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Abstract. A method of solution for the problem of an arbitrary unsteady Stokes flow in the presence
of a shear free sphere is discussed. The corresponding Faxén [2] relations for a shear-free sphere are
derived. Some previously known results are derived as limiting cases and are detailed in an example.
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1. Introduction

Unsteady and steady Stokes flows in the presence of a spherical boundary have been studied
extensively with different boundary conditions owing to their various scientific and engineering
applications. Faxén’s [2] laws for rigid boundary conditions are well known. Harper [3]] derived
a sphere theorem for an axisymmetric steady Stokes flow for a sphere with shear free boundary
conditions. Rallison [4] gave Faxén [2] relations for a shear free particle in an arbitrary steady
Stokes flow. The problem of an unsteady Stokes flow past a rigid spherical particle was discussed
[1,5] using a complete general solution, expressed in terms of two scalar functions A and B.
In this paper, we discuss the problem of an arbitrary unsteady Stokes flow in the presence of
a shear free sphere. Faxén’s [2] laws are given and compared with previously known results.
The results are illustrated by an example.

The equations of motion for the unsteady Stokes flow in a viscous, incompressible fluid in
the absence of any external forces are given by

oV
P =—Vp+uv3v, (1.1)
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V-V=0, (1.2)

where V is the fluid velocity, p is the density, u is the coefficient of dynamic viscosity of the
fluid. We rewrite equation (1.1) as

u(v2—%—)v Vp, (1.3)

where v = £ is the coefﬁcient of kinematic viscosity. A general solution of unsteady Stokes
equations (1.I) and (1.2) is given in [5] as follows:

V = CurlCurl(rA) + Curl(rB), 1.4)
0 9 10
= —|r(VF-———]A 1.5
P=po+puz" 7‘( vat) , (1.5)
where pg is a constant and A, B are scalar functions that satisfy equations
10
V2 (VZ———)A 0, (1.6)
vo
10
(V2———)B 0. (1.7
vo
A solution of (1.6) can be decomposed as follows:
A:Al +A2, (1.8)
where
VZA, =0, (1.9)
10
V222 |A0=0. 1.10
( 5 at) 2= ( )

The general solution of the equations (1.6) and (1.7) can therefore be written as A = A7 + Ao,
where

A=Y ((xnr ljﬂ S,(6,p)e™™, (1.11)
n=1 r
< / / A2vt
Ag =) (@) fn(Ar) + B8 n(AT)S, (0, @) v, (1.12)
n=1
= " (Enfu(Ar) +€, 8 (ArNTH (60, )™ ™, (1.13)
n=1
n
Sn0,9)= Z P (cosO)A,, cosmp + By, sinme), (1.14)
m=0
T,0,9)= Z P} (cos0)Cppmcosmp + D, sinmep), (1.15)
m=0

where a,,, B, a’, B., €n, €, Anms Bnm, Cnm, Dnm are constants and Re(12) < 0. The functions
’ 4 n> Mn s “no ’ )

fn(R)=/3p n+_(R) gn(R) = /35p n+%(R) are the modified Bessel functions of fractional
order.
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2. Shear Free Sphere in Unsteady Stokes Flow

In [5] the problem of an arbitrary unsteady Stokes flow in the presence of a rigid sphere was
given. Let us now consider the unsteady Stokes flow in the presence of a shear-free sphere of
radius a in a viscous, incompressible fluid with boundary conditions on r = a given by

(1) normal velocity is zero, i.e., q,=0onr=a
(ii) tangential stress components Ty and T, are zero on r =a.

In terms of A and B, the conditions and are A =0, %‘3 =0and < (B%) =0onr=a
Further, V — V as r — 0o, where V is the undisturbed flow given by

Vo = CurlCurl(rAgy) + Curl(rBy), 2.1)
where
S 2
Aog= Z (anr™ + Oé;lfn(/ll‘))»s'n(ﬁ,(,o)e/l vt (2.2)
n=1
Bo= Y enfulAr)Tn(0,p)e*™, (2.3)
n=1

@y, @, and €, being known constants. The disturbance caused due to the presence of the sphere
of radius a modifies the flow so that the perturbed flow is represented by V and p as given in
equations and (1.5), respectively. The scalars A and B are assumed to be of the form given
in equations (1.8), (1.11), and (L.13). Then using the boundary conditions on r = a, we can
determine the unknown constants as

n+2 { an(ﬂagn(/la)+2gn+1(ﬂa))a” 2“;1[gn+1(/1a)fn(ﬂa)+fn+1(Aa)gn(/1a)]}
Prn=a"""A + , (2.4)
(4n+2-22a2)g,(Aa)-2Aag,s1(Aa)  (4n+2-212a2)g,(Aa)—21ag,+1(Aa)
. { (4n +2)a,a" .\ al[(4n +2 - A2a?)f,(Aa) + 2Aafr11(Aa)] } ©.5)
Pn= (4n+2-22a2)g,(Aa) -2 agr,+1(Aa)  (An+2-212a2)g,(Aa)—-21ag,s1(Aa) |~
) [(n —1)fn(Aa) + /1afn+1(/1a)]
€, = (2.6)
- Dgn(la)— /1agn+1(/1a)]
The drag and torque on the sphere of radius a is therefore found to be
5| a*largi(Aa)+2g2(Aa))ay 2a3(f1(la)g2(Aa) + fo(Aa)g1(Aa))a)
D =4nul +
[2Aag2(Aa) — (6 — A2a2)g1(Aa)] [2Aag2(Aa) — (6 — A2a2)g1(Aa)]
(AT +B1j+Ak)e"™, 2.7
Torque =T =0. (2.8)
It can be easily show that
(2nu[6a3(f1(/la)gz(/1a) + fz(ﬂta)gl(/la)))
2npur3at(adgi(Aa) +2g2(Aa)) —a*Malgi(Aa) +2g2(1a))] 9
= [Volp + [VZ*Volo
[2Aage(Aa) — (6 — A2a?)g1(Aa)] [2Aaga(Aa) — (6 — A2a2)g1(Aa)]
=47Va(Bo[Volg + aBs[VZV ), (2.9)
where
2.2 233 -1
By = 1+/1a+Aa Aa)(1+@) ,
2 6 3
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B_(eﬂa (Aa+1+1+ 1 ))(1+/1a)‘1
2222 6 2 2a AZ2 3)

where V is the velocity of the undisturbed flow and [ ]y is the evaluation at the center of the
sphere r = 0. We observe that when A — 0, the formula for torque and drag given (2.8) and (2.9),
reduce to the Faxén’s [2] laws for steady flows in shear-free case [4].

3. Shear-free Sphere in an Oscillatory Flow

Consider a shear-free sphere of radius a in an oscillatory flow of a viscous, incompressible
fluid. This amounts to considering the velocity and pressure to be of the form V¢ = Ue'®! and

p = Pe'®t respectively in the above analysis. Here we seek a solution satisfying the conditions
@) V=0onr=a, (i) V=Ue* as r — oo and p — Pe'®! as r — co. Here if U = U1, then
U :
Ag= 57 sinf cos pe'®?, (3.1)
By =0, (3.2)

where U is a constant. The modified velocity and pressure owing to the presence of the sphere
have the following representation

V = Curl Curl(rA) + Curl(rB),
0 lw
p=po+u—r(VZ-219A), A%2=—,
or v
where
V2(VZ-22A =0, (V2-1%)B=0.

In this example

A= g [r + a’MAagi(Aa) + 2gx(Aa)) - bagi(Ar) sin 0 cos pe'®t
2 r2[(6—2A%2a?)g1(Aa) - 21age(Aa)] [(6—2%a?)g1(Aa)—2Aaga(Aa)] ve
(3.3)
B=0. (3.4)

We rewrite A as

U a® (Ma 2 2 2qete=Ar 1 Aa
r— +|—=—+1+— + 1+— 1+?

A=— — +
2 r2 3 la  A2a? Ar Ar

In the limit A — 0, it reduces to

-1
] sinfcos @e'®’0.  (3.5)

U
A= E(r—a)sin@coscp. (3.6)

We can identify the distribution of singularities from the expression for A given in equation
(3.5). The image system consists of a potential dipole and a Stokeslet [5] due to a point force

F = %fjaeimi at the origin. The drag is given by the following expression
El

B 21A3VatU(Aagi(Aa) + 2g2(Aa))e'®t
 [21aga(Aa) - (6 — A2a2)g1(Aa)]

1202 1343 e\
= 47VUal|1+ Aa + 20‘ + Ga )(1+?a) el (3.7)

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp.[601, , 2022



Unsteady Stokes Flow Past a Shear Free Sphere: A. Venkatalaxmi 505

The torque experienced by the shear-free sphere is zero. We can observe that the drag given
in (3.7) reduces to the formula for the drag experienced by a shear-free sphere of radius ‘@’ in a
steady, uniform flow in the limit 1 — 0 [4].

Competing Interests
The author declares that she has no competing interests.

Authors’ Contributions
The author wrote, read and approved the final manuscript.

References

[1] D. Choudhuri and B.S. Padmavati, A study of an arbitrary unsteady Stokes flow in and
around a liquid sphere, Applied Mathematics and Computation 243 (2014), 644 — 656,
DOI:10.1016/j.amc.2014.05.069.

[2] H. Faxén, Der Widerstand gegen die Bewegung einer starren Kugel in einer zdhen Fliissigkeit, die
zwischen zwei parallelen Ebenen Winden eingeschlossen ist, Arkiv fur Matematik Astronomi Och.
Fysik 18 (29) (1924), 1 — 52; Der Widerstand gegen die Bewegung einer starren Kugel in einer zédhen
Flussigkeit, die zwischen zwei parallelen Ebenen Wianden eingeschlossen ist, Annalen der Physik 68
(1922), 89 — 119, DOI:10.1002/andp.19223731003.

[3] J.H. Harper, Axisymetric Stokes flow images in spherical free surfaces with applications to rising
bubbles, The ANZIAM Journal 25(2) (1983), 217 — 231, DOI:10.1017/S0334270000004021.

[4] J.M. Rallison, Note on the Faxén relations for a particle in Stokes flow, Journal of Fluid Mechanics
88(3) (1978), 529 — 533, DOI1:10.1017/50022112078002256.

[5]1 A. Venkatalaxmi, B.S. Padmavathi and T. Amaranath, A general solution of unsteady Stokes
equations, Fluid Dynamics Research 35(3) (2004), 229 — 236, DOI: 10.1016/5.fluiddyn.2004.06.001.

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp.[601, , 2022


http://doi.org/10.1016/j.amc.2014.05.069
http://doi.org/10.1002/andp.19223731003
http://doi.org/10.1017/S0334270000004021
http://doi.org/10.1017/S0022112078002256
http://doi.org/10.1016/j.fluiddyn.2004.06.001

	Introduction
	Shear Free Sphere in Unsteady Stokes Flow
	Shear-free Sphere in an Oscillatory Flow
	References

