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criterion for stability. Also, we obtained an upper bound for the growth rate, amplification factor of an
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1. Introduction

The study of stability analysis of stratified shear flows under normal mode approach has been
studied extensively (see Yih [15], Drazin and Reid [1]], Schmid and Henningson [13]). Parallel
shear flow problem is a standard classical problem of hydrodynamic stability. Kuo [6] considered
incompressible, inviscid, homogeneous parallel shear flows in -plane known as Kuo problem.
For this problem, Kuo [6] derived Rayleigh inflexion point theorem. Pedlosky [12]] proved the
phase velocity lies inside the upper half of the semicircle which is the extension of Howard
[4] semicircle for parallel shear flows. Hickernell [3]] derived upper bound for the growth rate.
Padmini and Subbiah [[11]] obtained two parabolic instability regions intersecting Howards
semicircle. Thenmozhy and Vijayan [14] followed their work and obtained two parabolic
instability regions. But, both their works depends on conditions. Lavanya et al. [8]] derived
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parabolic instability region by removing conditions. Lavanya et al. [7]] obtained upper bound for
amplification factor, growth rate.

For incompressible, inviscid, stratified shear flows, Miles [[10] derived a sufficient condition
for stability. Howard [[4] derived a semicircle theorem. Kochar and Jain [5]] derived a semi ellipse
theorem which depends on Richardson number. Gupta et al. [2]] derived unbounded instability
region depending on condition.

In this paper, we consider Taylor-Goldstein problem in B-plane. For this problem, we obtained
an instability region which intersect with semi ellipse under certain condition. This has been
illustrated with examples. Furthermore, we obtained a bounded instability regions depending
on Coriolis parameter, stratification parameter, basic velocity profile, curvature and vorticity
function. Also, we obtained a condition for stability and upper bound for amplification factor
and growth rate.

2. Taylor-Goldstein Problem in g-plane

The Taylor-Goldstein problem in f-plane is given by

N2  D*U)-p
U-c? U-c
with boundary conditions

$(z1)=0=¢(22), (2.2)

where U is the basic velocity profile, ¢ is the eigen function, ¢ = ¢, + ic; phase velocity, £ > 0 is

D%(¢p) + k2| ¢ =0, (2.1)

the wave number, § = % cos0 is the Coriolis parameter, a is the radius of earth, Q2 is the earth’s
rotation rate, 6 is the latitude (cf. Pedlosky [12]], and Lindzen [9]).
Applying the transformation ¢ = (U — c)%u/, we get
1(DW))? N?
D[(U -e¢)D - = +
(U =)Dl -+ o' T -0
with boundary conditions

w(z1) =0 =y(z9). (2.4)

D*(U)
2

w—kz(U—c)w—( —,6)1//:0, (2.3)

3. Parabolic Instability Region
Theorem 3.1. If (c,y) is a solution of (2.3), (2.4) and U,, = @, then

U U,
2 min max
ci<Alcr— + ,
‘ T4 4
where
9 ’ DW)Y? _ Nz’
/1: 4 max
8Unmin +Umax [ 2 2] ‘D?(U)_ ‘ )
‘ 2 (z2-21)% RS+ 2 ﬁ min

Proof. Multiplying (2.3) by y*, integrating, applying (2.4) and comparing real and imaginary
parts, we get

z22
f (U = e)ID@) + K2y 21dz + f
21 z

29 (DZ(U) ~

1

ﬁ) VIRE

Commaunications in Mathematics and Applications, Vol. 14, No. 2, pp. [605 , 2023



On the Bounded Region for the Stratified Shear Flows in B-plane: S. Lavanya et al. 607

2
2 ((D(if)) —N2)

+ s> 7
\/;'1 |U—C|2

Z ((D(U))Z _ N2)
2 2,12, .2 2\ 4
—c; | ID@WP+E*lylPldz+c; | ~—5—
21 21 |U—C|

Multiplying (3.2) by (C%lU’") and subtracting from (3.1), we get
29 29 DZ(U)
| @+ vnunwE + kyaz - | ( ,6)
z1

21
(DW))?
22 ( T _Nz) 9
+f ——(U —2¢,-Up)lyl°dz = 0. (3.3)
21 |U_C|2

(U -e)lylPdz=0, (3.1)

and

ly|2dz = 0. (3.2)

Applying Rayleigh-Ritz inequality, we get
2

2 22 D2 U
n—2 +k2 f (U+Um)|'W|2dZ+‘[ ( ( ) _ﬁ) |1//|2dz
(22 =21) 1 21 2
z2 (% _NQ) . . Zd 0
s Jr_ 3 -
" 21 |U - cl|? ( cr—Unllyl"dz<0.

2 , we have

Since |U —c¢|? = c;
fZQH(z 2+ k2| (U + Up) + (2 - p)] 2+ (22E - N2) (U - 26, — Up)

|U - c|?

lw|?dz < 0.

This implies

2 DU D(U))?
[(Umin+Um) . +k2] ‘ () :6 ?S‘M_Nz [2¢; — Unmin + U,
(22 _21)2 min 4 max
ie.,
Ui U,
Z<A|e, - ’Zm %] (3.4)
where
9 ‘ DWW _ pr2
A/ — max
3Um1n+Umax 2 DQ(U) _
‘ [(22 21)% +k ] + 2 ﬂ min

The region is unbounded, hence we proved that it intersects with semi ellipse region under
certain condition. This has been done in the following theorem. O

Theorem 3.2. If A < A, then the parabola given by (3.4) intersect with semi ellipse region
Umin + Umax 2 n 2012 < U max — Umin 2
2 1+1-4d, 2 '

Proof. The semi ellipse region (cf. Kochar and Jain [5]) is given by

c - Umin+Umax 2+ 20? < Umax_Umin 2. (3.5)

2 1++y/1-4J,, 2

cr—
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Substituting (3.4) in (3.5), we get
21 21 [Umax Umm] <0.

1++/1-4d,, 1+y1-4d, | 4 4

For real roots, the discriminant part of the above equation becomes

2
c,+ —Unin —Umax | ¢r + (UminUmax) +

2

21 21

—~ (Umin + 3Umax) + Umax — Umin)? = 0.
(1+m) 1+y1-4d, ™% e

Solving, we get

(14 VI= 450 Unin + 8Umax) £ 1/5URax = 3U2, + 14UminUnmas

4
A with positive sign leads to ¢, < Upinand hence if 1 < A, where

(14 V1= 450 Umnin + 8Umax) = /5Uax — 3U2,, + 14UminUnas
Ae=
4

then the parabola (3.4) intersects semi-ellipse (3.5). O

A=

Example 1. Let us consider the flow U = [z — %]2, z2€l0,1], B=2z, N2 =2z.
In this case, Unin = 0, Umax = 0.25, 1 = gy oy Ae = 0.0954.
For £ =5, A < A, and hence the parabola c? <0.0933[c, +0.0625], intersects with semi-ellipse.
Region of J}, for intersection:
0.16571<,,<0.25, fork=0,
0.15988 </, <0.25, fork=1,

0.14181<,, <0.25, fork=2.

0.16

0.14 - [5]

New Result

Figure 1. ¢, versus c¢; (intersection of parabola with semi ellipse)
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Figure 3. % versus J,, (wave number % versus Richardson number «/,;)

Example 2. Let us consider the flow U =sin(z), z €[0,1], 8 = constant, N 2=2.

; .= _ _ 0.5 _
In this case Upin =0, Upax = 0.84147, A = 04207352 + k21T TLBALAT” A:. =0.0321415.

For £ =0, A < A. and hence the parabola c? =0.030280[c, +0.2103675], intersects with semi-
ellipse.

Region of J}, for intersection:
0<dJ,,<025, fork=0,
0<J,<025, fork=1,
0<dJ,, <025, fork=2.
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0.4 T T
| |[—[]

New Result

Richardson number J

1 1.5 2 25 3 3.5 a
Wave number k

Figure 6. % versus J,, (wave number % versus Richardson number J,,)
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4. Bounded Instability Regions
Theorem 4.1. If |D(U)|12nin > 0 then the range of (c,,c;) is given by

Cr_Umin+Umax 2+cg J c <[UmaX_Umin]2,
2 it +A1)2 2
where
A2 _ |D2(U) — ﬁlmax[Umax Uminl + |N2|max
1 - .

D)2,

min
Proof. Multiplying (2.1) by ¢*, integrating, applying (2.2) and comparing real parts, we get

2 (DU - BYU — ¢, ZzNz[(U D2 ]
an«/m + E2gI21dz fz( W -PU =) 12, f ol ¢

|U —c|? ot p*dz =0.

(4.1)

Using triangular inequality, we get

z z 2 _ _ z 2
f "D + k21p1%1dz < f PO PU )2y, f C N e - gz,
21 z

21 U —c|? , U —=cl*
(4.2)
Applying, |U - ¢;| < |Umax — Uninl, (U = ¢,)? - c? <|U - ¢|?, we have
“2 2 22002 2 2 = ol
(D))" +k%|p1“1dz < [ID*(U) = Blmax|Umax — Umin! + IN“Imax] Wdz. (4.3)
21 21 -
Using the Transformation
$=U -c)o, (4.4)
we get
ID(P)% = |U — c2ID(@)I* 21U — c|IDA)IplID ()| + D)2 )2 (4.5)
Using Cauchy-Schwartz inequality, we get
22
f U - el D@)lIglID(p)ldz < BC, (4.6)
21
where
z2
B?- f DW)Plp2dz, 4.7
21
22
2= f U = clID(@) + K2 lpl21dz. 4.8)
21
Using (4.5), (4.6), and (4.8), we get
22
[1D(¢p)? +k2|(p|2]dz >[C - B]2. (4.9)
21
Substituting (4.9 in (4.3), we get
22
[C—BJ? < [|D2(U>— Blimax(Umax — Unmin) + N2 max] f pl?dz. (4.10)
21

From (4.7), we have
z22
> DO, [ loldz,
21
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ie.,

32 29 9
> dz. 4.11
O f Clol*dz (4.11)

Substltutlngm 1) in (4.10), we get
[C-BP<A2B?
where
ID*(U) ~ Blmax|Umax = Umin| + IN?|max
D)2, '

min

2
A1:

From the above equation, we get
22 c?

Now,

29 2
f N2|p|?dz =
21

S DU 2d
|(D(U))2|mmle' Figldz,

ie.,
z22
f N2|p%dz = J,,B?, (4.13)
21

where

N2
T = [ 2] .
(DWU))? | min
Substituting (4.12) in (4.13), we get

2

22 J,C
N2|pPdz = —2~ . 4.14
L oz 0 AP (419

Using the inequality |U —¢|? = c? in (4.8), we have
29
C:=c? | D) +E%|pl*1dz. (4.15)

21

Substituting (4.15) in (4.14 - we have

22
N?| |2dz_—
Z1 4 (1 141)2

From Howard [4]], we have

Umin+Umax 2 2 [Umax_Umin]zl
2 2

f D) + K2pP1dz. (4.16)

Cr_ i

z9 22
f [ID(p)? + k2| p|?1d 2 +f N%p|?dz <0.
z21 21
4.17)
Substituting (4.16) in ( , we get

U min T Umax 2
2

J

2 m 2
“r — -

€ (1+A1)20l

<

2
Umax - Umin ]
Cr - - .

2

Theorem 4.2. The range of (c,,c;) is given by

c. — (Umin+Umax) 2
" 2

K

A 2
+c?+J0(1+—2) ¢? <

2
U max — Umin
Ci

2
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where

A2 _ |D2(U) - ,Blmax|Umax - Uminl + |N2|max

2 2]
(z9—21)? +k

Proof. Using Rayleigh Ritz inequality and |U —¢|? = c?, in (4.8), we get

29 CZ
[z —S
z1 z + k2

(22 21)2
Substituting (4.18) in ( , we get
A202
[C-BF= 2—2,
C~
l
where
A2 - ID*(U) — Blmax|Umax — Unin! + IN?Imax
7'[2 )
(z2-21)?
From the above equation, we have
Ay B
1-2<2
c; C
ie.,
B? B?
if %< 5 < 5, then C?|1+=2| <B%
o2 2]
ci ci
Substituting (4.20) in (4.17), we get
22 2 2 Az
f N%pl*dz = J,,C 1+—] .
21 C;
Substitute (4.20) in (4.17), we get
Cr_(Umin+UmaX) 2+C?+J (1+‘2) 02 < [l]max_l.]min]2 )
2 C; 2
Theorem 4.3. The range of (c,,c;) is given by
2 2 2
Cr_(Umin"‘Umax) +C?+Jm (1+£) Clg < [Umax_Umin] ’
2 c; 2
where
22 — 1D*W) = Blmax|Umax = Umin| + IV max
3~ 2 .
k
Proof. From (4.8), dropping first term which is positive from RHS, we get

CZ
lpldz < —
le ¢ k22

Substituting (4.21) in ( , we get
A202
[C-BF= 3—2 :

C~
1
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where
A2 . |D2(U) - ,Blmax|Umax = Uninl + |N2|max
3~ k2 .
If
B? B? Asz]?
C?< 5 < >, then C? 1+22| <B?, (4.22)
A g e
ci ci
Substituting (4.22) in (4.13), we get
29 A 2
f N2|pl2dz = J,,C2 |1+ 0—3] . (4.23)
zZ1 l

Substitute (4.23) in (4.17), we get
[ (Umin + Umax) 2
Cr - -

: A3)2 2<[Mr, (4.24)

2
+ei+dp |1+ —| i <
Cl m( e Cl 9

5. Criterion for Wave Number
Theorem 5.1. If k < k., where
k2 _ Jm[|D2(U) - ,BlmaxlUmax - Uminl + |N2|max]
¢ ( Umax_Umin )2

2
implies stability.

Proof. From (4.24), we have

c _(Umax+Umin)

2
> +c2(1+ ) + 243 e <

Unmax — Umin 12
max2 mn] —JmAg

For stability,

—U...12
Jm Ag 2 Umax Umll’l ] ,

2

ie.,

|D2(U) - ,BlmaXIUmaX - Uminl + |N2|max
L2

From above equation, we get

k< Jm|D2(U)_ﬁ|max|Umax_Uminl+|N2|max
- (Umax_Umin) )
2

J - (Umax - Umin )2
m = .

2

From above, we have the statement of the theorem. O

Example 3. (1) U=1-22, N2=6=2,2¢€[0,1],
for the above flow, £ < 1.732 implies stability.
(2) U=1-22, N2=¢, B =a constant, z € [0,1],
for the above flow, £ < 2 implies stability.
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8) U=1-22 N2= B =a constant, z € [0,1],
for the above flow, £ < 2 implies stability.

(4) U =1-22, N?2=q constant, B=z,2¢€[0,1],
for the above flow, £ < 1.732 implies stability.

(5) U =2, N?>=pB=a constant, z €[0,1],
for the above flow, £ < 2.828 implies stability.

(6) U =z, N?=a constant, B=2z,2¢€[0,1],
for the above flow, £ < 2 implies stability.

6. Growth Rate
Theorem 6.1. The upper bound for the growth rate of an unstable mode is.

ID*(U) — Blmax

Umax—Unmi IN?| 2
max4 mn] + 4max_|N Imin

k c; < — .
[k2(22—21)2 + ]

Proof. Using % < 2%, IU—lc|2 < 0—12 and Rayleigh-Ritz inequality in (4.2), we have

2
2 29 |D2(U)_ I ﬁ+|N |max_|N2| . 29
b4 —
Tt k? f pI2dz < Plmaxy —* mmf p1%dz.
(z2—-21) 21 c; 21
Since
C.<(Umax_Umin)
1 — 2 9
we have
Umax_Umin N2 max
12,0 2 D)~ Pl | Bmglinn |+ B N2,
‘< O
K e=nadl
k2(z9—21)?

7. Amplification Factor

Theorem 7.1. The upper bound for amplification factor is

[|N2|maX|D2<U) = Blmax | 222552 | 4 N o + IDAU) ~ B2 max

4
<
c; =

Umax -U, min 2
2

ot 2k272 4
[(22—21)4 (z9-21)% +k ]

Proof. Multiplying 2.1) by (¢*)”, integrating, applying (2.2), we get

z9 9 9 2[2’2 9 fZQ ( N2 ~ (D2(U)—,B)) N _
le ID“(p)|°dz + F 3 ID(P)|“dz + L \T—ep T ¢ (¢*) dz=0. (7.1)
From (2.1), taking complex conjugate, we have
#\I _ |12 (DZ(U)—ﬁ)_ ]V2
@) _(k U U-o)p

)4)*. (7.2)
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Substituting (7.2) in (7.1) and equating real parts, we get
29 29 22 (N2 (U —¢,)% - ¢?
f ID(p)2dz + k2 f ID(P)|?dz + k> f [ | P12z
21 21 21 |U - C|4

22 N2[(D2(U) — i :
+2[ 2 N4[(D#(U) ﬁ)](U—Cr)|(P|2dZ—f 2 N |(/)|2d2

L U —c|4 L [U=cl*
2 (D2U)-B)U -c,) 22 ((D2(U) - B)?
—ka ( ) 2q —f (—) 24z =0. 7.3
, T Rl e )¥9 a3
Multiplying (£.1) by %2 and adding with (7.3), we get
29 2 D2
f |D2(¢>)|2dz+2k2f |D(<,b)|2dz+k4f P12z 2[ NI (U)4 Pl —cp)|plPdz
21 21 |U_ |
z2 z2 (DZ(U) ﬂ)Z 5
P12z f ( )| 2dz =0.
le U |4¢ ¢
Using Rayleigh Ritz inequality,
U-c| 1 1 1
<—, <,
U—-cl?™ 2¢;" [U-cl?™ ¢?
we get
7.[4 k2 2
k4] f dz
(22—21)4 (22 —21)? or*
N? N* D*(U) - p? 22
S[| |max|D2(U) . ctnax+| ( )2/3| mU oldz.
i i
Since ¢; < (%), we have
U 7. 12
[|N2|maX|D2(U)— Blmax | 225000 | 4 Ny + IDAU) ~ B s | Loy | ]
4
C: =

~.

2k272
[(22—21)4 + (z22—21)?

+k4

8. Conclusion

We consider Taylor-Goldstein problem in S-plane. First, we derived an unbounded instability
region which intersects with semi ellipse region under certain condition. Second, we derived
a bounded instability region depending on stratification parameter, Coriolis function, shear
and vorticity function. Third, we obtained a criterion for stability. The stability results have
been illustrated with standard examples. Fourth, we obtained an upper bound for amplification
factor and growth rate of an unstable mode.
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