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Abstract. For two non-congruent regular polygons of the same type, the method of finding a point
in the plane at the equal distances to the vertices, is established. The existence of two points with
this property is proved for two polygons with a shared vertex. For one of them, it is proved that it
satisfies the Bottema theorem conditions and based on this, the generalized Bottema theorem for any
two regular polygons is given.
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1. Introduction

For a regular n-sided polygon A1Ag---A, and an arbitrary point M in the plane of the polygon,
the distances from M to the vertices A1,Aq,...,A, satisfy [2,3]:

n 3] 2k

Y a2 =n|@2+L7+ Y ||| IR LR + L2, (1.1)

=1 k=1 2k)\ k
where m =1,...,n—1; R is the radius of the circumcircle Q and L is the distance between M
and the centroid O of the regular polygon.

Let us the second n-sided polygon BBy B, is given in the plane. The distance from the

point M to the vertices B1,Bo,...,B, denote by ¢1,t9,...,t,. Therefore, for given two n-sided
regular polygons and the point M, we have two sets of distances:

{d;} and {¢;}

are there points in the plane, which have the same set of these distances? This problem is
investigated in the present paper.
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Denote by R and Lo the radius of the circumcircle Q29 and the distance between M and
centroid O9 of the regular polygon B1Bs---B, . Equalize the right sides of (1.1)), we get
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For any n-gons, the first two relations (m =1,2) are:
R:+L2=R3+L2,
(R2+L%?+2R2L% = (R5+ L3)* + 2R3L3.

So, we obtain two cases:
congruent case: Ri=R9 and L =L,
non-congruent case: Rj=Lo and L; =Ros.
Equalize the left sides of (1.1), we get the n — 1 relations for distances:
d2+di+-+d2=t3+15+ - +12,

4 4 4 _ 4 4 4
di+dg+---+d, =t]+ty+--+1,,

20n-1) | 72(n-1) 2n-1) _ ,2(n-1) , 2(n-1) 2(n-1)
dj +d, +--+d;, =t + 1 +eee 2y .

Let’s consider the cases separately.

2. Congruent Regular Polygons

Congruent n-gons case is divided into two subcases: O1 = O9 and O1 # Os.

If two polygons centroids coincide, we get two n-gons inscribed in the same circle and they
differ only by rotation around the common centroid, see Figure [1| (for figures of any n-gons we
use the squares in the Figures [1}{6).

Figure 1

For M, we can take any point in the plane.
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Proposition 2.1 (Rotational invariant). If two congruent polygons are inscribed in the same
circle, the distances from any point in the plane to the vertices of the polygons satisfy the

system ().

If O1 # Og, it is clear M lies on the perpendicular bisector of the line segment 010, (see
Figure [2).

Figure 2

For M, we can take any point on the perpendicular bisector.

Proposition 2.2 (Reflection invariant). If two congruent polygons are inscribed in
symmetrical circles, the distances from any point on the axis of symmetry to the vertices of

polygons satisfy the system ().

3. Non-Congruent Regular Polygons
From the conditions of non-congruent case:
Ri=Ls and L;i=Ry
follow — the point M is the intersection point of two circles:
Q1(02,R1) and Q9(01,R2).
It is clear, such point exists, if
|IR1—R9|<0103<R{+R9, (3.1)

and if the circles intersect each other there are two points M; and My of such property (see
Figure 3).

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. [435 , 2022



438 Two Regular Polygons with a Shared Vertex: M. Meskhishvili

Figure 3

For M, we can take only points M1 and M.

Proposition 3.1 (Necessary condition). For two non-congruent n-gons with centroids: O1, Oa,
circumradiii: R1, Ro and circumcircles Q1, Qs, the only points of the intersection

{M1,M3}=Q1(02,R1) N Q2(01,R2)
satisfy the system (x).

Until now we consider all cases for which the distances from the point to the vertices of two
regular n-gons satisfy the system (x), but for equality of the distances the system is only
necessary condition. Let us establish the sufficient condition.

4. Equalization of Distances

Let us consider the distances from the given point M; to the vertices of the second regular
polygon B1Bs---B,, as variables:
t1,t2,...,tp.

In the system (x)), we have n—1 equations and n variables in order to determine the variables
uniquely we must eliminate one of them. It is possible by using Proposition The rotation
does not change the system thus we can rotate the second polygon, so that one pair of
distances will be equal to each other.

Explain this procedure by using Figure (3| Construct circumscribe circles of the second

polygon Qg, whose center is Oo. From the point M as the center draw the auxiliary circle with
radius M{A;.
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Figure 4

The intersection point of the auxiliary and Qg circles is the new position of the vertex B,
(see Figure[4). For the new position of the polygon B1Bsy---B,,, we obtain

t1=di. (%)
The condition and the system (%)), give us a new system:
d2+-+d2 =12+ +12,

dy+-+di=t5+-+1th
\ (% % %)

2(n-1) 2(n-1) _ ,2(n-1) 2(n—1
d2n +...+dnn )_tzn +...+tn(n ).
Now the number of the variables equals to the number of the equations. By using Newton’s
Identities, elementary symmetric polynomials can be expressed in terms of power sums [4,6].
Because of (x * ), the power sums of (d2,...,d2) equal to the power sums of (t2,...,¢2), so the
corresponding elementary polynomials are the same, so

d2,...,d2 and t3,...,t2

are the roots of the same equation of degree n — 1. Consequently, £o,...,%, are the permutation
of the do,...,d,, therefore:

Proposition 4.1 (Sufficient condition). If in the system (x * x)), one pair of the distances is the
same (t1 =dq), from that it follows the equality of the sets

{to,...,tht=1{do,...,d,}.

For congruent case, the rotation gives the coincidence (if O1 = O9, see Figure(l) and reflexion
symmetry (if O1 # Oq, see Figure [2).
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For non-congruent polygons, we obtain:

Theorem 4.1. If two non-congruent regular polygons are given in the plane, it is possible to fix
both of them, so that there is the point M (in the plane) at equal distances from the vertices of the
polygons. The point M satisfies:

I. M = Q1(09,R1) N Q2(01,R2); where Q1,Q9 — are circumscribed circles, R1,Ry —
circumradii and 01,09 — centroids of the polygons.

II. One pair of distances must be equal, which is possible by rotation of one polygon over its

centroid.

By convenient enumeration of the vertices, we get

MA, =MBj, wherek=1,...,n.

5. A Shared Vertex

If two n-gons have a shared vertex, the equality automatically holds for M1 and My, so
we do not need the rotation. For non-congruent case, we obtain two regular polygons and two

points theorem.

Theorem 5.1. If in the plane two regular non-congruent polygons of the same type have a shared
vertex, there are two points in the plane separately having equal distances to the vertices of the

polygons.

The point M; and M3 satisfy:
{M1,M5} =Q1(02,R1)nQ2(01,R2).

In the Figure [5|is given the case of two squares with shared vertex — Aj:

Figure 5
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The same distances are:
MiAs=M1By, MiA3=M1Bs, MiA4=MBy (5.1)
and
MsAo=M9By, M9A3=MyBs, MyAs=Mj3Bs. (5.2)

In case of the shared vertex, from the triangle — O1A 109 the condition (3.1) is always held,
so generally there are two points. If the shared vertex and the centroids are collinear, there is
only one point having equal distances to the vertices (see Figure [6)

Figure 6

6. Corresponding Equal Distances

The equal distances (5.1) and (5.2), for points M; and My are different in the order. If we take
the vertices of the first polygon in clockwise direction:

Ag, Az, Ay,

the vertices of the corresponding equal distances for the second polygon are:

e for My, in clockwise direction: B4, B3, Bg;

e for M, in anticlockwise direction: By, Bg, By;

i.e., the vertices of corresponding equal distances for points M; and My are in opposite order. Is
it true for any regular polygons of the same type? Let us consider two regular n-gons with the
shared vertex A; (see Figure[7|and Figure [8).

For the point M; in Figure[7 we have

AM1A109=AM101A1, so LA109M,=/M101A1=a.

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. , 2022



442 Two Regular Polygons with a Shared Vertex: M. Meskhishvili

Figure 7

Then,
2
M1A% =R? + R% — 2R Ry cos (7” ~a),

2
M;B? :R%+R§—2R1RQCOS(—R—C¥),
n

2
M1 A} =R?+ R} - 2R1Ry cos((k - D= - a),
n

2
MB} =R} +RE—2R1Rycos (k-1 —a).
n
Therefore,
M1Aj,=MB,, wherek=2,...,n,

i.e., the vertices of the corresponding equal distances are in anticlockwise direction.
In the same manner for the point Mg, we have (see Figure [8):

AM9O1A1=AM203A1, £ZM301A1=/M3024A1=8.

Then,
2
M3A3=R?+R3-2R1Rycos (—’f + ﬁ),

2
MjB2 = R% + R} —2R1Rycos (= + ),
n
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2
M5A? =R} + R} - 2R 1Ry cos (& - 1)7” +B),

2
M3B? ., ), =R%+R}—2R1Rycos (k- 1) ==+ ).
n
Therefore,
M2Ak = M2Bn+2_k, where k = 2,. ..,n,

i.e., the vertices of the corresponding equal distances are in clockwise direction.

Figure 8

We obtain:

Theorem 6.1. There are two points M1 and My in the plane having the equal distances to the
vertices of two regular polygons A1Ag---A, and A1Bs---B, with a shared vertex A1:

M1Ar=M1B, and M3A=M2B, 2 p,

where k=2,...,n.

7. Properties of M; and M,

If the number n of the sides of the polygons is even, then diametrically opposed points of the
shared vertex A are the vertices

Ajrp and Bi,g,
see Figure
The quadrilateral OosM101 M5 is parallelogram with sides: R1, Ro, then
lBl+%M1A1+§ = ZB:H%MlOz + 402M101 + ZA1+%M101 =T,

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. , 2022
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because of
ZBI+%M102 = ZM1A1+%01 and ZM1A1+%01 + ZA1+%M101 = ZMlOlAl.
Property 7.1. If n is even, the point My is the midpoint of the line segment A1+%B 1+
If the number n is odd, diametrically opposed points D1, Do of the A; are the midpoints of
the arcs
A1nAsin and BiwnwBsin,
2 2 2 2

of the circles Q1(01,R1), Q2(02,R2), respectively (see Figure [8).
In odd case we can “double” the number of the vertices and then use the Property 7.1} For
even case

D+ :A1+% and Dy :Bl+%,

so for both cases, we have:

Property 7.2. The point My is the midpoint of the line segment D1Ds, where D1, Dy are
diametrically opposed points of the shared vertex of the polygons.

The triangle M2D D5 is isosceles (Theorem =1+ %), SO
MMy 1 D1Ds.
In the quadrelateral A;M20102 (see Figure
M>01=02A; and A;0;1=M309,
so A1Ms0109 is the isosceles trapezoid and
A1M3/090;1.

The line segment 0105 is the midsegment of the triangle D1{A1D2, so we obtain:
Property 7.3. The point My lies on the perpendicular bisector of D1D9 and A1Ms/D1Ds.

Property 7.4. The line segment M1Ms is equal to the distance from the shared vertex to the line
D1Ds.

8. Generalized Bottema Theorem

The Bottema theorem concerns two squares, which have a common vertex. The theorem can be
stated as follows (see Figure[5) [1,5]:

In any given triangle A4A 1By, construct two squares on two sides A1A4 and A1B4. The midpoint
of the line segment that connects the vertices of squares opposite the common vertex A1, is
independent of the location of A1.

Let us change two squares by two regular polygons of the same number of sides in the
Bottema theorem:

Theorem 8.1. In any given triangle A, A1B,, construct two regular n-gons A1As---A, and
A1Bs---B,, on two sides A1A,, and A1B,,. Take the points D1, Do on the circumcircles of the

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. , 2022
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polygons, which are diametrically opposed of the common vertex A1. Then, the midpoint of the
line segment D1Ds is independent of the location of A;.

Proof. In our notations (see Figure[7] and Figure [8) the midpoint is M1, and from Theorem
MlAk =MlBk, where k& = 2,...,n.

Draw the altitude M1H of the triangle A, M1B, (see Figure[9). The triangle A,M;B, is
isosceles M1A, = M1B,,. Because

M101=039B, =Rs,
M102=01A,=Ry;
SO
ANA,O1M1=AM109B,.
Because of /ZM101A1 = a, then
LA,A1B, =21—(£01A109+ L01A1A, + Z02A1B,,)

2

=a+ 2 = /A,0.M;
n

= /B,0sM.

Figure 9
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The sides A1A,, A1B,, are proportional to R1, Rg, respectively. Therefore,
ANA,O1 M1 ~ANA,A1B,
S0
/B,AA1=/201A,M;.
Then,
/lA,M1B,=2-/A,M1H
/4
- 2(5 - /B, A,M,)
=7 —-2(£LB,A,A1+ /L M1A,Aq)
=7—-2(L01A, M1+ £ZM1A,A4)
=n1-2/01A,A;
=/A1014A,
_2n

n
For the position of the point M1, we have:

1
HM, = EAancot%.

So the position of the M; depends only on the line segment A, B, and is independent of the
location of A;. Moreover, the obtained expression for HM also shows that M is the center of
the regular n-gon formed on the side A,B,,. O

For the triangle A AgM1By (see Figure[7]and Figure [8), analogically we get:

2
ZAleBg = _7'[ ,
n

ie.,
LA M1B, = LZAoM1B>.

In the same manner, if we consider the triangles A, _1M1B,_1 and A3M1Bg3, we have
LA, 1M1B, 1=/A3MB3=/A101A,1,

SO.

Theorem 8.2. In two regular n-gons A1As---A, and A1Bg---B, with the shared vertex A1
and opposite orientation, take the points D1, Do on the circumcircles of the polygons, which are
diametrically opposed of the shared vertex. Then, for the midpoint M1 of the line segment DD
holds:

2
JAWMB), = LA, .o sMiBpiop= —(k—1), wherek=2,....n.
n

9. Conclusion

In the present paper general method is given — how to fix two regular polygons in the plane,
so that there is a point M in the plane at equal distances to the vertices of the polygons? The
result is trivial for the congruent n-gons, but for two non-congruent regular n-gons we get an
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unexpected result, which gives the new theorems in Euclidian geometry. For the existence of
the point M two conditions must be satisfied:

I. M=Q1(09,R1)NQ2(01,R3), where Q1, Qg: are circumscibed circles, R1, Ro: circumradii
and O1, Os: centroids of the regular polygons.

II. One pair of the distances from the point M must be equal, which is obtained by rotation

of one of the polygons over its centroid.

In case of two n-gons with the shared vertex, the second condition is satisfied automatically,

so we get two points M7 and My. The properties of these points are investigated. We have
established that M; is the point which satisfies the Bottema theorem (n = 4) conditions, from

where we obtain generalized Bottema theorem for any two regular polygons.
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