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1. Introduction

Fractional differential equations arise in many engineering and scientific disciplines as
the mathematical modeling of systems and processes in the fields of physics, chemistry,
aerodynamics, electrodynamics of complex medium, polymer rheology, etc. For a detailed
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account of applications and recent results on initial and boundary value problems of fractional
differential equations, we refer the reader to a series of books and papers ([5~11},14,,17,19,23-29])
and references cited therein.
Many definitions for the fractional derivative are available. Most of these definitions use an

integral form. The most popular definitions are:

(1) Riemann-Liouville Definition: If n is a positive integer and « € [n — 1,n), the derivative of

f is given by

a _ d* [t f(s)
Da D= IFn—a)dt® J, (t—s)en+l 5

(i1)) Caputo Definition: For a € [n —1,n) the derivative of f is

t f(n)(s)

T(n—a) Jo (t—syn1®%

D)) =

Among the inconsistencies of the existing fractional derivatives are: Most of the fractional
derivatives, except Riemann-Liouville-type derivatives, do not satisfy DJ(1) =0 if « is not a
natural number; all fractional derivatives do not obey the Product Rule for two functions, the
Quotient Rule for two functions, the Chain Rule, do not have a corresponding Rolle’s Theorem,
and a corresponding Mean Value Theorem etc.

To overcome some of these and other difficulties, Khalil et al. [18]], came up with an
interesting idea that extends the familiar limit definition of the derivative of a function, the
conformable fractional derivative. This new theory is improved by Abdeljawad [2]].

As a consequence of this new definition, the authors in [[18]], showed that the conformable
fractional derivative, obeys the Product rule, Quotient rule and has results similar to the Rolle’s
Theorem and the Mean Value Theorem in classical calculus. For recent results on conformable
fractional derivatives we refer the reader to [1,,13,4},12,/15].

In this paper, we consider the following boundary value problem for impulsive conformable
fractional differential equation with delay:

1, Dx(t) = f(t,x(2),x(0(1)), ted:=[0,T] t#ts,
Ax(tp) =Ip(x(2z)), k=1,2,....m, (1.1)
x(0) = Ax(T),
where ,D® denotes the conformable fractional derivative of order 0 < a < 1 starting from
a€{ty,....tm}, to=0<t1< - <tpm<tme1=T, f€C(I xRZR), 0 C(J,J), 0(t)<t, I € C(R,R),
Ax(tp) = x(t;)—x(t;), A€ R". Not that if 1 =1 then is reduced to the periodic boundary
value problem.
In the year 2016 [13]], the authors studied the periodic boundary value problems for impulsive
conformable fractional integro-differential equation of the form
t, DYx(t) = f(t,x(2),(Fx)t),(Sx)(t), ted,t#ty,
Ax(tp) =I,(x(tg)), k=1,2,...,m, (1.2)
x(0) = x(T),

where (Fx)(t) = [; I(t,s)x(s)ds and (Sx)(t) = fOTh(t,s)x(s)ds. By using the method of lower
and upper solutions in reversed order coupled with the monotone iterative technique, they
formulated the existence of solutions for impulsive problem (1.2).
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It is well known that the method of upper and lower solutions coupled with its associated
monotone iteration scheme is an interesting and powerful mechanism that offers theoretical as
well constructive existence results for nonlinear problems in a closed set, generated by the lower
and upper solutions; see, for instance, [16,20-22,30]. By mean of two new maximal principles
and new definitions of lower and upper solutions, the monotone iterative technique will be
applied in our investigation of the impulsive problem (L.).

The rest of the paper is organized as follows: In Section [2| we recall some definitions and
results from conformable fractional calculus. In Section |3| we define the lower and upper
solutions, obtain the Green’s functions and prove two new maximum principles. The existence of
a unique solution for linear problem is proved in this section. The existence results of problem
(1.1) via monotone iterative technique are contained in Section |4, while an example illustrating
the main result is presented in Section

2. Conformable Fractional Calculus

In this section, we recall some definitions, notations and results which will be used in our main
results.

Definition 2.1 ([2]]). The conformable fractional derivative starting from a point a of a function
f :la,00) — R of order 0 < a <1 is defined by

ft+et—a)l™% - f(t)

£

oD f(#)= lir% (2.1)

provided that the limit exists.

If f is differentiable then ,D%f(¢) = (¢t —a)!~%f'(¢). In addition, if the conformable fractional
derivative of f of order a exists on [a,00), then we say that f is a-differentiable on [a,00).

The following lemma has been stated in the paper [13].

Lemma 2.2. Let a €(0,1], k1,k2,p,A € R and functions f,g be a-differentiable on [a,00). Then:
Q) oD k1f +k2g) =k1aD(f) + k2o D(g);
(i) DUt-a) =pt-a)P™%;
(iii) oD%*A =0 for all constant functions f(t) = A;
(v) DU f8)=faD 8 +8aD"f;
(v) D“ (g) = % for all functions g(t) # 0.

Definition 2.3 ([2]]). Let a € (0,1]. The conformable fractional integral starting from a point a
of a function f :[a,00) — R of order « is defined as

t
JdF() = f (s—a)* Lf(s)ds. (2.2)

Remark 2.4. If a = 0, the definitions of the conformable fractional derivative and integral above
will be reduced to the results in [18].
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3. Auxiliary Impulsive Results

Let J =J\{t1,t0,...,tm}, Jo=1[to,t1], Jr = (tp,tp+1] for k. =1,2,...,m be sub-intervals of J and
the set PC(J,R) ={x:J — R: x(?) is continuous everywhere except for some ¢, at which x(¢})
and x(tZ) exist and x(¢)) = x(¢x), £ = 1,2,...,m}. Let E = PC(J,R), then E is a Banach space
with the norm | x| = sup,cs|x(¢)|. A function x € E is called a solution of the impulsive boundary
value problem if it satisfies (L.1).

Definition 3.1. A function yy € E is called a lower solution of boundary value problem if
there exist M >0 and N,L; =0, k=1,2,...,m, such that
{tkD“uom < f(t, o), po(O®) —alt), ted
Apo(tr) < Ip(uo(t))—0r, k=1,2,...,m.
Analogously, a function v( € E is called an upper solution of boundary value problem if the

following inequalities

3.1)

{tkD“vo(t) > f(t,vo(t), 0@ +b(2)), ted, (3.2)
Avo(ty) = I (votp) +np, k=1,2,...,m,
hold, where
at) = {(()t - Ho(0) < Apo(T),
B D MENOD0(0) - Apo(T)],  p0(0) > Apo(T),
o, 110(0) < Apo(T)
"o {I}f—ffe[uo(O) — Auo(1)], to(0) > Aug(T),
and
bt) = { 0, vo(0) = Avo(T),
) D MENODy00) - Avg(T)],  vo(0) < Avo(T),
_ 0, vo(0) = Avo(T),
= {%[VO(O) - Avo(T)], vo(0) < Avo(T).
In our analysis, we use the following notations. For a,b €{0,1,2,...,m} witha < b,
¢(a,b) = rb[ e atin T (1= L), (3.3)
i=a
where [1°_, () =1. Let f = f;(¢) for t € J;, i =0,1,2,...,m. The impulsive integral notation is
defined as
b R tp tpe1 b
fa f(s)ds = fa fo-1(s)ds + ft p fo(s)ds+---+ ft q fo)ds, a,bed, (3.4)

wherea <t, <---<t,<b.

For clearing the new notations, we consider an example.
Example 3.2. For J =[0,5], t, =k, £k =1,2,3,4, two notations can be expressed as

4
¢(2’4) — H e—%(tiﬂ—ti)a(l —L;41)= e—%(t3—tz)a(1 —L3)- e—%(t4—t3)“(1 —Lyg)- e—%(ts—tzx)a(l —Ls),
=2
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3.5

3.5 N 1 2 3
f(s)ds = f fo(s)ds +f f1(s)ds +f fo(s)ds + f3(s)ds.
0.5 0.5 1 2 3

It is easy to prove the following property.

Property 3.3. Let a <c¢ < b <d be nonnegative integers. The following relations hold:
(1) ¢la,c)p(c+1,b) =d(a,b).
(i) ¢(a,b)dp(c,d) = ¢pla,d)p(c,b).

Now, we consider the following boundary value problem of a linear impulsive conformable
fractional differential equation with delay subject to boundary condition as:
5, D%x(t) = —Mx(t)-Nx(0() +v(t), O<a<l,ted,
Ax(tp) = —Lpx(tr)+yer, k=1,2,....m, (3.5)
x(0) = Ax(T),

where M >0, N=0,L;, =20, y2,AeR, k=1,2,...,m with A$p(0,m — 1) # e%(T'tm)a are given
constants and a function v e E.

Lemma 3.4. The problem (3.5) is equivalent to the following impulsive integral equation

m

T
x(t) = f G1(t,8)P(s)ds + Z Go(h,)),tedy; h=0,1,2,....m, (3.6)
0

j=1
where P(t) = —Nx(6(2)) + v(¢),

M M M
(s—t)% Ll h—-D)e @ 510" o 'a T—tm) o= (=t)"

R , O0=ss<t=T,
Gr(t,s) = MO e ©D
’ a1 _ e g st~ t-t)%
Mot 19Xk Dpllym=Te 0717 e L 0=<t<s=<T,
e'aT—tm) —Ap(0,m—1)
and
. S M(T—tm)a _M(t_t )
YU hDe e T e @ <j<hs<T,
Gah,y={  c=" " —Agom D (3.8)
) ) _ - —a -t ) ’
Ayjp(0,h—1)¢(j,m—1)e h <h<j<T,

e%(T—tm)a —/l(/)(O,m—l)
with t; =max{ty; k=0,1,...,m and t; < s}.

Proof. Let x(t) be a solution of the problem (3.5). Multiplying by e’ “=%" both sides of the first
equation of problem and applying Lemma [2.2[iv), for ¢ € J,

e%(t_tk)atkD“x(t) +ea Tt Bra(s) = ., D° [e%(t—tk)“x(t)] ,
we have

D[ Mt ()] = M P, (3.9)
Using the conformable fractional integral of order a to both sides of for t € Jy, we get

t
x(0)+ | (s—tg)* lea®~t0" P(s)ds| .
to

x(t) = e~ a(t-to)"
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The conformable fractional integration of order a from ¢; to ¢ for ¢ € JJ1, of (3.9) yields

x(t) = it

¢ M a
D)+ | (s—t1)" e« T P(s)ds
t1

From x(tJ{) =x(¢1)—Lqx(t1)+y1 =1 —-L1)x(¢1)+7y1 and

M (t1—-t0)®

t1 o
x(t1))=e @ x(0)+ | (s—tg)* le (s=to) P(s)ds

to

b

by using (3.3), we deduce that

t
x(t):e_%(t_tl) [(I—Ll)x(t1)+y1+ (s—tl)“_le%(s_tl) P(s)ds]
t1
a a tl a
= et [(1—L1)e—%<tl—t0) (x(0)+ (s—to)* L=t P(s)ds)
to
¢ M a
+ | -t lea® W P(s)ds+ 1y,
t1

" 3 a

= ¢ attD [¢(0,0)(x(0)+ (s — o) w0 P(S)dS)
to

t

+ | (s—t1)* e @~ P(s)ds + 7y,

t1
Repeating the above process, for ¢ € J;,, we have
Mgy LS L a-1_M(s—¢ )
x(t)=e a'7"h (¢(O,h—1)x(0)+2c/)(1,h—1)f (s—t;))" e« " P(s)ds
j=0 tj
t Mo h
+| s=tp)* tea T P(s)ds+ Yy, h - 1)). (3.10)

th j=1

Substituting ¢ =T in (3.10), we get

m tiv @
x(T) = e~ T-tw)" ((p(o,m —Dx(0)+ ) ¢p(j,m—1) f ! 1(3 —t j)“—le%<s—tj> P(s)ds
Jj=0 tj

m
+) yip(,m- 1)).
j=1
From the boundary condition x(0) = Ax(T"), we obtain a constant

1 m ) tj+1 a1 Ms_s)a
x(0) = —; . (Zgb(],m—l)f (s—t;))* "ea " P(s)ds
ea T=tm)* _ 2p(0,m — 1)\ j=0 tj

+ Zmb(j,m—l)). (3.11)
j=1

Putting (3.11) into (3.10), one has
ea T=tm)* _ 2p(0,m — 1)
tiv1 « m
xf st e P(s)ds + Y v, m — 1))
=1

t]‘ j

Y ¢(j,m-1)

Jj=0
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h-1 tj+1 M a
+ Z ¢(j,h—-1) f (s—t))* e« 51" P(s)ds

(s £)% Lol o=t P(s)ds+Z)fJ(/)(J,h 1)

th j=
Ae—g(t—th)a [
= $(0,h —1)p(j,m 1)
ew T=tm)* _ Ap(0,m — 1) Jzo

tit1 » m
< f 5=t e T Ps)ds + 3 y;0(0, h — Db, m — 1)
t.

J Jj=1

—Z¢(0 m-1¢G,h-1) [ (s—t)% e ¥t P(s)ds

J

—p(0,m —1) (s— ty)7 Lo st P(s)ds—zmbmm D¢(j,h—1)
th j=

(T tm)* tjs1 o .
(Z ¢, h— 1)[ (s—t;)* tea 1 P(s)ds
t.

(s ty)* Lo =t P(s)ds+ZyJ(p(Jh 1))]

th j=
Applying Property [3.3| (i) and (i), we have
/16_7“ tp)“ m
x(t) = —; - Y. $0,h-1)p(j,m—1)
ea Tt _2p(0,m —1) L jZn+1
tiv1 « m

. f st e H T P)ds + Y 0,k - Depli,m — 1)

tj j=h+1
th+1 a
+¢(0,m —1) f 1) LTt P(g)ds

T @t tj1 Mo,
( Z ¢(j,h—1) f (s—t;)* te @ P(s)ds

(s t) e et P(s)ds+Z)fj(,b(_]h 1))]

th Jj=

A,e_E(t_th)a

(s — )% 10, h — D, m — De's S~ P(s)ds
e%(T—tm) A([)(O m— 1) f ! (/) (p

o B (T=tp)"
+— f (s—t)% Lol h - De'a =" P(s)ds

m M(T—tp)*

h
£ Y 7900,h=DgG,m -1+ S Zchb(j,h—l))].

Jj=h+1
Hence, we get the integral equation (3.6).

Conversely, it can easily be shown that the integral equation (3.6) satisfies the impulsive
problem (3.5). The proof is completed. O
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Next, we give two new maximum principles.

Lemma 3.5. Let 0 < a < 1. Assume that x € E satisfies

o, Du(t) < —Mu(t)- Nu(®), ted,
Au(tp)<—-Lpu(ty), k=12,...,m, (3.12)
u(0) < Au(T),

where M >0, N=0,0< A< e%(T_tm)a, 0<L,<1, k=1,2,...,m are given constants. In addition
suppose that
N m li+1 Na
m Z ) (s— ti)a_le%(s_tl) ds<1. (3.13)
] - 1=0Y1%;

Then u(t)<0forall ted.

Proof. Suppose, to the contrary, that u(¢) > 0 for some ¢ € J. Then, the analysis can be separated
in to two cases:

(i) There exists a point ¢t* € J, such that u(¢*) >0 and u(¢) =0 for all £ € J.
(i) There exist two points t*,¢, € J, such that u(¢*) > 0 and u(¢,) <O0.

M

Case (i): Setting v(t) = e« @ y(¢) for t € J3, k =0,1,2,... then we have
1, D(t) < ~Ne =t =00~y 9(1)) tedJ~,
Av(tp) < —-Lpv(ty), k=1,2,....m, (3.14)
0(0) < de~ s T=tm)"y(T),
Observe that, v(¢) and u(¢) have the same sign. The first inequality of problem implies
that ;, D%v(¢) <0 and Av(t;) <0 for £ =1,2,...,m. Therefore, v(¢) is nonincreasing in J. Hence,
we have v(0)=v(t*)>0. If A = e%(T_tm)a, then v(0) < v(T'), and consequently v(0) = v(T'), which

implies that v(¢) = costant, for all ¢ € J. Therefore, u(t) =0, a contradiction. If 0 < A < e%(T_tm)a ,

then
o T=tn)"
N v(0) = v(T) < v(0),

which is a contradiction.
Case (ii): Let inf{u(t): t € J} = —b. Then, we assume that b > 0 and also there exists a point
t. €dJ;,1€{0,1,...,m}, such that u(¢,) = -b or u(ti+) = —b. Now, we only consider the case
u(t.) = —b. For the case u(¢]) = —b, the proof is similar. It is easy to see that

5D (e u(t)) < bNew (1", (3.15)
First, we claim that u(T) < 0. Otherwise, if u(T') > 0, then by (3.12) and (3.15) we have

w(T) < e~a T=tw)" ((p(i +1,m—1)(1 L 1)ult;,;)

m tl+1 1 M p

+bN Y oU,m-1 [ (s—t)* e ds). (3.16)
I=i+1 4

Since ;, D*f(t)= (¢t —t;)*"*f'(¢) and (3.12), we obtain

Lit1

u(ty,,) < e a it (e%“*—m“u(t*) +bN | (s- ti)“—le%‘s—m“ds) : (3.17)

s
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From (3.16) and (3.17), we get

Moy s My, 1)@ . it a-1_ M(s—¢;)®
u(T)<e « mp(i,m—1)ea P u(t) +bNp(i,m—1) (s—t;)" Tea® ' ds
Ly
m tr+1 _1 M( —t)®
+bN Z o(l,m—-1) (s—t)% "ea®H ds), (3.18)
I=i+1 t
which leads to
Mg, : Mg, —g;) : it a-1 M(s—t;)
O<u(T)<e « mol=bp(i,m—1ea"* """ +bNp(i,m —1) (s—t;)" Tea " ds
Ly

+1 1 M a
+bN Z PUm=1) | (=t et ds).
[=i+1
Thus
a li+1 a
B, m—1ea =" < Npi,m—-1) | (s—t;)% Lea© " s
ts
m tr+1 1 M a
+N Y ¢U,m-1)| (s—t)* e gs.
I=i+1 7]
Therefore, we have
N m l1+1 M a
<—— Y o,m- 1)[ (s—t)* lea 6" gs,
som D=’ ! l
a contradiction, and so u(T") <0. From u(0) < Au(T'), we get u(0) <0. Thus there exist # such
that u(f)<0 and £< t*.
Suppose that ¢t* € J; and u(?) = inf{u(t) : ¢ € [0,t*)} = —c < 0, such that ¢ € J};, for some
J,h€{0,1,...,m}. It is easy to see that A < j. As in (3.18), we have

th+1

u(t)<e” Tt ((p(h j- l)ea(t W u(F) + eNp(h, j— l)f th)a—le%(s—th)ads

tr+ a N
+cN Z o, j— 1) (s—tl)“_le%(s_tl) ds+cNf (s—tj)“_le%(s_tf) ds).
I=h+1 tj

Thus

* a 7 a th+1 a
u(t*) < e a =t (—C(p(h, j—Dea Tt L cNg(h, j—1) f (s —t)% lew @t gg
t

J-1 ) t1+1 -1 M( —t)) ' -1 M( —t)¥
+cN ). (/)(l,]—l)f (s—t)% tea™l ds+cNf (s—t)" "ea™h ds).
I=h+1 3] t;

If ¢ =0, then we get u(¢*) <0 a contradiction. If ¢ > 0, then we obtain that
th+l

0<u(t*)Se_Ig(t =) ( cp(h,j— 1)ea(t t)* +cNo(h,j- 1)[ s—th)“_le%(s_th)ads

— tr+1 a «
+cN Z (/)(l,j—l)f (s—tl)“_le%(s_tl) ds+cNf (s—tj)“_le%(s_tj) ds),
I=h+1 t tj
which yields
= ftlﬂ — )% 1o (s- 0 gs,
(P(O m— 1)

a contradiction, and so u(¢) < 0. This is a contradiction to (3.13). The proof is completed. O
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Lemma 3.6. Let 0 < a < 1. Assume that x € E satisfies
o Du(®) < ~Mu(t) - Nu(O(t)) - L MEN0O 10y 20(T), te ™,
Au(ty) < ~Lyu(ty) - 22 [w©0) - Auw(D)], k=1,2,...,m, (3.19)
u(0) > Au(T),

where 0 < 1 < e%(T_tm)a, M>0,N, L,=0, k=1,2,...,m are given constants satisfying (3.13).
Then u(t)<O0 forall ted.
Proof. Setting v(t) = u(t)+ ALT [1(0) — Au(T)] then we have v =u, and for all ¢t # ¢, t€J,
£, D v(t) + Mu(t) + Nv(6(t))
(t—tp)" %+ Mt+NO@)

=4, D%u@®)+ Mu(@)+Nu(6()) + AT [1(0) — Au(T)]
<0.
It is easy to verify that
Lt
Av(ty) = Au(ty) < —Lpu(ty) - ka [u(0) — Aw(T)] = ~Lyv(),

and v(0) = u(0), Av(T') = u(0). Then we have v(0) = Av(T'). By lemma |[3.5|, we obtain v(¢) <0 for

all t € J, which implies that u(¢) <0 for all t€ /. O
In view of Lemma 3.4}, we define the operator A:E — E by
T . m
Ax(t) :f G1(t,s)P(s)ds + Z Ga(h,j), (3.20)
0 j=1

where the Green’s functions G1(¢,s) and Gg(t,s) are defined by (3.7) and (3.8), respectively. Next,
we prove the existence of a unique solution for the linear problem (3.5). For convenience, we set
a constant
a m a
max{l,e%(T_tm) IN Y (e%(ti-ﬂ_ti) _ 1)
1=0

A= ~ -
Mle'« Tt — A(0,m — 1)

Lemma 3.7. Assume that a €(0,1], M,\A1>0, N=20,0<Lp <2 k=1,2,...,m and APp(0,m —1) #
YT —tm)
ea m’ If

A<1, (3.21)
then the boundary value problem (3.5) has a unique solution on J.

Proof. Casel.For 0<s<t<T, we see that

(s — ) L0, B - De 6=t o W (T=tm)* o= t=t4)" |<(s- 1) Lo 61" T =tm)"
Casell. For 0<t<s<T, we have

A = £)% L0, h — DI, m — De's 610" g~ w I | < A(s — £)% e &=10"
From Cases I and II, it follows that
max {1, e%(T—tm)“}(s ) Lo st)"

1G1(,8)| =
|ea T=tm) ~ Ag(0,m —1)|
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Now, we transform the problem (3.5) into a fixed point problem x = Ax, where the operator
A is defined by (3.20). For any x,y € E, we have

T
Az — Ay < llx - yIN fo G2, 9)|ds

Nmax{A, e%(T_tm)a}

|ea T=tm)* — 1p(0,m —1)|
< Allx—yl.

T a-1 M—¢)a
< [lx—yll O(s—tz) ea ' ds

As A <1, A is a contraction. Therefore, by the Banach’s contraction mapping principle, A has a
fixed point which is the unique solution of problem (3.5). The proof is completed. O

4. Main Results
For functions ug,vo € E, we let
[uo,vol={x € E : puo(t) < x(¢) < vo(2), t € J},

and we write g < vq if po(¢) < vo(t) for all t € /.

Theorem 4.1. Assume that the following conditions hold:

(H1) the functions pg and vg are lower and upper solutions of boundary value problem (1.1),
respectively, such that po(t) <vo(t) on oJ,;

(H2) the function f € C(J x R% R) satisfies
ftu,v)-ftu,v)=-Mu-u)-N@w-2),
for po(t) =u(?) < u(t) < vo(t), uo(0()) =v(t) <=v(t) = vo(0(?)), ted;
(H3) the functions I, e C(R,R), k=1,...,m satisfy
Iy (u(ty))— Iy (v(tr)) = —Lp(u(ty) —v(ty)),
whenever po(ty) <v(tp)<u(tp)<vo(ty), L, =0, k=1,2,...,m;
(H4) two inequalities and hold.
Then there exist two monotone sequences {,}, {v,} < E such that nh_)nolo Un(t) = x.(2), r}l—g;lo v (t) =

x*(t) uniformly on J and functions x., x* are minimal and maximal solutions of problem (1.1)),
respectively, such that

oS 1S Ho < SUp <X SXx<Xx "<V, <---<vg <V <V,

on J, where x is any solution of the boundary value problem (1.1)) such that po(t) < x(t) < vo(t)
on J.

Proof. First, we consider the problem
1D Pn@®) = f(t,pn-1(8), pn-10(&)) = M[pn(t) = pn-1(8)]
—~N[p,(0)—pnr-10))], ted,
Apn(tr) =Ir(pn-1tr)) — [Lepn(te) —Lrpn-1(tR)]l, k=1,2,...,m, (4.1)
pn(0) =Apn(T),

where p, =, or p, =v,, n=1,2,.... By Lemma [3.7] the iteration formula (4.1I) has a unique
solution. Next, we show that the sequences {u,} and {v,} are monotone sequences in two steps.
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Step 1. We claim that pg < u; and vy <vq. Let u(#) = g — 11, then from Definition [3.1) and (4.1),
we have:

Case 1. pp(0) < Auo(T). Then we have
t, D u(t) = ¢, D po(8) — 1, D a1 (2)
< £ (&, 1o(8), uo(0())) — f (¢, uo(2), uo(0(2)) + M u1(8) — po(®)]1+ Nlu1(0(2)) — po(0(2))]
=—-Mu(t)-Nu(0(t), ted,
Au(ty) = Apo(tr) — Apa(tr)
< I}, (to(t)) — [Ix (tt0(t)) — Lrpa(r) + Ly po(tr)]
=—Lyu(ty), k=1,2,...,m,
and
u(0) = p1o(0) — 1£1(0)
< Auo(T) - Au1(T)
= Au(T).
Using Lemma (3.5, we get that u(¢) <0 for all te€J, i.e., yg < p1. Similarly, we can prove that
V1 <vp.
Case 2. up(0) > Auo(T). Then we have
t, D u(t) = 1, D uo(t) — 4, D u1(2)

t—tp) "%+ Mt+NO(t
= £t oo, o0 ~ I RED (110) - 1)

= [ (@, 1o(@), 1o(0(0))) + M p1(8) — po(®]+ Np1(0(2)) — no(6(2))]

_ 1-a
— _Mu(t)— Nu@@) - =% L{W EANO® )= Au), e,

Au(tr) = Apo(tr) — Apa(tr)

Lt
< I (uo(ts)) - %[uom) — Apo(T)1 = [T (uo(£2)) — L1 (1) + L pro(tr))]
Lt
AT

=—Lpu(ty) - [w(0)-Au(T)], k=1,2,...,m,

and
u(0) = pop(0) — u1(0)
> Apo(T) — Auq(T)
= Au(T).
Using Lemma again we have u(¢) <0 for all te J, i.e., yg < u1. Similarly, we can prove that
Vi <vp.
Step 2. We show that u, < u,+1, where u,_1 < u, on J. Setting a function u = u, — y,+1, then
for t € J and by we obtain
1, D u(®) = 1, D n () = 1, D i 1)
= (@, tn-1(), un—-1(0())) — M pn(t) — -1 — Nl (0(2)) — pr—1(0(2))]
— (@t un (@), un(0(£) + Ml +1(2) — pn ()] + Nlptn11(0(2)) — 1, (0(2))]
<-Mu(t)-Nu6t)), ted,
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and by [(H3)}
Au(tr) = Apn(tr) — Apn1(tr)
=L (un-1r)) = [Lrun(@r) —Lpun—1Ep)] = Ip(un(@r)) + [Lpun+1(tr) — Ly, (te)]
<-Lpu(ty), k=12,....m.
It is easy to see that
u(0) = pn(0) = p+1(0) = App(T) — Aty +1(T) = Au(T).
Then, from Lemma we get u(t) <0, which yields u, < u,+1. Similarly, we can prove that
Vnt+1 <V, Where v, <v,_1 and Un+1 < Vn+1, where u, <v, on J.

From Steps 1 and 2, we have that the two sequences {u,}, {v,} satisfy the following

inequalities

HoSUIS S Up S SV S-SV =V
Therefore, there exist functions x. and x* on J, such that ,}Lm Un = x« and ,}l_,m v, = x*
uniformly on J. Clearly, x., x* are solutions of boundary value problem (1.1).

Finally, we will show that x,., x* are minimal and maximal solutions of the problem (1.1).
Let x(¢) be any solution of problem (1.1) for ¢ € J, such that x € [ug,vo]l. Then there exists a
positive integer n such that p,(¢) < x(t) <v,(¢) on J. Let u = u,+1 —x, then for £ € J, we have

tkDau(t) = tkDa,Un+1(t) - tkDax(t)
= (&, pun(), un(0(£)) — MIpn+1(E) — n ()] = Nlpn+1(0(2)) — un(0(@))] - £ (¢, x(2),x(6(2)))
<-Mu(t)-Nu(t)), ted,

Aultp) = App1(tr) — Ax(ty)
=Ip(pn(tr)) — (L pn+1(tr) — L pn(tr)) — I (x(2))
<-Lpu(ty), k=12,....m,
and
u(0) = pn+1(0) = x(0) = Aty +1(T) — Ax(T') < Au(T).

Therefore, using Lemma (3.5, we have u(t) < 0, which leads to u,+1 <x on J. By similarly
method, we can prove that x <v, .1 on J. From yy <x <vg on J, by mathematical induction,
we get that y, <x <v, on J for all n € N. Hence, by taking n — oo, we have x.(¢) < x(¢) < x*(¢)
on J. The proof is complete. O

5. An Example

In this section, in order to illustrate our results, we consider an example.

Example 5.1. Consider the BVP

L DYTx(t) = —La(t)+ Leosx (L) — L, te[0,11\ {2},

Ax(3)=-1x(3), k=1, (5.1)

x(0) =1.13x(1),

where a =5/7,0=¢/2,t1=1/3, A =1.13, m = 1.
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Obviously, uo = {:g’ i E Eg}g/ﬂ’ vo = 0 are lower and upper solutions for (5.1), respectively,
and po < vy. Let
t t t
f(t,u,v)= —gu+§cosv—g.
Then
f(t )—f(t,a,0) d +tcos +t' tcos'
u,v)— U,0)=——u+—CoSv+—U— —CoSV
b b b b 5 7 5 7

S )
2 - (uw-u)-5@-0),
for uo(t) <u(t) < u(t) < vo(t), po(0(t)) <v(t) <v(t) <vo(0(2)), t € J. It is easy to see that
1
In(w)-I1(v) = —g(u -v)

whenever po(t1) < v(t1) < u(ty) <vo(tp).
Taking M =1/5, N =1/7, L1 =1/3, it follow that

N m li+1 1 Mg pya
_— Z (s—t)% "ea® ") ds=0.449772989 < 1,
([)(Oym - ]-) 1=0Yti
and
a m a
max {A’e%(T_tm) }N Z (e%(twl—ti) _ 1)
A= =0 — 0.8848227489 < 1.

M|e's Tt — 10, m —1)|
Therefore, the conditions of Theorem are satisfied, and therefore the BVP (5.1) has minimal
and maximal solutions in the segment [, vol.

6. Conclusions

In this paper, we investigated the existence of solutions for boundary value problems of nonlinear
impulsive delay conformable fractional differential equations. The method of upper and lower
solutions coupled with its associated monotone iteration scheme is an interesting and powerful
mechanism that offers theoretical as well constructive existence results for nonlinear problems
in a closed set, generated by the lower and upper solutions. By establishing the associate Green’s
function and a comparison result for the linear impulsive problem, we obtained that the lower
and upper solutions converge to the extremal solutions via the monotone iterative technique.
We illustrated the obtained results by an example.
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