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1. Introduction

The Hankel transformations H, of a conventional function f is defined by

©0 1
(H L f)y) = fo P e f @z, =3, (L.1)

where ¢/, is the Bessel function of first kind having order u. Earlier various type of Hankel
transformations has been considered by Linares and Pérez [2]], Malgonde and Debnath [3]],
Malgonde and Bandewar [4]], Mendez [5]], Pathak [6], Pérez and Robayna [7], Prasad and
Kumar [8]], Torre [10], and Zemanian [[11]. Quadratic-phase Hankel transformations are the
generalization of most of the Hankel transformations defined so far.
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Prasad et al. [9] defined the first and second quadratic-phase Hankel transformations
H ‘fs 5 ‘i ; and H, S " z; depending on five real parameters a,b,c,d,e and four additional real-
valued parameters y,v,a and f where b # 0 with vu+2v —a =1 of any functions f and g on

I =(0,00) as follows:

(HODEDe £)(y) = f K200de () 0 ()dx (1.2)
and
gt = [ TR gods, 1.3)
where
: —i%(1+/.t) . v v v v
Ki’z,’szi’;(y,x) = V,Be - y—1—2a+2vezﬁ(ax2 +ey? +dxV+ey )(xy)ocJu (g(xy)v) (1.4)
and
b d e 2(1+H) 1-2 2 . 2v 2v dx v ﬁ
g,u,’s’a ;(y’x) V,B Z - 1-2a+ vezﬁ(ax +cy?Y+dx¥ +ey )(xy)aJ# (Z(xy)v) (1.5)

The inversion formula of (1.2} and are, respectively, given as:

f(x>:(H;j;;;f’c;j;;‘e"d( e, Zf)(y) )= f K e ) H ey (1.6)

and

8y = (Hy S e U (H 504 g)(3)) (x) = f K, o oo e, ) Hy 20 ) (yddy. (1.7)

Prasad et al. [9]] defined the space containing all smooth functions ¢(x) defined on I =(0,00)
which satisfies

17 AL - +i 2v v - -
Yot P () = suplad (el 2D )t e AT AN YA L g )] < oo, (1.8)
v,y xel

exist for all non-negative 1ntegers q,k is known as Zemanian type space H{’

Further, on the other hand [H]
that

lu,vaﬁ

,N’V a,p is the space containing all smooth functions y(x) on I such

YA () = sup e (172D ) PO Ry () < oo, (1.9)
LS bt er

exist for all non-negative integers q,k.

The dual of the space [I-I]p 1.0, is represented by H
generalized function of slow growth.

According to Prasad et al. [9] we have the following differential operators:

na;d

opvap P = 1,2 and their members are

a;d e—zﬁ(ax2V+dx") “vK-ap xVpra-v+l L,B(ax2"+dxv) (1.10)
RN '
s 2v v _ _ _ . 2v v
Z,:ila 5 —e iflax”¥+dx )xvu a+vax vu+a 2v+1ezﬁ(ax +dx )’ (1.11)
a;d _aqa;d a;d
At = Muva,pNuv,ap

_ e—iﬁ(axzv+dx") xVRap y2VH+L D, xoVHra-2v+l ei,B(axQ"+de)

=x"2*2D2 1 [(3—4v +2a)x 2V + 2id Bva ™" + 4ia Bvx]ID, — (4a® BZvix?Y)
+diafv(a+1-v)+[idv(2-3v+2a)x~" — (d2B%v?) — dadv? f2x"]
+((@+1-2v)2 V2P, (1.12)
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xa;d _e—iﬁ(ax21’+dx")xvu+a—v+lD x—vu—aeiﬁ(ax2"+dx") (1.13)
BV, x ’ )
. s 2v vy _ _ . 2v v
:;:\(/l:iﬁ ——e iflax*’+dx )x vu+a 2v+1Dxxv,u a+vezﬁ(ax +dx )’ (1.14)
;d *,a;d *,a;d
Aay — sty sty

2.uv,a,p T v, BT v, p
i 2v vy _ _ v — ; 2v v
—e iflax”’+dx )x vu+a 2v+lex2vu+1Dxx vu aetﬁ(ax +dx")

=x"2*2D2 L [(1-2a)x 2" + 2id fva V! + dia fvxlD, — (4a®2v2x?Y)
+dpviiva™ — dﬁv —2iax"" —dapvx’) +4iafv(v—a)+(a® -2 p®)x~. (1.15)

The differential operators N and M*%% have an inverse that is given by

1,v,a,p 1sv,a.p
( Hvaﬁ) Lp(x) = m—a+2v—1e—iﬁ(ax2V+de)foo gV Bt ) gy (1.16)
( ; a: Zﬁ) blx) = _xvy+ae—iﬁ(axzv+dx")fx g Va1 i e d) gy gy (1.17)
The following results are obtained by repeatio;g steps (1.11), (1.13), (1.16) and in order:
Nziflm—l,v,a,ﬁ X 'NZ+d1 vaplV, u v,a ﬁ(p(y)
_ e—iﬁ(ay2V+dyv)yv,u—a+v(m+2)—1(y1—2vDy)meiﬁ(ay2v+dyV)y—vy+a—2v+I(P(y)’ (1.18)
(Nz;wc/ia g e p+lv,a ,B)_l ' “(NZ;dm—l v,a ﬁ)_l(P(x)
LHmar2v=1 —Lﬁ(ax2"+dxv)f f2v- 1[ s2v-1, f m-2 Vv
x Pt A Dty Ydtpm_y...dt dto, (1.19)
M;f;;:-l,v,a,ﬁ " .M;?-ldv a,p Zﬁﬁ;#/’(y)
— (_1)me—iﬁ(ay2V+dyV)yv(u+m)+a:(yl—ZvDy)my—vu—aeiﬁ(ay2V+dyV)(p(y)’ (1.20)
M M) M ) O
_ (L1)myHta —L,B(ax2"+dx")f f2v- 1[ s2v-1, f m-2 e m=2)=a-1
e P@t A D (4 ) dtm_1...dt1 dto. (1.21)
We have the following theorems as per [9].
Theorem 1.1. For vu+2v —a = 1, the transformation H ‘Iﬁji; is a continuous linear map from
I]-ﬂa,i v.a, ﬁ(I ) into I]-ﬂ o ﬁ(I ), and its inverse is also continuous linear map from I]-I] ﬁ(I ) into
HES | oD
Theorem 1.2. For vu+2v—a =1, the transformation H a,’l: f/ Z; is a continuous linear map from
H’ ,#,V . ﬁ(I ) into H, Z’,Vea (D), and its inverse is a also continuous linear map from I]-I]2Z’Vea 5D
into I]-I] ,H,V . /3([)
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For further work, the following recurrence relations will be utilized:
1) @D x"F I (Br)] = (VB VT (BxY), (1.22)
() 2D T M (Br )] = (=v ) x TV E T (). (1.23)

This work is split into four sections. Section [1| provides an overview of quadratic-phase Hankel
transformations and Zemanian-type spaces. Also, some differential and integral operators are
listed. Section [2|is devoted to the study of quadratic-phase Hankel transformations of random
order and its inverse. Also, the continuity of these transformations across Zemanian-type spaces
are analyzed. A few fundamental characteristics of QPHT of random order using differential
operators are provided. The generalized QPHT of random order are introduced in Section
The last section discusses the use of the QPHT of random order in the solution of generalized
partial differential equations.

2. Quadratic-Phase Hankel Transformations (QPHT) of Random Order

Motivated by the work of Linares and Pérez [2], Pathak [6] and Zemanian [11] for
the conventional Hankel transforms, we have introduced the quadratic-phase Hankel
transformation of random order. The first and second quadratic-phase Hankel transformations
are defined in and for the condition v +2v —a = 1. In this part, we have eliminated
this restriction by using an additional positive integer parameter m together with u,v,a, 8 and
a,b,c,d,e as previously mentioned, such that vu+2v—a+m =1 and defining the extended first
and second quadratic-phase Hankel transformations H*?%%¢  and H*>%%€  of any function

Lu,v,a,B,m 2,u,v,a,B8,m
fe Hcf;l:v,a, s and g€ I]-I]gfivya’ 5(I), respectively, as:
a,b,c;d,e _
(HyDeste Flo=F®
_;z V,B o ,b,eid, ;d ;d
B (_1)m (e ” ?yv) (H(iufma‘ia’ﬁ (Nz+m—1,v,a,ﬁ N .NZ?V’a’ﬁf)) (y) (2.1)
and
,b,¢5d, _
(Hg e 8) ) =G)
-z Vﬁ - a,b,c;d,e *,a;d *,a;d
= (e E 73}1/) (H2,u+m,v,a,ﬁ (Mu+m—l,v,a,ﬁ e Mp,v,a,ﬁf)) (y) (2'2)
The inverse of (2.1) and (2.2) respectively are:
b,eid -1
((H‘{;u;j;a;;,m) F(y)) (@) = f(x)
—'EV,B m a;d -1 a;d -1 —c¢,—b,—a;—e,—d
=" (e E ?) ((N.U,Vﬂ,ﬁ) o (N,u+m—1,v,a,ﬁ) (Hl,u+m,v,a,ﬁ yva(y)) () (2.3)
and
bede 7L
((Hg,pj,a’;,m) G(y)) () = g(x)
—iZ Vﬁ m *,a;d -1 *,a;d -1 —c,—b,—a;—e,—-d
B (e K ?) ((Mu,v,a,ﬁ) (Mwm—l,v,a,ﬁ) (H2,u+m,v,a,ﬁ yva(y)) (). (2.4)
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Theorem 2.1.Let p,v,a,B be any real number and m a positive integer such that

viu+2v—a+m=1. Then, the first QPHT of random order Hobede

Luv,a,Bm is a continuous linear map

Ha,b,c;d,e

-1
l,u,v,a,ﬁ,m) is also continuous

from I]-[I1 v ﬁ(I) into I]-H1 v ﬁ(I) Furthermore its inverse (

linear map from H ¢ ﬁ(I ) into H ).

1!“’“ ,ﬂ,Vﬂfﬁ

Proof. For all q,k € Ny and v € HY ﬁ(I ), evidently it is clear that

lua

Lu+1l,v,a,p Lypyv,a,p
Yq.kad ( e ﬁ‘/’) q ki 1,a:a\W)-
Thus, we get that v — — nod wv.ap ¥ is a continuous linear mapping from [H] ,pva ﬁ(I ) into

a;d

e 1v,0,60D:
(i) Continuing in a similar manner, we have v — — Nod wrm—1v,ap Z‘Via P14 is a continuous
linear mapping from [I-I] d ﬁ(I) into I]-[I1 L mv.a ﬁ(I).
(ii) Also, we note that ¢ — H ‘f 2 frjja sV is a continuous linear mapping from I]-H1 wimia D)

c,—e
into [I-H1 y+m,v,a,ﬁ(I)'

(iii) As, yHv®P ((ﬁ V)_m w) = myl,wm,a,ﬁ(w) Consequently, it follows that v — (%x")_mw

q,k,—c;—e\\ b b I'qk,—c;—e
is a continuous linear mapping from [H]1 mva ,3([ ) into H ﬁ(I ).
a,b,c;d,e

,IJ,V,(X ﬁ m

1 p v,a
is a continuous linear mapping from

a,b,c;d,e
Luv,a,p,m

When we combine (i), (ii), and (iii), we get that H

-1
HT ﬁ(I ) into [H] ﬁ(I ). In the same way, the inverse transformation (H ) is also

1 TR
continuous linear mapplng from I]-I] ﬁ(I ) into [H] v.a ﬁ(I ). O

By using the same argument as in the preceding Theorem, we may prove the following

remark for Ha beide
,N,V,a ﬁ m

Remark 2.2.Let u,v,a,B8 be any real number and m a positive integer such that

viu+2v—a+m=1. Then, the second QPHT of random order Hgﬁig;m is a continuous
, -1
linear map from I]-[I2 hv.a,pd) into H, %™ v ﬁ(I ). Furthermore, its inverse (Hgssgzm) is also

continuous linear map from I]-I]Z’Z,V"3 o s into I]-I];:f vapD-

Theorem 2.3. For every positive integer m and whenever vu+2v—a =1, the first QPHT of

random order H*>%%¢  coincides with H a’b’C;d’e. Additionally, the inverse of first QPHT of

1’H’V’a’ﬁ7m 7 7 7 7ﬁ
-1
a,b,c;d,e -c,—-b,—a;—e,—d
random order (H Liv.a, ﬁ,m) coincides with H € Liv.af .

Proof. Suppose viu+2v—a =1 and f € HY (I); then for m =1, we have

lpvaﬁ
.7 -1 . .
(1 f)or=—[e 80y (HEhte, o (N, of ) o)

—1-a+v _if(cy*’ +ey") o v(u+1) IB v
e x Ju+1 Z(xy)
0

x D, [x—vy+a—2v+leiﬂ(axzv+dxv)f(x)] dx.

— _e—i72—[(1+/.1)y
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Using integration by parts and (1.22), we have

o _1_ . 2v v oo ﬂ
= o B Lty ifley™ ey )f D, [V, (Z(xy)v)]

0
— — ; 2v v
vu+a 2v+lelﬁ(ax +dx )f(x)dx

X X

— e—i%(lﬂt)

—1-a+v_iflcy® +ey") *
y e

2v-1 V_ﬁ V..V (E v)
A X (by)x Jy b(xy)

— — ; 2v v
x x VHtTQ 2v+lezﬁ(ax +dx )f(x)dx

— %e—i%(l+p)y—1—2a+2vfooeiﬁ(ax2V+cy2V+dxv+eyv)(xy)a’Ju (g(xy)v) f(x)dx
0

(25
For m =2

Emw (ORI (e

l\3|=l

-2
_ﬂ) VB (- i5nD) 1-a ey sy f v
b 0

x o (g(xy)v)Dxx1_2VDxeiﬁ(axzv+dxv)x_vu+a_2v+lf(x)dx

:_(e Vﬂ) vﬁe_i%(1+#+2)y_1_aeiﬁ(cy2v+eyV)f°°(ﬁyv)
b b o \b

% xv(,lHI)JH_‘_1 (g(xy)v) Dx [eiﬁ(ax2v+dxv)x—vu+a—2v+lf(x)] dx

ml:l

— %e—i%(1+ﬂ)y—1—2a’+2vfooeiﬁ(ax2v+cy2v+dxv+eyv)(xy)afJu (g(xy)v) f(x)dx
0
H* b,c;d,e
= (Hniesr) o)
In the same way, induction may now be used to prove the statement.

(Ha,b,c;d,e f) (y) — (Ha,b,c;d,e f) (y)

Lu,v,a,pB,m Luv,a,p

a,b,c;d,e )_1

Now, for the inverse (H Lisv.afom

o= ((Etess,) Fo))w

1,#7V a ﬁ m

S e I (o R L s ) 8

Considering m = 1 and using the recurrence relation (1.22), we obtain

((Hi’:ﬁ:ﬁji:z’l)_lF(y)) (x) = —%-i%((zvgjg{a, o) (H ey R ) @

=7

% _an _ 1 2y v x _ _ . 2v v
ﬁ L2xvp a+2v 16 iBlax*’+dx )f ¢ vu+a vezﬁ(at +dt")
0o

x (ei%(1+N+1)Vb_ﬁt—1—2a+2vfooe—iﬁ(atz"+cy2v+dt"+ey")(ty)a
0

x Jut1 (g(ty)v)y”F(y)dy)dt
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Vﬁ 1Z(1+p) vu—a+2v-1 —iﬁ(axz"+dxv) o a_—if(c 2V 4 eyY)
:?e2 K Vi e yre R TR (y)
0

x
o
_ %ei%(1+y)x—1—2a+2v fooe—iﬁ(ax2"+cyzv+dx"+eyv)
0

x (xy)*Jy (g(xy)v) F(y)dy

= (Hijiias ™ FO) @

For m =2,

(s ) FoJeo = (et (e ) (V)

() @

2 x to
v T . 2v v Vi —
— (7'66_17) xvy—a+2v—le—tﬁ(ax +dx )f t(Z)v—lf tlvy 1
00 0o
% eiﬁ(at?"+dt{)ﬁeig(u+3) fooe—iﬁ(at%"+cy2v+dtz+ey")ya
b 0
x Bty | Fiyyy?dy dt d
+2 Z(tly) (y)y“"dy dt; dto

VB2 i aravet —iptas ey [F vt [ 5T —ipersert
_ vu—a+2v-1_—if(ax*+dx") t2v 1 ig(1+p) —if(cy’ +ey”)
=- b X e 0 e e

00 0

x F(y) y** 1%V, (g(toy)v) dy dto
_ Vb_ﬁ i B+ ~1-2a+2v foo

0 e‘iﬁ(axm+cy2”+dxv+eyv)(xy)a°]“(g(xy)v)

x F(y)dy

= (s ™ P .
Hence, proceeding similarly, we obtain

-1
a,b,c;d,e _ —c,—b,—a;—e,—d
(Hl,p,v,a,ﬁ,m) - (Hl,p,v,a,ﬁ ) : H

Lemma 2.4. Let m,k € Z, be any positive integers such that m,k = —(vu+2v —a). Then

the extended quadratic-phase Hankel transform H ‘ll’b’C;d’e coincides with H*>%¢  on
’l’t?V’avﬁ’m 1,,U,V,a,ﬁ,k
a;d

M3 a6

Proof. From definition of QPHT of random order defined as (2.I), it is clear that H ‘fssj; m
remains independent of the choice of m whenever vu+2v —a = 1. Indeed for m > %k > 0 using
the Theorem we observe that H (llllszdvea smr =H (llsfkdvea 5> hence

a,b,c;d,e _ m| —iZ vp v - a,b,c;d,e a;d ad
(Hl,,u,v,(x,ﬁ,mf) (y) - (_1) (e ? ?y ) (Hly,u-'-m’V’aaﬁ (Nﬂ+m_lyvaa’ﬁ . .N)u7vya7ﬁf)) (y)
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. —k . —(m—Fk)
:(_1)k (e—zgvb_ﬁyv) (_1)m—k (6—15¥yv)

a,b,c;d,e a;d
X (Hl,,u+k+m—k,v,a,ﬁ (N,u+k+m—k—1,v,a,ﬁ : u v,a ﬁf))(y)

Applying Theorem the previous expression becomes
-k
a,b,c;d,e _ E| -iZ vp a,b,cd,e ad a;d
(Hl,H,V,a,ﬁ,mf) =D (e & ?y") (Hl,,u+k,v,oc,l3 (N/Hk—l,v,oc,ﬁ o 'NN,V,a,ﬁf)) )

b,c;d
(Hcllus a;kf)( )
This completes the proof of Lemma O

Lemma 2.5. Let u,v,a,p be any real numbers and m be a positive integer such that

vu+2v—a+m=1. Thenforfel]-l]luvaﬁ(l), we have

,b,eid, ,3 ,b,c;d,
B N (Hebede p)(y)=- z—(H;{y G i @ D)),
b,c;d,e a;d . ﬁ ,b,eide
(ii) ( e b (Nw,a,ﬁf )) W) =i~y (Hiy,v,a,ﬁ,mf ) ),

i) (HyDode (A% Waﬁf))(y)-—(%yV)z(Hi‘,’ﬁjﬁfijz,mf)m,

( A c;— Ha,b,c;d,e ( ) _ V:B 2 Ha,b,c;d,e v )
IV) ,,Ll,V a ﬁ( 1 IJ,V a ﬁ’mf) y - ? ( l,ll,V,a,ﬁ,mx f) (y .
If the function f € [I-[I1 v ﬁ(I), then

o (gt (Mo, F)) o=y (B0 ) o0

. vV .
60 My (HE S, ) ) = =i (HERELS 2] )

Proof.
. —c;—e a,b,c;d,e
(1) N,u,v,a,ﬁ (Hl,,u,v,a,ﬁ,mf) (y)
— (_1)meim% (ﬁ)—m eiﬁ(cy2v+eyV)yvu—a+v foo (ﬁ) e_i%(1+u+m)
b o \ b
— 2v v . .

ny (y V(“+M)Jp+ (ﬁ(xy)v)) a zﬁ(ax +dx )(Nz;dm—l,v,a,ﬁ"'NZ:wc/i,a,ﬁf) (x)dx. (2.5)
Now,

a;d (x)

p+m-Lv,a,p" " ,u v,a ﬁf X

:e—iﬁ(ax2"+dx")xv(/,t+1)—a+v(m+2)—1 (x1—2vD ) zﬁ(axzv+dx") —v(u+1)+a—-2v+1 Vf(x)

a;d a;d
= N,u+m v,a,p " 'Np+1 v,a,ﬁxvf(x)‘ (2.6)

Using (2.6) in (2.5), we have

c;,—e a,b,c;d,e
Nywap (H Lviapml ) )

— (_1)m+1 (@) eig (e—i% ﬁyv)_m ﬁe_i%(2+p+m)y—1—2a+2v
b b b
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oo . 2v 2v v v . :
Xj(; (xy)aJ”+m+1 (g(xy)v) ezﬁ(ax +cy*V+dx"+ey )(NZme,v,a,ﬁ .. 'NZfl,v,a,ﬁxvf(x)) (x)dx
_V,B iz V,B - a,b,c;d,e a;d a;d
i T (e K ?yv) (Hl,,u+m+1,v,cr,ﬁ (Nu+m,v,a,ﬁ ” 'Nu+1,v,a7ﬁxvf)) )
.V,6 a,b,c;d,e
= _L? (Hl,u+1,v,a,ﬁ,mxvf) ).
Thus the result (i) is obtained
.. ,b,e;d,
Gy (Epbete | NG F)o)
4 V,B -m a,b,c;d,e a;d
- (_l)m (e k ?yv) (Hl,ﬂ+1+m,v,06,ﬁ (N,u+1+m—1,v,a,ﬁ : [,L,V a ﬁf)) (y)

e 1)( iz VP ,6 )(_1)m+1 (e—i%ﬁyv)_(nﬁ-l) (Ha’b’C;d’e (Na;d Na;d f))( )
b Lu+m+1v,a,B p+myv,a,f 0 pv,a,B Y

_ lﬁ (Ha,b,c;d,e f) ().

b Luv,a,f,m+1
Using Lemma [2.4]
a,b,c;d,e :B a,b,c;d,e
(H Lu+l,v,a,B,m ,uvoc,Bf) (y)_ L_ (Hl,y,v,a,ﬁ,mf)(y)'
Thus, we get the required result (ii).
Then, applying (1.18), we obtain

In order to prove the property (v), let f € I]-I]1 Ly,

a,b,c;d,e
(Hl,,u,v,a,ﬁ m ( IJ v,a ﬁf)) (y)
ﬁ)mﬁ_~z(1 “1—a+2v [ iBley®rey” p
I B igeany e [P, iy
-y (b b Y 0 e ()
vu+v(m+2)—1 (xl—Zva)mx—2vy—2v+lexvy+a—v+1eiﬁ(ax2v+dx1/)f(x)dx

ﬁ -m Vﬂ _n _1_ . 2v v oo ﬁ
— (- 1)m( Ly L B+~ L2y ifley™ ey )fo Tyim Z(xy)v
vu+v(m+2)—1 [21/[1 (xl—ZVDx)m x—vy+a—3v+leiﬁ(ax2v+dx")f(x)

n ( 1—2va)m+1x—vu+a—v+leiﬁ(axzv+dx")f(x)] dx.

Suppose that f1(x) = xVHHa=8vH1 piflax® +dx") f(x) and reducing the second term on the right side,

we obtain
a,b,c;d e
(Hl,/,t,v,a,ﬁ m ( ,U v,a ﬁf)) (y)
;T . v v [ee]
=" ( bﬁ ) Vb_IBe_lg(1+H)y_POHzV@Lﬁ(Cy2 e 0 Jy+m (g(xy)v)

w pVHHV(m+2)-1 [QV(u+m+1)(x1_2VDx)mf1(x)+x2V (xl 2va
bv (H a.b.cid.e f ) (y) is equivalent to (2.7). Therefore, using (1.23),

)t fl(x)] dx. 2.7)

We now have to show i%y Lilv,a,pom
we obtain

-Vﬁ v a,b,c;d,e

"7 (H Ly+1,v,a,6m ) @)
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2 -m
. Vﬁ Vﬁ -z —1- R 2v v
— l( ) yv (_ yv) e 12(2+y)y 1 04+2v‘/v ezﬁ(cy +ey )J/.t+m+1
b b 0
: 2v v
(g(xy)v) xv(,u+1)+v(m+2)—1 (xl—ZVDx)m ez,ﬁ(ax +dx )x—v(,u+1)+a—2v+1f(x)dx’

we know that
-1
Jyrm+1 (g(xy)v) = (_Vb_ﬁyv) xl_zva(#+m+1)Dx [x_V(y+m)Ju+m (g(xy)v)] .
Therefore, (2.8) becomes
.vB byeid,
l?yv (Htll,pfl,vix,ﬁ,mf) (y)

v Y "vB _.x 1
(-1 m+1( v) e 12(1+p) 1-a+2v
(-1 27 D y
% iBley® +ey”) o 2vu+2vm+2vD —v(p+m)J ﬁ v
e 0 X x | X p+m E(xy)

y (x1—2va)m eiﬁ(ax2"+dxv)x—v(,u+1)+a—2v+1f(x)dx

-m
=(-D" (ﬁyV) Y it ymtoaezygiptey™ sey” fo e (g(xy)”)

b b
x xv(ﬂ+m+2)—1 [2V(u+ m+ 1) (xl—ZVDx)m f]_(x) +x2V (xl—szx

Using (2.7) and (2.9), we conclude that

(et (mop))or=iLyr (mebeie  F)on.

(1) be any function. Next, we have

)m+1

a;d

For (vi), let f € H1p+1vaﬁ

—c;—e a,b,c;d,e
Mu,v,a,ﬁ (Hl,u+1,v,a,ﬁ,mf ) )

-m
— eiﬁ(cy2V+eyv)y—vy—aDyyvy+a—v+le—iﬁ(cy2V+eyV)(_ 1)™ (e—l'72—I ¥yv)

(e.0] . v v
% f J,u+m+1 (g(xy)v) xv(y+m+3)—1 (xl—Zva)m etﬁ(ax2 +dx )x—v,u+a—3v+1f(x)dx.
0

Let eiﬁ(ax2v+de)x_vu+a—3v+1f(x) — fl(x) and using (1.22). Then
—c;—e a,b,c;d,e
M,u,v,a,ﬁ (Hl,,u+1,v,a,ﬁ,mf) (y)

-m
_ (—1)m (e_i% ﬁ) eiﬁ(cy2v+eyV)y—vu—a%e—i%(2+u+m)

b
X‘[
0

+y_2vay (yV(#+m+1)Jy+m+1 (g(xy)v))

v(,u—m+1)—1J

—2vmy ptm+1 (g(xy)v)

xv(y+m+3)—1 (xl_szx)m f]_(x)dx

— 2Vm(—]_)m+1 (e_i% ﬁ)_m eiﬁ(0y2V+eyV)Vb_ﬁe—i%(Z+p+m)y—vm+v—a—l

X\[O xV(u+m+3)x_lJH+m+1 (g(xy)v) (xl—ZVDx)m fl(x)dx
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b b Y
©  utm+4)-1 B, W)(i-2vy \m
y fo x Tuem (5| (172D,)" frla)d.

When the first integral is integrated by parts, the above expression becomes

- 2
+(=D)™ (e—i%‘/_ﬁ) m(V_ﬁ) e—ig(2+y+m) 2v—-vm-a-1

ik vB (_e—i’z—’ vB v)_m ﬁe—ig(1+p+m)y—1—a+2veiﬁ(cy2V+eyV)
b b b

S . v v
Xj(; Jp+m (g(xy)v) xvu+v(m+2)—1 (xl—ZVDx)m elﬁ(ax2 +dx )x_vu+a—v+1f(x)dx

=B (mgbete (@),

b Lu,v,a,f,m
In a similar manner, we can easily verify (iii) by using (ii) and (v) and obtain (iv) using (i) and
(vi). O

a,b,c;d,e

Similar calculations lead to the following results for H,, vapm’

Lemma 2.6. Let u,v,a,B be any real numbers and m be a positive integer such that

viu+2v—a+m=1. Then, forany g € I]-I]gfiv,a’ﬁ(l), we have
O My (50 ) =iy (HELE0E, ) 0)
) (Hy s, o (M5 38)) = 0Ly (EG2E25 ) ),
i (gt (852, ) 0= (L) (gt )
9 85 (3 g =~ (L) (mets xve)
Ifgeys oI, then
@) (Bt (N o)) 0=~ (HE RS ) )

. *,—C;—e a,b,c;d,e _ -V:B a,b,c;d,e
(Vl) Nu,v,a,ﬁ (HZ,M+1,v,a,ﬁ,mg) (y) - I’? (H2,u,v,a, m (xvg)) (y)

3. Generalized Quadratic-Phase Hankel Transformations of Random
Order

For any positive integer m, assume that u,v,a, f are all real parameters such that vu+2v —
a+m = 1. Then the first and second generalized quadratic-phase Hankel transformation of

la,b,c;d,e a,b,c;d,e . La;d La;d
L fm and H2,y,v,a,ﬁ,m respectively defined on I]-I]Q%V,a’ﬁ(l) and Hl,y,v,a,ﬁ(I)

c,b,ase,d . cse . . c,b,ae,d
H o uv.apom acting on HZ,p,v,oc, /3([ ) and adjoint operator of H Liv.afm

(I) respectively defined as

random order H

as the adjoint operator of

acting on H$*

Lu,v,a,p
la,b,c;d,e _ c,b,aze,d La;d cse
<H1,p,v,a,ﬁ,mf’(p> - <f’H2,u,v,(x,ﬁ,m¢>’ v f € HZ,u,v,a,ﬁ(I) and (/) € HZ,u,v,a,ﬁ(I)

and
La,b,c;d,e _ c,b,aze,d la;d cie
<H2,p,v,a,ﬁ,mg’w> - <g’H1,u,v,a,ﬁ,mw> ’ v 8¢ Hl,u,v,a,ﬁ(I) and ye Hl,u,v,a,ﬁ(I)'
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Theorem 3.1. With q being a positive integer and u,v,a,pB being any real numbers, let

viu+2v—a+m=1. Then, we get the following properties for f € IH]lzauai/ o ﬁ(I) as

G0 N, Wﬁ(H”“’b’“d’e f)(yh—iﬁ(ﬂ”“’b’“d’e =F) ),

17#9V,a’ﬁym 1,/J+1,’V,a,ﬁ,m
.. 1a,b,c;d,e 'B la,b,c;d.e
(1) (Hl,ﬂ+1,v,a,/3 mY v, ﬁf)) ) =ig- (Hl’ﬂ"”“’ﬁ’mf) )

() H/,a,b,c;d,e (A ) ( )_ V,B v 2 H/,a,b,c,;d,e ( )
111 ( Luv,a,f,m lyvaﬁf) y)=- ?y ( l,y,v,a,ﬁ,mf) Y,

(v) A —c;— (Hl,a,b,c;d,e )( )= V,B 2(Hl,a,b,c;d,e ( 2 ))( )

v ,y,vaﬁ l,p,v,(x,ﬁ,mf y)=- ? Luv,a,B,m X f Y-
,a;d

If feHgS, , , gD then

) (Hpwbhase (et ) )= z— y

/a,b,c;d,e f (v)
1,v,a,6,m Lu+Lyv,apm! |\

wv,a,f " Lutlv,a,f,m Luv,a,B,m

(1
(vi) (M—c;—e (H/,a,b,c;d,e f)(y)) _ ?ﬁ(Hl,a,b,C;d,e (xvf))(y).

Proof. For f € I]-H'z‘Ldv o [3(1 ) and using Lemma |2 V) we have

. —c;—e la,b,c;d,e la,b,c;d,e * ,cie
(1) <Nﬂ’v7a7:3H 7/‘L’V a ﬁ mf (p> < 17”"’ a :6 mf Hv,a ﬁ(p>
c,b,aze,d *,c5e
= (PH N )
ﬁ ¢,b,ase,d
<f’_l_ VHZ,u+1vaﬁm(p
Vﬁ 1,a,b,c;d e
:< 1=~ b Hl,u+1va,3m f’ (P>
Comparing the above result, we have

NGe (Hl,a,b,c;d,e f)( )= — L_ﬁ(Hl,a,b,c;d,e xv]c)(y)

H’V7a’ﬁ 17u?via’ﬁ7m 1,I’L+17v’a7ﬁ’m
Similarly, we can prove the other part. O

In the same manner as Theorem we will get the results for the second generalized
quadratic-phase Hankel transformation.

4. Applications

Here the theory of QPHT of random order has been applied to solve generalized partial
differential equations. Utilizing the subsequent findings, the following generalized partial
differential equations will be solved:

Problem 4.1. If u,v,a,f € R and m € N such that vu+2v—a+m =1, then for any | >0, we have

17u’v7a’ﬁ7m

(Ha,b,c;d,e S(x — l)) (y) — Vb_ﬁe—i%(1+u)lay—l—a+2veiﬁ(aZZV+cy2v+dlv+eyv)Ju (g(ly)v) )

Proof. Using (2.1), we have

(H ‘fﬁ:ﬁj‘;zz,mé (x — l)) ()
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_ (_e—ig Vb_ﬁyv)_m (Ha,b,c;d,e (Na;d Na;d 5(x — l))) (y)

Lu+m,v,a,p p+m-1lv,a,f """ wv,a,p

-m+1
_(ym (ﬁ) " e—i%(1+p)y—1—a+2v—vmeiﬁ(cy2V+eyV)fooxv(;wm)
b 0

x I yem (g(xy)v)Dx (x1—2va)m_1 eiﬁ(axz"+dxv)x—vp+a—2v+16(x —Ddx

-m+2
_(c1ym (@) " e—i%(1+u)y—1—a+2v—v(m—l)eiﬁ(cy2v+eyv)fooxv(u+m+l)_1
b 0

x Jyim-1 (Vb_ﬁ(xy)v) (xl—ZVDx)m_l eiﬁ(axZV+dx")x—vu+a—2v+16(x —Ddx.

Continuing in this manner m — 1 times, we get

(H‘fﬁj:z:;,m&x _ l)) (y) — Vb_lBe—i%(1+u)lay—1—a+2veiﬁ(alz"+cy2"+dlv+eyv)JN (g(ly)v) ) O
Problem 4.2. Consider the following problem.:

Pla) = AL L @) =8 =D, (4.1)
where 0 <l < oo and A‘f;lv op is as (LI2).

Taking first quadratic-phase Hankel transformation of random order H ;‘ssz; ., on both
sides of (4.1I) and using the Lemma (iii), we have

1 V:B v 2 Ha,b,c;d,e _ Ha,b,c;d,e 5( 1 ( )
+ ?y ( l,u,v,a,ﬁ,m(p) (y) = ( 1,u,v,a,8,m xX— )) ¥
Now using the result of problem we get

2
(14 (30| ) (it ) 0 = SemiBummy ez yagittartsestdtiven g By

Therefore,

)_1 y—l—a+2veiﬁ(cyzv+eyV)Jﬂ (g(ly)v)
1+ (%y")Z

m+2 x t
=(=1)™ (Vb_ﬁ) laeiﬁ(a(lzv—x2v)+d(lv—xv))xvu—a+2v—1/ t%v—lf Ot%v—l

0o
tm—-2 o _ (e’e}
foo tmvftl vm+2v lj(; Jp+m (g(ytm—l)v)

y—1+2v+va’u (g(ly)v)
X 5 dy dt;,-1...dt1 dig.
1+ (%y")

Changing the order of integration between ¢,,_1 and y and using the relation (1.23), we have

VB _in(+wga i@l +dlY) (grab.cid.e
Ple) = 3-e "2 e (H s m

(e9)

m+1 x
d(x) = (_1)m—1 (Vb_ﬁ) laeiﬁ(aﬂule)xw—a+2v—1e—iﬁ(ax2V+de)f t%v—l

o0
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2v-14+vm—v E v
to 2v-1 tm-3 2v-1 oy Ju (b (ly) ) tm-2 D
1 e m—2 Vﬁ 92 tm-1
[e'9) o0 0 1+ (Tyv) o]

X

- -1
tmv_(;{+m )Jp+m—1 (g (tm—ly)v) ] dtm—l dy dtm—2 cee dtl dtO-
Similarly, if we repeat the previous step, we get

o y2V1d), (g(ly)v) Jy (g(xy)")

1+ (%ﬁy")z

P(x) = (ﬁfl"‘x‘1‘“+2Veiﬁ(a(12”—x2”)+d(zv-xV)) f dy.
0

b

Using [1], we get the following solution for v #0 :

xV

Px) = l“x‘1‘“+2Veiﬁ(a(ZQV—x2v)+d(lV—xV))1 Iu (T)Ku (%) , if0<x<l,
VA Lu(B) K (5), ifl<x<oo,

v
where I, and K, are modified Bessel functions of the first and third kind, respectively, with
order (.
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