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1. Introduction

The investigations of a differentiable manifold with contact and almost contact metric
structures had been initiated by Boothby and Wang [5]. A class of almost contact metric
manifold and named as Kenmotsu manifold has been initiated by Kenmotsu [[16]]. Further,
the characteristics of Kenmotsu manifolds have been investigated by many authors such as
Sinha and Srivastava [23], Chaubey and Yildiz [6], Chaubey and Ojha [8], Chaubey and
Yadav [9], Ozgiir and De [19] and many others. The main invariants of an affine connection are
its torsion and curvature (Friedmann and Schouten [14]]). A torsion tensor of a connection is
defined as under

T(K1,K2) =V, Ko = Vi, K1 —[K1,K2], forall Ky,Koe X(N), (1.1)

where X(9)1) is a set of all smooth vector fields on 9. A connection V is symmetric and
non-symmetric according as T(X1,XK9) =0, and T(K1,K2) # 0, respectively. The idea of semi-
symmetric connection on a differentiable manifold has been proposed by Friedmann and
Schouten [14]. A linear connection V on 9" is called semi-symmetric if

:j'(le,sz) = n(xz)le - T](le)sz, for all 9<1,9<2 € .’f(m), (1.2)
where 7 is a 1-form associated with the vector field { and satisfies
n(X1) = g(XKq,8), for all Kq,Kg € X(ON). (1.3)

Further, the idea of metric connection with torsion on a Riemannian manifold has been initiated
by Hayden. A connection V is metric and non-metric on )1 according as Vg =0 and Vg #0,
respectively, where g is a Reimannian metric in 9)1. The idea of semi-symmetric non-metric
connection has been initiated by Agashe and Chafle [1]. The quarter-symmetric connection in
a differentiable manifold with affine connection has been investigated by Golab [15]. Further,
characteristics of quarter-symmetric metric connection have been investigated by several
geometers like Rastogi [22], Mishra and Pandey [[18], Yano and Imai [28], Kumar et al. [[17]],
and many others. The semi-symmetric non-metric connection in a Kenmotsu manifold has been
investigated by Tripathi and Nakkar [26]. In line with this, Chaubey and Yildiz [|6] initiated
another semi-symmetric non-metric connection. Later on some other authors, like De and
Pathak [10], Pankaj et al. [20,21] studied several connections. Tripathi [25] has justified the
presence of a new connection and showed that in special cases.

We have decided by above investigations to study characteristics of Kenmotsu manifolds
admitting a semi-symmetric non-metric connection. Section (1| is introductory. Section 2| is
concerned with some basic results of Kenmotsu manifolds. The necessary results of a semi-
symmetric non-metric connection are given in Section (3| Basic characteristics of Riemannian
curvature tensor with respect to a semi-symmetric non-metric connection have been investigated
in Section 4] Semi-symmetric Kenmotsu manifolds admitting a semi-symmetric non-metric
connection have been investigated in Section |5, Ricci semi-symmetric Kenmotsu manifolds
admitting a semi-symmetric non-metric connection have been investigated in Section [6] Locally
¢-symmetric Kenmotsu manifolds admitting a semi-symmetric non-metric connection have
been investigated in Section [7| In Section |8 we give an example.
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2. Preliminaries

Suppose M be an (2n + 1)-dimensional almost contact metric manifolds with an almost contact
metric quartet (¢,¢&,n, g) consisting of a (1,1) tensor field ¢, a vector field ¢, a 1-form 1 and the
Riemannian metric g on 2N satisfying [3},27]:

n@)=1, ¢ =0, nPpK1))=0, g(K1,5=n(Xy), (2.1
P*( K1) = K1 +n(K1E,  g(K1,pKz) = —g(¢pK1,Ka), (2.2)
8(pK1,9pXs2) = g(K1,K2) = n(K1)n(Kz). (2.3)
An almost contact metric quartet (¢,¢,7, g) is a Kenmotsu manifolds [16] iff
(Ve P)(K2) = g(pK1,K2)¢ — n(K2)pKs. (2.4)
It is also defined by above investigations.
Vi, & =K1 —n(XKq1)é, (2.5)
(Vae, M(K2) = g(K1,Ks2) —n(K1)n(K2) = g(¢pK1, 9K 1), (2.6)
R(K1,K2)¢ =n(K1)Kg —n(Ka)Ky, (2.7)
R(E, K1)Kg = n(Ko)Ky — g(Ky,Ke)¢, (2.8)
RS, K1)¢ = K1 —n(K1)s, (2.9)
NR(K 1, K2)K3) = g(K1, K3In(Kse) — g(Ke, K3)n(X1), (2.10)
S(PpK1,pK2) = 8(K1,K2) +2nn(K1)n(Kse), (2.11)
8(K1,&) = -2nn(Ky), (2.12)
8(K1,K2) = g(QK1,Ko), (2.13)

YV K1,K9,K3 € X(), where X(90) is a set of all smooth vector fields on 99t and R, 8§ and Q
represent the curvature tensor, Ricci tensor and Ricci operator of the manifold O, respectively,
with respect to the Levi-Civita connection V.

Definition 2.1. An almost contact metric manifold )1 is said to be an n-Einstein manifolds if
there exists the real valued functions ©1, ®9 such that

8(K1,K2) = ©18(K1,K2) + Oan(Kn(K2). (2.14)
For ©9 =0, the manifold 91 is an Einstein manifolds.

Definition 2.2. A Ricci soliton (g,V,0) on a Riemannian manifold is defined by
Lyvg+28+20g =0, (2.15)

on I, where £yg is a Lie-derivative along the vector field V of metric g and ®€ R. The
Ricci soliton (g,V,0) is shrinking, steady and expanding whenever, ® <0, ® =0 and © > 0,
respectively [2].

Definition 2.3. The Ricci tensor S of a Kenmotsu manifolds is said to be n-parallel if it satisfies

(Vae, )Xz, pK3) = 0. (2.16)

Commaunications in Mathematics and Applications, Vol. 15, No. 1, pp.|145 , 2024



148 Some Properties of Kenmotsu Manifolds Admitting a New Type of Semi-Symmetric...: A. Singh et al.

The idea of Ricci n-parallelity for Sasakian manifolds was investigated by Yano and Kon [27]].
In [11] the authors proved that a 3-dimensional Kenmotsu manifold has n-parallel Ricci tensor
iff it is of constant scalar curvature.

3. A Semi-Symmetric Non-Metric Connection

Let us define, a linear connection V [4,13] as

1, K = Vi K-+ 2 0K - 1K) (3.1)
satisfying

T(K1,Ka) = n(K)K1 - (K 1)Kz, (3.2)
and

(2,05, 55) = 3 [20(IC1)8 (K, K) — 1K) (01, K) = K )g (K, K. 3.3)

for arbitrary vector fields K1, Ko and K3 is said to be a semi-symmetric non-metric connection.
Also, we have

(Vie, p)(K2) = %[Z(Vjclcb)(sz) - nN(K)p(X 1], (3.4)

(Vae,M(K2) = (Vae, (K 2), (3.5)

Vi, &) (K1, K3) = %[2n(9<1)g(¢9<2, K3) —n(K3)g(XK1, pXK)l. (3.6)
On replacing K9 by ¢ in the equation (3.1), we have

Vg, & = gvxlf- (3.7)
On replacing X1 by ¢ in the equation (3.3), we have

(Veg)( Kz, K3) = g(¢K2, K3) = (Vac, n)(Ks). (3.8)

Hence we have the following propositions:
Proposition 3.1. The vector field & with respect to V and V is related by equation (3.7).

Proposition 3.2. Co-variant differentiation of g with respect to contra-variant vector field & is
given by the equation (3.8) in a contact metric manifold admitting connection V.

The curvature tensor R of V defined as follows
5{(3{1,%2)3{3 = 69(:1 69{29(3 - 69{2 6j(:l j<:3 - 6[5}61;}{2]3{3, (39)

where K1,Kq,XK3 € X(EMN).
Using equation (3.1) in (3.9), we have

~ 1
R(K1,K2)Ksz = R(K1,K2)Ks + 5[(V9<171)(9<3)5<2 — (Vge,M(K2)K3
= (Vae,M(K3)K1 + (Vae, (K 1)Ks]
1
+ 1[77(9(2)77(%3)%1 - (KX pn(XK3)XKzl, (3.10)
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where
R(K1,K2)K3 = Vi, Ve, K3 = Vi, Ve, K3 = Vige, 56,1 K3 (3.11)
is the Riemannian curvature tensor [3]] of V.

Proposition 3.3. The relation between Riemannian curvature tensors R and R with respect to
connections V and V, respectively is given by the equation (3.10).

4. Some Curvature Tensor of Kenmotsu Manifolds With a
Semi-Symmetric Non-Metric Connection

Now using equation (2.6) in equation (3.10), we have

- 1
R(K1,K2)K3z =R(K1,K2)K3 + §[g(5<1,9<3)9<2 -8(Kg,X3)X1]

+ Z[n(xz)n(ﬂﬁ)jﬁ =K 1)n(Ks3)XKz]. (4.1)
Contracting of with respect to K1, we have
8(K2,X5) = 8(X2,XK3) — ng(Ka,Xs) + gnn(sz)n(iKg). (4.2)
Using in equation (4.2)), we have
81, = %5 (K1) + S I, 43)
Again contracting equation (4.2), we have
T=t- g(4n 1), (4.4)

where g(ﬂ(g,ng); S(Ksq,K3), }5; £) and T; v are the Ricci tensors, Ricci operators and scalar
curvatures of V and V.
On replacing K by ¢ in (4.1) and using (2.1), (2.2), we have

R(E, K2)K 5 = R(E, K2)K3 — %g(sz,fK3)€ + Zn(sz)n(ng)ﬁ - %n(ﬂ%)ﬁKz. (4.5)
In view of and (4.5), we have

TE, KoK = 5 1-28(0n, Ks)E + 1CKIKE+ MK (4.6)
Again on replacing X3 by ¢ in and using (2.1), (2.7), we have

T, Kl = SR, Kl = 2T (K1, Kz) £0. @

Thus, we have the following theorem:
Theorem 4.1. Every (2n + 1)-dimensional Kenmotsu manifold admitting connection V is regular.

Now operating 1 on both sides of equation (4.1) and using equation (2.1), we have
~ 1
NR(K 1, K2)K3) = 5[2g(9<1,5<3)17(5<2) —2g(Kg,X3)n(XK1)
+8(K1,K3In(Ke) — g(K2, K3)n(K 1)1 (4.8)
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On contracting of (4.7) with respect to X, we have
- 3
8(Kg,8) = —Enn(sz). (4.9
In view of equations (4.2)), (4.3) and (4.4), we have the following lemma:

Lemma 4.1. In a Kenmotsu manifold Ricci tensor, Ricci operator and scalar curvature with
respect to connections V and V are related by the equations [4.2), @.3) and (4.4).

Proof. On taking R(K1,K2)K3 =0 in the equation @.1), we have
R(K1,K2)K3 = —%[g(ﬂ(l,xg)xz - 8(Ko,K3)XK1]— Z[T}(.‘Kz)n(ng)le -n(K1n(K3)Kq]. (4.10)
Thus
R, 50, K, K = 2 801, K )g (K, K + 3 800, K01, %)

- Zn(xz)n(%)g(xl,ﬂ%) + ?—Ln(ﬂcl)n(%)g(xz,m). (4.11)
Contracting of with respect to vector field X1, we have
8(0Cs, 53) = ng(K, Ks) — - n(Kan(Ks). (4.12)
Using equation (2.13) in equation (4.12), we have
DKo =nKg— gnn(ng)f. (4.13)
Again contracting equation (4.12), we have
r= g(4n 1), (4.14)
O

By virtue of Definition [2.1] and equation (4.12)), we state the theorem:

Theorem 4.2. If Riemannian curvature tensor with respect to connection V in a Kenmotsu
manifold vanishes, then the manifold is an n-Einstein manifold.

5. Semi-Symmetric Kenmotsu Manifolds

A (2n + 1)-dimensional Kenmotsu manifold 9t with V is said to be semi-symmetric [20] if
(R(K1, K)R)(K3,K4)K5 =0,
i.e.
R(K 1, K2)R(Ks, Ka)K5 — REOAUK 1, K2)K3, Ka)K5
— R(K3, R K1, K2)K ) K5 — R(K3, K)R(K1,K2)Ks5 = 0. (5.1)
On replacing X1 by ¢, we have
R(E, K)R(K 3, KK — ROAE, K2)K3, Ka) K5
— R (I3, RE, K)K g K5 - R(K3, KR, K2)K5 = 0. (5.2)
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In view of equations (2.1), (2.2), (4.6), (4.7) and (4.8), we have
- ~ 1 _
"R(K3, K4, Ks5,K2) = g(Ka, Ka)n(R(E, Kg)K5) — 517(%2)17(9(3)17(9%(5,%4)9%)

1 ~ .
+ 517(%3)17(9%(9@, K4)XK5) — g(Ka, Kg)n(R(£, K3)Ks)
1 ~ 1 ~
+ 517(3(2)17(%4)77(9%(5,9%)%5) + 517(9<4)T](9%(9<3,5<2)9<5)
_ 1 _
+8(Ko, K5)n(R(K3, Kg)) — 5’7(9<2)T7(K5)77(9‘i(9<3, K4))

1 ~
+ 51NN (K3, Ko K). (5.3)
By using equations (2.1)), (2.2), (4.6), and (4.8), we have
- 3 3 3
"R(K3, K4, K5,Kg) = —§g(9<2,9<3)g(5<4,9<5) + 5g(9<z,9<3)17(5<4)1](5<5) - ZT](?C4)17(9C5)

3 9
+ §g(ﬂ<4,fl<5)g(ﬂ<5,ﬂ<3) - Zg(x4,5<2)77(5<5)77(9<3)- (5.4)
Hence, we have

~ 3 3 3 3
R(K3,K4)Ks5 = —Eg(i]{4,35)5<3 + §n(9<4)n(5<5)9<3 - 117(5{4)17(5%) + §g(9<5,5<3)5<4

- Z’I](K5)T](j<3)g<4. (5.5)

Contracting equation (5.5) with respect to K3, we have

8(XK4,K5) = —3ng(K4,Ks5) + g(2n — DK In(Ks). (5.6)
Using equation (4.2) in above equation, we obtain

(04, %5) = ~2n (s, K5) + 5 (n — D). 5.7)
Using equation in above equation, we have

NKy=-2nK4+ g(n —Dn(K4)E. (5.8)
Again contracting equation (5.7), we obtain

t= —%(8n2 +n+3). (5.9)

By virtue of Definition [2.1] and equation (5.7), we can state

Theorem 5.1. A semi-symmetric Kenmotsu manifold admitting connection V is an n-Einstein
manifold.

The Ricci soliton of data (g,V, ®) is defined by (2.15), where g, V, ©® are Riemannian metric, a
vector field and a real constant. Here two conditions come out with regard to the V:V € span{¢}
and V 1 span{¢}. Now taking V € span{¢}. The Ricci soliton of data (g,&,0) on a Kenmotsu
manifold admitting connection V defined as under:

(L) (K1, K2) +28(K1,K2) +20g(K1,K2) = 0. (5.10)
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V X1,Kg € X(OMN). Here Egg, the Lie-derivative of g with respect to { admitting connection V,is
defined as under

(£e8)(K1,K2) = g(Vi, &, K2) + 8(K1, Vi, &) — 28(PK1, ¢Ko). (5.11)
Now, using equations (2.1)), (2.3), (2.5), and (5.11), we have

(£e8)(X1,Kz) = 8(PK1,¢Ks). (5.12)
Using equations and in the equation (5.10), we have

g(pK1,90K2)—6ng(K1,K2)+3(2n — n(K1)n(Ke) +20g(K1,K9) = 0. (5.13)
On taking X1 = Ko = ¢ and using in (5.13), we have

0=>>0. (5.14)

Thus, we state the theorem:

Theorem 5.2. A semi-symmetric Kenmotsu manifold admitting connection V, the Ricci soliton
of data (g,&,0) is always expanding.

6. Ricci Semi-Symmetric Kenmotsu Manifolds

A (2n + 1)-dimensional contact metric manifolds 9t with respect to connection V is said to be
Ricci semi-symmetric [20] if

(R(K1,K2)- 8)(K3,Ky) = 0.

i.e.

SER(K 1, K2)K3, Kg) + S(Ks3, R(K1,K2)Kg) =0. (6.1)
On replacing X1 by ¢ and using in (6.1), we have

SR, K2)K3,K) + S(Ks, R(E,K2)Ky) =0, (6.2)
1.e.

3 ~ 3 ~ 3 ~ 3 -
- §g(9<2,5<3)8(5,9<4) + ZTI(:K2)77(1K3)8(§,K4) - Zn(Ks)S(fKQ,fKLL) - ég(fKZ,szl)S(jCS,é)

3 ~ 3 ~
+ 177(5{2)17(9(4)5(9%,5) - Zn(fK4)5(9<3,5<2) =0. (6.3)
In view of equation (4.9), the above equation yields
9 9 3 ~ 9
an(JCQ,JCB)U(JC4) - gnn(sz)n(ng)n(JQ) - 117(9(3)8(9(2,9(4) + an(sz, Kan(Xs)

- gnn(ﬂcz)n(ﬂcgm(ﬂq) - %n(ﬂq)'s“(ﬂcs,xz) =0. (6.4)
Again replacing X4 by ¢ and using in (6.4), we have
55, X3) = 3ng (K, Ks) + S n(KIn(Ks). (6.5)
Using in (6.5), we have
8(Ke,K3) =4ng(Kq,K3). (6.6)
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On contracting equation (6.6), we have
t=4n(2n+1), (6.7)
with the help of equation (6.7), equation takes the form
T= 3?’1(4n+3). (6.8)
In view of equation (6.6)), we can state following:

Theorem 6.1. A Ricci semi-symmetric Kenmotsu manifold equipped with connection V is an
Einstein manifold.

Using equation (4.1) in the given below equation
(RK1,K2) - 8)(K3,Kq) = ~SR(K1, K2)K3, Kg) — S(K3, R(K1, K2)Ka), 6.9)
we have

~ ~ 1
(R(K1,K2) - 8)(K3,K4) = R(K1,K2) - ) K3, Kyg) — Eg(x1,5<3)5(9<2,9<4)
1 3
+ §g(5<2,5<3)8(9<1,9<4) - Zn(sz)T](st)S(KLfKAL)

3 1
+ Zn(xl)n(sza)S(sz,JQ) - ég(le, K4)8(Ka,Ks3)

1 3
+ 5g(9<2,5<4)8(5<3,9<1) - Zn(xz)n(%;)s(?(s,?(l)

3 3
+ ZT](B1)T](9<4)8(9<2,9<3) —gn N(R(K 1, K2)K3)n(Ky)

3
—gn N(R(K 1, K2)K)n(Ks). (6.10)

If we assume (R(K1,K9) - S)(K3,Ky) = (5%(%1,(](2)-5)(9(3,564), then from equation (6.10), we
have

1 1 3
- §g(JC1,J<3)S(iK2,ZK4) + Eg(x2,9<3)3(9<1,5<4) - Zn(sz)n(iK3)S(fK1,fK4)
3 1 1
+ 117(9{1)17(9%)5(9(2,%4) - ig(le,szL)S(sz,ng) + Qg(ng,JQ)S(fK&J{l)

3 3 3
= —n(K2In(K4)8(K3, K1) + 177(%1)77(‘%4)8(‘7(2,9(3) - Enn(%(xl,xz)an(ﬂﬁ)

4
3
- QnW(%(Kl,Kz)Kat)n(jC:s) =0, (6.11)
where
(R(K1,K2)-8)(K3,Kyg) = =8(R(K1,K2)K3,K4) = 8(K3, R(K1,K2)K4). (6.12)

Now, replacing X4 by ¢ in the equation (6.11), we have
1 1 3 3
- 5g(9<1,9<3)8(9<2,6) + gg(sz,KQS(ﬂﬁ,cf) - Zn(sz)n(ﬂCg)S(JCl,f) + Zn(ﬂcl)n(xg)S(JCz,f)

1 1 3 3
- §g(g<1, $)8(Ka, K3)+ Eg(xz, $8(K3,K1)— Zﬂ(iKz)ﬂ(«f)S(K:s,JQHZﬂ(xﬂn(f)s(f’{z, Ks)

3 3
- 5”77(9‘{(%1,9(2)9%)77(5) - §n77(9%(5<1,9<2)5)ﬂ(9<3) =0. (6.13)
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Now, using equations (2.1)), and in equation (6.13), we have
—3ng(K1,X3)n(XKq) - gng(le,JCP,)n(JCz) +3ng(Ka, K)n(K1) + gng(ng,Kg)n(JCl) =0, (6.14)
ie.
gn[n(ﬂﬁ)g(%z,xg) -n(K2)g(X1,X3)1=0, (6.15)

which is not possible. Hence we have the following:

Corollary 6.1. In a Ricci semi-symmetric Kenmotsu manifold admitting connection V

(R(K1,Ka) - 8)(K3,Kyg) # (R(K1, Ka) - S)K3, K ). (6.16)

Using equations (5.12) and (6.5) in the equation (5.10), we have

2(3n +0)g(K1,X2) + g(dpXK1,dpK) +3nn(K1)n(Ke) = 0. (6.17)
On taking X1 = K9 = ¢ and using (2.1) in (6.17), we have
9
@:—?"<o. (6.18)

Thus, we have the following:

Theorem 6.2. A Ricci semi-symmetric Kenmotsu manifold admitting connection V, the Ricci
soliton of data (g,¢,0) is always shrinking.

7. Locally ¢-Symmetric Kenmotsu Manifolds

Definition 7.1. A Kenmotsu manifolds 9t admitting connection V is called locally ¢-symmetric
[24] if

PP (Ve RN(K1, K2)K5) = 0
V K1,XK9,K3,X4 are orthogonal to ¢.
Taking covariant differentiation of ‘R with respect to K4, we have
(Vie, RNK 1, K2) K3 = Ve, R(K1, K2)Ks — R(Vae, K1, K2)K3
—R(K1, Vi, K2) K3 — R(K 1, K2) Vi, K3). (7.1)
Now using equations and in equation (7.1I), we have
~ 1
(Vi KUK 1, K2)K3 = (Ve RNK 1, K2) K3 + 5[217(%4)9‘{(3&,%2)%3 — (K DRK, K2)K3
= N(K2)R(K1, Kg)K3 —n(K3)R(K1,K2)Ky + g(K1, K3)n(K2)Ky
- 8(Ka,K3)n(K1)XK4]. (7.2)
Applying covariant differentiation on with respect to X4, we have
~  ~ ~ 1 - ~
(Ve , R)(K1,K2)Ks = (Vae, RIK 1, K2)K3 + 5[(V9<4g)(5<1,9<3)9<2 = (Vi 8)(K2, K3)K1]

3 - ~ ~
+ Z[(Vgcm)(j{z)n(ﬂ{?,)xl + (Ve M(K3)n(K2)K1 = (Ve )UK 1)n(K3) Ko
- (?g@n)(xs)n(le)KQ]. (7.3)
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Using equations (2.6), (3.3), and (7.2), we have
(Ve FNK 1, K2)K3 = (Ve RNK 1, K2)K3 + %[277(%4)9‘{(9@,3(2)%3 —N(KDR(K 4, K2) K3
—N(K2)R(K1,Kg)Ks —n(K3)R(K1,K2)Ky + g(K1,Ks)n(Ke) K4
— 8(K2,K3)n(K 1)Kl + %g(xl,x3)n(9<4)5<2 - %g(:KZ,:KS)U(fKQle
— 8(K4, K1)n(K3)K2 + g(K g, KoIn(K3)K1 — g(K4g, Kg)n(K 1)K
+ 8K, KKK — > KKK K-+ SnKnKenK oK.

(7.4)
Now applying (,b2 on both sides of equation (7.4) and using equation (2.2), we have

~ o~ 1
P2 (Vae, R)N(K1,K2)K3) = p2(Vae, RAK 1, K2)K3) + S [2n(K)R(K1, X)X

+ 2n(Kn(R(K 1, K2)XK3)¢ +n(K1)R(K g, K2)Kg

= (K 1)nR(K 4, K2)K3)E +n(K2)R (K1, K4)XK3

—(K2)n(R(K 1, K4)K3)E +n(K3)R(Kq,Ke)E

= N(K3)N(R(K1, K2)K4)¢ —n(K2)g (K1, K3)K4

+2n(K2In(Ka)g (X1, X3)¢ +n(K1)g(Ka, K3)Kg

—2n(K1)n(K4)g (K2, K3)é —n(K4)g(K1,K3)XKs

+1(K0)g (K2, K3)K1 + 2n(K3)g(K1, Ka) Ko

= 2n(K2)n(K3)g(K1,K4)¢ — 2n(K3)g(Ke, Ka)XKy

+2n(K1)n(K3)g(Ka, Ka)é + 2n(K1)g(K 4, K3)Ke

—2n(K2)g(Kyg, K3)XK1 + 3n(K2)n(K3g)n(K4) K4

= 3n(XnKz)n(K)Xal. (7.5)
Taking K1,X9,X3 and K4 orthogonal to ¢, then from equation (7.5), we have

P*(Vic, PNK 1, K2)K3) = p* (Ve RNK1, K)Kp). (7.6)

Theorem 7.1. The necessary and sufficient condition for a Kenmotsu manifold to be locally
¢-symmetric with respect to connection V is that the manifold is also locally ¢-symmetric with
respect to the connection V.

8. Example of a Three-Dimensional Kenmotsu Manifold

Let three-dimensional manifold 93 = {(t1, ta, t3) € R? : t3 > 0}, where ({1, t2, t3) are the standard
co-ordinates in R3. The vector fields [12]

0
=t3—, =t3—, = —fg—
G1 36t1 G2 36t2 3 36t3
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are linearly independent at each point of 9J1. Let g be the Riemannian metric defined by

g(Cl,C2)=g(C2,C3)=g(C3,C1)=0,}
(8.1)
g(c1,61) = g(c2,62) = g(63,63) =1,
where
100
g=10 1 O‘.
0 01

Let 1 be the 1-form defined by n(X;) = g(X1,¢3) for any K1 € X(ON). Let ¢ be the (1,1)-tensor
field defined by

(Pps1)=—c2, (Pc2)=¢1, (¢Pg3)=0. (8.2)
Now for X1 = iKicl + fK%cz + fK?c3 and ¢ = ¢3, using linearity of ¢ and g, we have
ncs)=n@ =1, $*(K1)=-K1+nK1)ss=-(Kic1+KIco) (8.3)

where iKi,fK%,fK? are the scalars and V K1,XKq9 € X(ON). Thus for ¢3 =¢, (¢,¢,n,g) defines an
almost contact metric structure on 2. Let V be the Levi-Civita connection with respect to the
metric g. Then, we have

[¢1,611=0, [¢1,621=0, [¢1,63]=¢1,
[¢2,611=0, [¢2,62]1=0, [¢2,63]=¢2, (8.4)
[¢3,611=—¢1, [¢3,621=—-¢2, [¢3,631=0.
Now using equation (2.3), we have
8(XK1,K2) = KIK3 +K2B2 + K353, (8.5)
Let us consider V, a Levi-Civita connection admitting a Riemannian metric g. Using the Koszul
formula
28(Vy, K2,XK3) = K18(Ksa,K3) + Kog(Ks, K1) - Ksg(K1,K2)
+8([K1,K2],K3) — g([K2,K3], K1) + g([K3, K11, Ko). (8.6)
By virtue of (8.6), we have
Vei61=0, V62=0,  Vg63=01,
Ve61=0, Ve,62=-63, V,63=¢2, (8.7)
Ve;61=0, Ve69=0, Ve63=0.
Again for K; = fK%cl + :K%Cg + fK?cg and ¢ = ¢3, we have

gvxlfs = gmicl +X3cal, (8.8)
1.e.

Vi, € = Kic1+Kca, (8.9)

K1 -n(XK1)é =K1 +KTce, (8.10)

where JC%,UC%,(K? are scalars. From equations and (8.10) it follows that the manifold
satisfies equation (2.5) for ¢ = ¢3. Thus manifold is a Kenmotsu manifold. In reference of
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equations (2.1), (3.1) and (8.7), we have the following:
~ ~ ~ 3

Vac1=0,  Vae=0,  Vae=c6

o s =~ 3

Ver61=0,  Vg62=0, Ve,63=562 ¢ (8.11)
S 1 & 1 ~

VC3C1:_§? VC3C2:—§C2, Vei63=0.

In equations and (3.3), we have
T(s1,63) =1(s3)s1 —N(61)G3
= 8(¢3,63)61— 8(¢1,63)63
=6¢1#0 (8.12)

and

~ 1
(Vc,8)61,63) = 5{277(C1)g(C1,C3) -1(s1)g(c1,63) —n(s3)g(c1, 61}

1
=—=#0. 8.13
2 7 ( )
Thus it is clear from (3.1) that V is a semi-symmetric non-metric connection. Now

Vi, &= ﬁﬂqcl+9€%c2+9€?g3§‘3
=K1V 63+ K2V 63+ K3V 63
= > (Kler + Kiew) (8.14)
By virtue of and we have verified the equations and (3.7). The 93(¢;,¢;)Sk;
1,7,k =1,2,3 of connection V can be estimated by using (3.11), and (8.7), we have
R(61,62)61=0, R(61,62)62=0, P(c1,62)63=0,
R(c1,63)61=0, R(c1,63)62 =0, NR(61,63)63=—¢1, (8.15)

R(c2,63)61 =0, R(c2,63)c2=0, NR(c2,63)63=—¢2,
along with R(¢;,¢;)¢; =0; V i = 1,2,3. By above discussions it has been verified equations (2.7),
2.9), (2.10) and (2.12) hold.
Analogously, we can estimate the 97{(@,; )Sk; i,J,k =1,2,3 of connection v by using equations

(3.10), (8.4) and (8.11), we have
R(c1,62)c1=0, PR(c1,¢2)c2=0, PR(c1,62)c3 =0,

~ ~ ~ 3
R(61,63)61=0, R(c1,63)62=0, NR(c1,63)53 = 250 (8.16)

R > N 3
m(C27C3)C1 = 07 9‘{(C27 C3)C2 = O, %(CQ’Cg)Cg = _ZCZ’

along with R(¢;,¢;)c; =0; ¥V i=1,2,3.
By virtue of (8.15) and (8.16), we have verified equations (4.1), (4.5), (4.6), (4.7) and (4.8).
The Ricci tensors 3(¢;,6%); j,k =1,2,3 of connection V can be estimated by using (8.15) as under

3
8(¢j k) =) 8RS, ¢Sk, Ci)-
i=1
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It is as under:
8(¢1,61)=0, 8(¢2,62)=0, 8(¢3,63)= —2,}

8(61,62) =0, 8(¢1,63)=0, 8(c2,63)=0.
In view of equation (8.17), we can easily verify equation (2.12).

(8.17)

Also in view of equation (8.17) we have verified the following:

(Vae, SN Ps1,62) =0, (Vi 8)Pps2,¢63) =0, (Vi) ps1,¢61) =0,

(Vae, SN Pps1,¢63) =0, (Vi 8)ps3,61) =0, (Vi 3)ps2,¢p62) =0, (8.18)

(Vae, 8)Nps2,61) =0, (Vae, SNps3,pc2) =0, (Vi 8)ps3,¢dps3) =0.
Thus we note that

(Vi 8)NpKa,¢pK3) = 0. (8.19)

V K1,Ke,Xs € X(9MN). Hence the Ricci tensor is n-parallel. In view of equation we can
easily verify the equation (2.16).
The g(cj,ck); j,k=1,2,3 of V estimated by using as under

~ 3 ~
8(¢jy6k) =Y 8(R(Gi,6))Sk,Gi)-
i=1

It follows as under:
g 3 ~ 3
S(C].,Cl):O, 8(C2,C2):0, 8(C3,C3):—§,}

8(¢1,62)=0, 8(c1,63)=0, 8(c2,63)=0.
In view of equation (8.20), we can say that the example validate the equations (4.2) and (4.9).

Hence, we can say that given example is suitable for verification.

(8.20)
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