topics have been
extended to space curves. There are many studies which implies different
characterizations of these curves. Kula and Yayl [3] have investigated spherical
images the tangent indicatrix, binormal indicatrix of a slant helix and obtained
that the spherical images are spherical helices. By defining slant helices and conical
geodesic curves, Izumiya and Takeuchi [1] have considered geometric invariants
of space curves.

In this study, using some approaches in [1] and [3], we give the new
characterizations of special curves. In these characterizations, the curvatures of
these special curves are not used. We show that the curvatures can be given by
the help of the norms of the derivatives of Frenet vectors. In this connection, some
different theorems are presented.

2. Preliminaries

Now, we recall some basic concepts of the differential geometry of curves:
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Definition 2.1. We assume that the curve a is parametrized by arclength. Then,
a’(s) is the unit tangent vector to the curve, which we denote by T(s) Since t
has constant length, T'(s) will be orthogonal to T(s). If T’(s) # 0 then we define
principal normal vector

N(s)= & (2.1)
IT()l
and the curvature
k() =TIl
So far, we have
T'(s) =«(s)-N(s). (2.2)

If k(s) = 0, the principal normal vector is not defined. If x(s) # O then the binormal
vector b(s) is given by

B(s) =T(s) x N(s)

Then {T(s),N(s), B(s)} form a right-handed orthonormal basis for R*. In summary,
for the derivatives of Frenet frame, the Frenet-Serret formulae can be given as [5]:

T'(s) = k(s)-N(s), (2.3)
N'(s) = —«k(s)T(s) + ©t(s)B(s), 2.4
B'(s) = —1(s)N(s). (2.5)

Here we denote the curvature of the curve a by x(s) and the torsion of the curve
a by 7(s).

Definition 2.2. Let a be a unit speed regular curve in Euclidean 3-space with
Frenet vectors T, N and B. The unit tangent vectors along the curve a generate
a curve T on the sphere of radius 1 about the origin. The curve T is called the
spherical indicatrix of T or more commonly, T is called the tangent indicatrix of
the curve a. If @ = a(s) is a natural representation of @, then T(s) = T(s) will
be a representation of T. Similarly one considers the principal normal indicatrix
N = N(s) and binormal indicatrix B = B(s) [3, 6].

T
Theorem 2.3. The curve a is a general helix if and only if —(s) = constant.
K

If k(s) # 0 and 7©(s) are constant, it is called as circular helix.

Theorem 2.4. Let a be a unit speed space curve with k(s) # 0. Then a is a slant
helix if and only if

K2 Y
= (G (x) )

is a constant function [1, 3, 4].
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Theorem 2.5. For a curve a in E3, there is a curve a* so that (a, a*) is a Mannheim
pair [2].

Theorem 2.6. Let {a,a*} be a Mannheim pair in E3. The torsion of the curve a*
K

is TF = e Here, A is the distance between corresponding points of the Mannheim
T

partner curves [2].

Theorem 2.7. The curve a is Bertrand curve if and only if Ak +n1 = 1.

3. Curves and their Characterizations
Let
a:I—E? (3.1)
s— a(s)

be unit speed curve with Frenet vectors T, N, B and with non-zero curvatures x and
7 in R3.

In this section, using tangent indicatrix, principal normal indicatrix and
binormal indicatrix of the curve a, some characterizations have been given as
follows:

/
Theorem 3.1. The curve a is general helix if and only if —— is constant.

Il

Proof. It can be easily seen that if T" = kN then ||T’|| = « and if B’ = TN then
|IB’|l = 7. The ratio

Bl <
I x
is constant. This completes the proof. g

Theorem 3.2. Let the Frenet frame of the spherical tangent indicatrix T of the curve
a be {T,N,B}. The curve a is slant helix if and only if

ID+Bl|

DTl

= constant.

Theorem 3.3. Let the Frenet frame of the spherical binormal indicatrix B of the curve
* % %
a be {T,N,B}. The curve a is slant helix if and only if

*
DB

= constant.
D7 T|

Theorem 3.4. The curve a is Bertrand curve if and only if

AT I+ 7B =1.
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Theorem 3.5. The curve a is Mannheim curve if and only if
I’ Tl
—— = ——— = A = constant
Wi Nl

where the Darboux vector is W = 1T + kB.

Theorem 3.6. Let a be a geodesic curve on the surface M. The curve a is helix on

E3if and only if
DYl
———— = constant.
D7 Tl

Proof. Let kg, k,,t, be the geodesic curvature, asymptotic and curvature line
respectively. Here it can be easily given that

_ 2 2
1D, Tl = K2+ 52,

ID;Y || =2+ 2.

t 2
1+ —r)
DYl (Kn

_ N
DTl (&)
KTI

If the curve a is geodesic then k, = 0. In that case,
DYl
D7 T|

Thus,

= constant. O

Theorem 3.7. Let a be a asymptotic curve on the surface M.The curve a is helix on
E3if and only if

IDyNI|

D7 T

= constant.

Proof. Similarly in Proof 13, it can be easily seen that
IDr Tl =K} + 3,
IDr NIl =3 +¢7.

In that case,

ID;N|| g+t
) 2
IDr Tl k2 + K2

¢ 2
1+ (—)
Kg
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If the curve a is asymptotic, then x,, = 0. Thus,

DNl

= constant. O
DTl

Theorem 3.8. Let {a,a*} be a Mannheim pair. The torsion of the curve a* is

*
. DT x
T =— =

AllDyBIl T

Theorem 3.9. Let {a, a*} be a Mannheim pair. The curve o* is anti-Salkowski curve
if and only if a is a general helix.

Proof. As it is seen from the equation

K K
if the curve a* is anti-Salkowski curve then T* is constant. Then — is constant. If —

T T
is constant then the curve a is general helix. This completes the proof. g

Theorem 3.10. The axis of the accompanying screw-motion at a point c(0) is the
line in the direction of the Darboux vector

W(0) = 7(0)T(0) + x(0)B(0)

through the point

x(0)

P(0)=c(0)+ —KZ(O) T

N(0).
It can be shown that under these circumstances the tangent to the curve which passes
through all of these points, namely

k(s)

P(S) = C(S) + mN

(s)

K
is proportional to W(s) if and only if pr
K

5 s constant [8].
T

Proof. It can be easily seen that

, 72 KT kY
P(S):K2+T2T+K2+T2B+ K2+ 72 N

and

W(s)=1T +«kB.
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K
Here, if ——— Is constant then
K

+7T
)= — T KT
C k24172 K2+ 12
T
= m(’fT + K'B)
T
S
Thus,
P'(s) = A(s)W(s). O

Figure 1. The tangent to the curve

Result. Under these circumstances the tangent to the curve which passes through all
of these points, namely

k(s)
K2(s) + Tz(s)N

is proportional to W (s) if and only if c(s) is a Mannheim curve.

P(s)=c(s)+ (s)

4. Conclusions

The starting point of this study is to develop some important characterizations
of special curves by using the curvatures that given by the help of the norms
of the derivatives of Frenet vectors. At this time, it is obtained that the tangent
to the curve is proportional to the Darboux vector if and only if the curve is
Mannheim curve. Additionally, different theorems have showed that there is a
relation between the curvatures and the norms of the derivatives of Frenet vectors.

We hope that this study will gain different interpretation to the other studies in
this field.



Characterizations of Special Curves 119

References

[1] S.Izumiya and N. Takeuchi, New special curves and developable surfaces, Turk. J. Math.
28(2004), 153-163.

[2] K. Orbay and E. Kasap, On mannnheim partner curves in E3, International Journal of
Physical Sciences 4(5) May (2009), 261-264.

[3] L. Kula and Y. Yayli, On slant helix and its spherical indicatrix, Applied Mathematics and
Computation 169(2005), 600-607.

[4] L. Kula, N. Ekmekci, Y. Yayland K. ilarslan, Characterizations of slant helices in
euclidean 3-space, Turk. J. Math. 34(2010), 261-273.

[5] T. Shifrin, Differential Geometry: A First Course in Curves and Surfaces (preliminary
version), University of Georgia, 2010.

[6] D.J. Struik, Lectures on Classical Differential Geometry, Dover, New York, 1988.

[7] E Wang and H. Liu, Mannheim Partner Curves in 3-space, in Proceedings of the Eleventh
International Workshop on Differential Geometry 11(2007), 25-31.

[8] K. Wolfgang, Differential Geometry (Curves-Surfaces-Manifolds), American Mathematical
Society, 2002.

Semra Saracoglu, Bartin University, Faculty of Science, Department of Mathematics,
Bartin, Turkey.
E-mail: semrasaracoglu650gmail.com

Yusuf Yayli, Ankara University, Faculty of Science, Department of Mathematics,
Ankara, Turkey.
E-mail: yayli@science.ankara.edu.tr

Received November 28, 2011
Accepted July 9, 2012



