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1. Introduction

We consider the following boundary value problem involving the Caputo fractional derivative
with mixed boundary condition of the type:

DNy =F(t,y@), tel=[0,b],0<a<]l, (1)
with the given boundary conditions

m1y(0) + may(b) =d, (2)
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where F: I x X — X 1is continuous function and m1, mg are real constants with m{+ mg # 0.
The element d € X is given.

Several researchers have introduced many iteration methods for certain classes of operators
in the sense of their convergence, equivalence of convergence and rate of convergence etc. (see
[2-8,(10,(11,|13-18,21-23]]). The most of iterations devoted for both analytical and numerical
approaches. The S-iteration method, due to simplicity and fastness, has attracted the attention
and hence, it is used in this paper.

Authors are motivated by the above mentioned results and influenced by [1,24]]. The main
objective of this paper is to extend the some results of the paper [9] by the use of normal
S-iteration method which establish the existence and uniqueness of solutions of the boundary
value problem (I)-(2) and other qualitative properties of solutions.

2. Preliminaries

Before proceeding to the statement of our main results, we shall set-forth some preliminaries
and hypotheses that will be used in our subsequent discussion.

Let X be a Banach space with norm | -| and I =[0,b] denotes an interval of the real line R.
We denote B = C1(I,X), as a Banach space of all continuous functions from I into X, endowed
with the norm

lyllg =supflly®)ll:yeB}, tel.

Definition 1 ([20]). The Riemann-Liouville fractional integral (left-sided) of a function
h € Cla,b] of order a € R, =(0,00) is defined by

Lft(t— ) Lh(s)d
T ). ¢ s)ds,

where I' is the Euler gamma function.

IZh(t) =

Definition 2 ([20]). Let n — 1 < a <n, n € N. Then the expression
ar __._

DJh(t) = ﬁ[-’a “h()], tela,bl
is called the (left-sided) Riemann-Liouville derivative of & of order @« whenever the expression
on the right-hand side is defined.
Definition 3 ([19]). Let 2~ € C"[a,b] and n—1 < a <n, n € N. Then the expression

(D)) = IR ™M), tela,bl
is called the (left-sided) Caputo derivative of 4 of order «a

Lemma 1 ([12]). If the function f =(f1,--,fn) € Cla,bl, then the initial value problems

(Dgl)y(t): fi(tyy].?"' ,yn)7 yik)(o): C;;’/a 1= 172)"' U k= 1725“' ,miq,

where m; < a; <m; + 1 is equivalent to Volterra integral equations:
m; . tk
_ i ar. ;
yi(2) _];;)Cka +I%fi(t,y1,-,yn), 1<i<n.
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As a consequence of the above lemma and following results of [9,/19,20,25], it is easy to
observe that if y € B, then y(¢) satisfies the following integral equation

my 1

b
y(t) = fo (b -9)*"1F(s,y(s))ds

mi+mg my+ms (@)
1t
+— f (t—s)"1F(s,y(s)ds, tel (3)
I'(a) Jo
which is equivalent to (I)-(2).

We need the following pair of known results:

Theorem 1 ([21, p. 194]). Let C be a nonempty closed convex subset of a Banach space X and
T : C — C a contraction operator with contractivity factor k €[0,1) and fixed point x*. Let ay,
and B, be two real sequences in [0,1] such that a <a, <1 and < B, <1 for all neN and for
some a,f > 0. For given ui =v1 =wj € C, define sequences u,,v, and w, in C as follows:

. . Upns1=0-a,)Tu, +a, Ty,
S-iteration process :
Yn=A-Bunp+pPrTu,, neN
Picard iteration : Upe1=Tv,, neN
Mann iteration process : wp+1=1-Bp)wy+ PrTw,, neN

Then, we have the following:
(@) llupsr—x*<Ek™"1-A-R)apfl™|lu;—x*Il, for all neN.
(b) llvps1—x*l <k™lvr—x"|l, for all n € N.
©) lwps1—x*<[1-A-FR)BI"llwy—x*|, for all n e N.

Moreover, the S-iteration process is faster than the Picard and Mann iteration processes.

In particular, for a, =1, n €N, the S-iteration process can be written as:
yeC,
In+1=T2zn, (4)
2n =1 =Pn)yn+ PnTyn, neN.
Lemma 2 ([23, p.4]). Let {f,}, be a nonnegative sequence for which one assumes there exists
ng €N, such that for all n = ngy one has satisfied the inequality
Br+1 =1 = pn)Bn + pnYn, (5)
where u, €(0,1), forall n eN, % Un =00 and v, =0, for all n e N. Then the following inequality
holds "
0 <lim sup B, < lim sup y,. (6)

n—.oo n—oo

3. Existence and Uniqueness of Solutions via S-iteration

Now, we are able to state and prove the following main theorem which deals with the existence
and uniqueness of solutions of the equation (I)-(2).
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Theorem 2. Assume that there exists a function p € C(I,Ry) such that
1F(¢,u1) - F @, o)l < p@Olluy —v1ll. (7

o0
Let {Sk);2 ) be a real sequence in [0,1] satisfying }. ¢ =oo. If
k=0

- %ﬂp(b)uap(t) <1,
1 2

then the equation (1)-2) has a unique solution y € B and normal S-iterative method (4) converges

to y € B with the following estimate:
k+1
lyr+1 =yl ———Ilyo—-vylB. (8)
1-0) ¥ ¢;
e =0

Proof. Let y(t) € B and define the operator
mao

d
(Ty)t)= - f(b ) 15 (s, y(s))ds

mi +m2 m1+mgI'(a)

D i (t ) 15 (s, y(s)ds, tel. 9)

Let {yz};, be iterative sequence generated by normal S-iteration method (4) for the operator

given in (9).

We will show that y, — y as & — oo.

From (4), (9) and assumptions, we obtain
lye+1(@) =y = I(T2zx)(@) = (Ty)D)I

H d my

f (b—35)*"1F(s,2x(s))ds

mi+ m2 m1 +mgy I'(a)

T i (t ) 1F(s,2(s))ds

d mo

b
f (b-39)""1F(s,y(s))ds

+
m1 +mg mi+meoI'(a)

a—1
@ f (t—s)* 1, y(s))dsH

|mgl

a1
|m1+m2|F(a)f (b —8)" 1T (s, 21(5)) — F(s, y(s)lds

a—1
+ e f (£ — )21 F(s, 25(5)) — F(s, y(s))l| ds

|mal
|m1+m2| I'a)

— f (t— )% p(s)l12n(s) - y(s)ds. (10)
T@ o

Now, by taking supremum in the inequality (10), we obtain

_ 1 b
lype1 —yllg < Tr2llze = yls f (b—s)*Lp(s)ds +
Im1+mao| T(a)Jo

f (b= )" Lp(s)l2x(s) - y(s)lds

lzr —yllB
I'la)

t
f (t—3)""p(s)ds
0
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m
= ﬁfap(b)+1“p(t) lzr —ylB

=Olzr-ylB. (11)
Now, we estimate

2, (@) =y = [(1 = Sy (@) = YOI + SR 1Ty )(E) = (Ty)(t)ll]

3 _ |mal a1
= (A= Elyr®) =0l + G =2 L [ - yioas
s [ = (o) - s} (12)

Similarly, by taking supremum in the inequality (12) to get

Ik =yl < [1- (1= 2 () + 10D Ik - ¥

lm1+mal
=[1—fk(1—®)]llyk—yI|B- (13)
Therefore, using (13) in (11, we have
lye+1—ylIB = OM1 =& (1 -y — yliB. (14)
Thus, by induction, we get
k
lyer1—yle <O []11-&(1-O)llyo - ylls. (15)
j=0
Since ¢, €[0,1] for all £ € N, the definition of ® yields {z <1 and © <1
= GO<G
= &(1-0)<1, forallkeN. (16)
From the classical analysis, we know that
x?  x3
l-x<e*=1-x+——-——+---, x€[0,1].
2! 3!
Hence by utilizing this fact with (16) in (I5), we obtain
k
~(1-0) ¥ &
Iyes1 =yl <@ e 2y - ylip
k+1
=——lyo—-vla. a7
-0 1 &

e

o0
This is (8). Since Y & =00
k=0

1o ¥ ¢
e =0 -0 as k—oo. (18)
Hence using this, the inequality (17) implies klim lyz+1—yllB =0 and therefore, we have y;, — y
—00

as k — oo. O

Remark. It is an interesting to note that the inequality gives the bounds in terms of known
functions, which majorizes the iterations for solutions of the equation (I)-(2) for t€ I.
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4. Continuous Dependence via S-iteration

In this section, we shall deal with continuous dependence of solution of the problem (1) on the
boundary data, functions involved therein and also on parameters.

4.1 Dependence on Boundary Data
Suppose y(t) and y(t) are solutions of (1) with boundary data

m1y(0)+may(b) =d (19)
and

m15(0)+m25(b) = d, (20)
where d, d are given elements in X.

Then looking at the steps as in the proof of Theorem [2, we define the operator for the equations

(O-@0

- _ _ (_i moy 1 b a—1 _
(Tyxw__m1+nm__m1+nmITaL[(b_s) H(s, j(s))ds
v f (t—8)"1F(s, y(s))ds, tel. (21)

We shall deal with the continuous dependence of solutions of equation (1) on boundary data.

Theorem 3. Suppose the function F in equation satisfies the condition (7). Consider the
sequences {yz}y and {yr);, generated normal S-iterative method associated wtth operators T
in (9) and T in @2I), respectively with the real sequence {& ki, in [0,1] satisfying 5 <& forall
k €N. If the sequence {y1};_ , converges to y, then we have

3( Id—d|| )

m1+mg|

ly—ylB < e (22)

Proof. Suppose the sequences {yz}}2, and {yz};2, generated normal S-iterative method
associated with operators T in (@) and T in (21)), respectively with the real sequence {¢ Elpeo I
[0,1] satisfying % < ¢y, for all k£ € N. From iteration (4) and equations (9); and assumptions,
we obtain

Y418 = F+1(DN = 1Tz )) — (TZR)D)|
_ ” d mo

b
j‘w—swﬂﬁwxuwms

m1+m2 mi+meo ['(a)

f (t—3)*1F(s,25(s))ds

@
_d ,m f(b Y 15(s, z4(5))d
m1+m2 mi1+moI'(a) s S,2k(8 S

1

a—1
Tk ‘tes) F(s, zk(s))dsH

<(nd—dn)+ |mo|
“\Umi+mal/ Imi+mg|I'(a)

f(b—w“1Wﬂszuw>:ﬂszuwmds
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1
+_
I'(a)

(e, _mal 1
" Umi+mgl/  Imi+ma| (@)

t
fo (t =) Y F(s,z1()) — F(s,25(s))Ilds

b
(ﬁ(b—ﬁyklpwﬂmk@)—éﬂsmds

1 ‘ a-1 _
+Ta)f0 (t—8)*""p(s)zp(s)—zp(s)lds.

Recalling the equations and (13), the above inequality becomes
Id—dl _

———)+Ollz ~ Z 5,

lm1+mal

and similarly, it is seen that
Id—dl

lm1+magl

196+1 = Fesals <

2 — 2kl < & | +[1- &1 - )iy - 5.

(23)

(24)

(25)

Therefore, using in and using hypothesis ® < 1, and % < ¢y, for all & €N, the resulting

inequality becomes

l¥r+1—Yr+1lB = d—dl +lzr - ZilB
Im1+mgl
Id —d| ld—dl ]
s(|m1+m2|)+ k(|m1+m2|)+[1_5k(1—@)]llyk—ykllg
Id - dll Id - dll ]
=2l 00— —  |+[1-&@1-0 _
= 6k(|m1+m2|)+ k(|m1+m2|]+[ Crl M ye = Irlp

3 mrims)

<[1-¢{p(1-O)llyr — yrlB +Ep(1— G)W

We denote
Br = lyr — ¥z,
ur =¢r(1-0)€(0,1),
Id—dl
3(|m1+m2|)

(1-0)

Ye =

(26)

(e, 0)
The assumption % < {p for all £ € N implies ) ¢ =o00. Now, it can be easily seen that

n=
satisfies all the conditions of Lemma [2| and hence we have

0 <lim sup B < lim sup y;,

k—o00 k—o0

3( o)

= 0<limsup |lyz —¥zllp <lim sup

k—o0 k—oo (1_6)
ld—d|
0<li I Sllp < 3(|m1+m2|)
= = 11m su - =S
sup ly = el < —7—g5
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Using the assumption klim Ve =Y, klim yr =¥, we get from that
—00 —00

k)

m1+me|

g < —armel) 28

ly =5l 1-0) (28)
which shows that the dependency of solutions of BVPs (1)-(2) and (1)-(20) on given boundary
data. O

4.2 Closeness of Solution via S-iteration
Consider the problem (I)-(2) and the corresponding problem

(DY) =TF(¢t,5(¢), tel, 0<a<l, (29)
with the given boundary condition
m15(0) +m23(b) =d, (30)

where 7 is defined as F and d is given element in X.

Then looking at the steps as in the proof of Theorem |2, we define the operator for the equation
29-(30)
ma

- d
(Ty)t) = f (b-9)""1F(s,(s))ds

mi+mo m1+m2 I'la)

a-17
F(a)f(t s)* (s, y(s)ds, tel. (31)

The next theorem deals with the closeness of solutions of the problems (1)-(2) and (29)-(30).

Theorem 4. Consider the sequences {yk}zozo and {yk}zozo generated normal S-iterative method
associated with operators T in (9) and T in (31), respectively with the real sequence {& EYpeo N
[0,1] satisfying % < ¢y, for all k € N. Assume that
(i) all conditions of Theorem [2 hold, and y(¢) and y(¢) are solutions of (I)-(@) and 29)-(30),
respectively.

(i1) there exist non negative constant € such that

1F(t,u1)-F(t,u)l <e, foralltel. (32)

If the sequence {y;}}7 , converges to y, then we have

) s+ )

Im1+ma| Im1+mal I'(a+1)

ly—ylB =< 10 . (33)

Proof. Suppose the sequences {y;};?, and {y:}77, generated normal S-iterative method
associated with operators T in (9) and T in (31), respectively with the real sequence {¢ Elpeo In
[0,1] satisfying % < ¢, for all & € N. From iteration (4) and equations (9); and hypotheses,
we obtain

IvE+1(8) — Y1 = 1Tz )(®) — (T2

d
= | e f (b— )15 (s, z5(s))ds

mi+me mi+mol(a)
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f (t—$)*"1F(s,2x(s))ds

F( )
g, _m f(b )15 (s, 2(5))d
mi+mg mi+mal(a) 8 $,2k(s))as
a-17
“Ta )f (t-5)* 15, zk(s))dsH
Id—dll y  _ Imsl e
S(|m1+m2|)+|m1+m2|f‘((x)f (b-s) ”9’(3 zp(s))— ?(s Zp(s))llds
a-1
1"( )f(t ) 11T (s, 2r(8)) — ?(S Zr(s)lds
ld-d| sl o
S(|m1+m2|)+|m1+m2lr(a)f (b~s) 1F(s,Zr(s)) — 3'“(8 zZp(s))lds
Imal

|m1+m2| I'(a)

f (b —8) 1 F(s, 25(5)) — T(s, Zx(s))l| ds

f (t = )% 1T (s, 25(s)) — F(s, Zx(s))l| ds

r( )
e f (£ — )% [T (s, 24(s)) — T(s, Zx(s))l| ds
Id—d| imal n —f a1,
S(|ml+mz|)+|ml+m2|r<a>f(b s eds iy Jo €79
|mal

|m1+m2| I'(a)

f (b— )7L p(s)llz4(s) — Z4(s) s

f (t— )% p(s)lzn(s) — Zx()llds

F( )
s( Id -l )+ |mal eb” N et®
lm1+ms| |m1+m2|F(a+l) I'a+1)
|mgl

|m1+m2| I'(a)

f (b— )7L p(s)llz4(s) — Z4(s) s

f (t— )% p(s)lzn(s) — Zx()llds

F( )
s( Id -l )+ |mal eb” N eb”
lm1+ms| |m1+m2|F(a+1) I'a+1)
|mal

|m1+m2| I'(a)

f (b—5)7Lp(s)llz4(s) — Z4(s) s

f (t— )% p(s)lzn(s) - Zx()llds

F( )
d-d be
:( [ | )+€( |ma| +1)
|m1+m2| |m1+m2| F(a+1)
|ma]

lm1+mga| I'(a)

f (b— )7L p(s)llz4(s) — Z4(s) s
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b f (t = )% p(s)l12n(s) - Zx(s)l|ds. (34)

Recalling the derivations obtained in equations (12)) and (13] - the above inequality becomes

Id—dl )+ ( Img] )
Im1+ms Im1+megl [(a+1)
and similarly, it is seen that

19he1-lz = | ] +Blzk - 24l (35)

Id -dll )+€( |mal ) ]
lm1+mo| lmq1+mal I'a+1)
Therefore, using in and using hypothesis ® < 1, and % < ¢, for all k£ €N, the resulting
inequality becomes

2k - Zels < & +1-&(1-ONlys ~ sl (36)

lye+1—Yr+1llB < [(M) +€( |mal

Im1+mgl Im1+ms )F(a+1)]+”zk_zk”3
— a
s[( ld-dll )+6( [ma] +1) b
|mq1+mag| lmq1+ma| T'(a+1)
Id —-d| |mal a )
P 1-¢&,(1- -
+€k[(|n11+m2|)+6(|m1+m2| )T(a+1)]+[ k(L= O)llyr = Ikl

<2, [( Id —d|l )+€( Ims|

Imq1+mgl lmq1+ma| )F(cx+1)]

ld—d| Imal 5
+€k[(|m1+m2|)+€(|m1+m2| )F(CHD]+[1-5k<1—@)]nyk—yk||3

3[( Id—dl )+€( Ima| +1)

<[1- 41— O)llyp = Jallp + Ep(1 — @)—mtmel) Amimal JH@D] - o)
= k Yk = YrlB + Sk 1-0) :

a

We denote

Br = lyr — yr B,
Uy = {r(1-0)e(0,1),

Id—dl |mal be
3[(|m1+m2|) +€(|m1+m2| + 1) T(a+1)

(1-0)

Yk =

[o.0]

The assumption % < ¢y, for all £ € N implies Y &, = oco. Now, it can be easily observed that
n=

satisfies all the conditions of Lemma [2] and hence we have

0 <lim sup fr, <lim sup vz

k—oo k—oo

Id-dll |mal be
. . 3[(Im1+m2|)+€(|rn1+2mzl +1) T(a+1)
= O<limsup |ly; —¥:llp <lim sup
k—o0 k—o0 (1 _@))

ld—d| Imal b
, i 3[(|m1+mzl) +€(|m1+m2| + l)r(a+1)
=  0<limsup llyr—jrllB <
k—oo (1-0)

(38)
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Using the assumption klim Ve =Y, klim yr =¥, we get from that
— 00 —_—

) el

Im1+mg| m1+mg|

T'(a+1)

ly-ylp= 1-0) , (39)
which shows that the dependency of solutions of BVPs (1)-(2) and (29)-(30) on the function
involved on the right hand side of the given equation. O

Remark. The inequality relates the solutions of the problems (1)-(2) and (29)-(30) in the
sense that if 7 and F are close as € — 0, then not only the solutions of the problems (I)-(2) and
(29)-(30) are close to each other (i.e. ||y —y|lg — 0), but also depend continuously on the functions
involved therein and boundary data.

4.3 Dependence on Parameters
We next consider the following problems

DHy(t)=F(t,y@®),u1), tel, 0<a<l, (40)
with the given boundary condition

m1y(0)+may(b) =d (41)
and

DHY()=F(t,y(t),u2), tel, 0<a<l, (42)
with the given boundary condition

m15(0)+may(b) =d (43)

where J: I x X x R — X is continuous function, d, d are given elements in X and constants p1,
Uo are real parameters.

Let y(t), y(t) € B and following steps from the proof of Theorem 2, define the operators for the
equations and (42), respectively

b
— _ ma a1
(Ty)(t)—m1+m2 o f (b — )% 1F(s, y(s), py)dls
v f (t—9)* 1 F(s, y(s),p1)ds, tel (44)
and

b

- _ _ moy _ a—1 _

(T9)e) = e o f (b — )% 1F(s, 7(s). o)l

T f (t—9)* 15 (s, j(s), uo)ds, tel. (45)
The following theorem discuss the continuous dependency of solutions on parameters.

Theorem 5. Consider the sequences {y.};> ) and {y.};> | generated normal S-iterative method
associated with operators T in and T in (45), respectively with the real sequence {¢ KI5 in
[0, 1] satisfying % < ¢y, for all k € N. Assume that

(1) y(t) and y(t) are solutions of (40)-(41) and ([@2)-(43), respectively.
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(i1) the function F satisfy the conditions:
15, w1, p1) = F@ v, poll < p@Ollug — o4l
and
1F (@, w1, p1) — F(@E ur, p)ll < r(@) g — pal,
where p,re C(I,R.).

If the sequence {y,}_, converges to y, then we have

3[(“—‘””) + —y2|( mal_jap) +I“r(t))]

|m1+mal Im1+magl

ly-ylp= 1-6) ; (46)
where © = [lmlﬁillle“p(b)+I“p(t)] <1.

Proof. Suppose the sequences {y;};7, and {yz}., generated normal S-iterative method
associated with operators T in and T in (45), respectively with the real sequence {¢ EYpeo 1D
[0,1] satisfying % < ¢y, for all £ € N. From iteration (4) and equations (44); and hypotheses,
we obtain

1ye+1(8) = Fr4 1N = 1(T22)(@) — (TZ) (@)
s

a-1
m1+mz m1+m2F(a)f (b—s)"""TF(s,2z(s), u1)ds

f(tsW19®2MQuﬂds

F( )
mi+mg  mi+mg F(a) s s,2r(s), up)ds

a-1
rmx[“ 5) 9@zuwuwdﬂ

<(nd—dn)+ ol
B |m1 +mgal/)  Imi+mg| (@)

jkt ) (s, 2(8), 1) — F(s, Zn(s), o)l ds

f (b — )T (s, 21,(s), 1) — F(s,21(s), o) ds

T
Id-al | Imsl
Shnn+nuJ+Wm1+nm|NaL[(b (s, 2406, 1) — Fls, 24(5), o)

|mgl

a-1
|m1+mmrun])w ST (8,24(8), pn) = TCs, Z4(s), po)llds

F()jkt ) (s, 2(5), 1) — F(s, Zn(s), o)l ds

r()]kt ) 1 F(s, 23(s), 1) — F(s, 2n(s), )l ds

c(de=di), _ims
\Umi+mgl/ |Imi+mg|I'(a)

e L[(t 5 Lr(s)lju1 — palds

j (b= )" ()1 — palds
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|mal

a-1
|m1+m2|r(a)f (b-s) p(®)llzr(s)—2zr(s)llds

b f (t— )% p(s)llz(s) — Z4(s)lds

|1 — pol I%r(d) + |u1 — pelI%r(t)

( Id-dl| ) |mal
< +
Im1+mal|/  |mi+mg|

|mgl

a-1
|m1+m2|F(a)_[ (b—3)"""p(s)lzx(s)—2r(s)lds

1

F( ) Jo
Recalling the derivations obtained in equations and (13), the above inequality becomes

_ Id—d| ma N
Iy =Fnals < [(o = )l = ol IO 4 1) +Ollzs - 2uls - (48)

(t $)* 15 (s)lzr(s) - Zx(s)llds. (47)

and similarly, it is seen that
ld—d|
Imy+mgl

|mal

2 [ (b)+ (1)) | +[1- E(1 - @)k - T 3.
Im1+mal

(49)
Therefore, using in (48) and using hypothesis ® < 1, and % < {p, for all £ €N, the resulting

inequality becomes

IIZk—ékllBka[( )+|H1—N2|(

i ld-d] s ]
Iyier = Feaalls < | (o) = gl (22— 1 B)+ Tr0)) | + e =20l

= [(%) +lp1 - M2|(%I“r(l))+[“r(t))]

ld-d| Ml e, e N lys—7
gk[(m)+|ul_u2|(lmmz F(B)+1°r(®)) | +[1- £(1 - )i~ Tl

<2¢, [(H) + 1 —M2|(%I“r(b)+lar(t))]

Id-d| mal . A -
+5k[(m)+"“‘“2'(ml F(B)+ 7)) | + [1- €1 - O)lllys— 5215

3| (L) + a1 — ool izl 19 (B) + 197 ) )|

|m1+ms| [mi+me|

(1-0)

<[1-&(1-O)llyr— B +ER(1-6)
(50)
We denote
Br = lyr = ¥rlB,

He = E:(1-0) € (0,1),
3Pzl ) + pas — il (2l IO () + 17 (1))

[m1+magl |m1+mal

(1-6)

= 0.

Y=
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o0

The assumption % < ¢y, for all £ € N implies Y. &, =oco. Now, it can be easily seen that
n=0

satisfies all the conditions of Lemma [2] and hence we have

0 <lim sup f, <lim sup vz

k—oo k—oo

3[( ld—d| )+|u1—u2|( |ms| Iar(b)+1ar(t))]

[mi+magl |m1+mal

= O<limsup |ly; —¥:llg <lim sup

k—co k—oo (1-0)
3| (Pl ) + a1 - ol 19 () + T (1))
= O<limsup |lyr -yl < . ' 51)
k—o0 (1-0)

Using the assumption klim Yp =Y, A}im yr =¥, we get from that
—00 — 00

3[( Id-dl|l )+|I~11_N2|( [ma| Iar(b)+1ar(t))]

Imi+ma| Imi+mal
(1-0)
which shows the dependence of solutions of the problem (I)-(2) is on parameters yu; and pg. [

ly=¥lB = ; (52)

Remark. The result dealing with the property of a solution called “dependence of solutions on
parameters”. Here the parameters are scalars and note that the boundary conditions do not
involve parameters. The dependence on parameters are an important aspect in various physical
problems.

5. Example
We consider the following problem:
(D)= % t—%(y(t)) , tel0,1, 0<a<1, (53)
with the given boundary condition
y(0)+y(1)=1. (54)

Comparing this equation with the equation (1), we get
3t t—si t
TeCU xRR) with J(t,y(1) = = [%]
Now, we have

3t t—si t 3t1t—sin(y(¢
1T, y() - T, 5B = E[M] 3 M”

2 5 2
- ‘ﬁ) ‘ t—sin(y()) ¢ —sin(y(?)) ‘
15 2 2
3t
< El sin(y(¢)) — sin(y(¢))I. (55)

Taking sup norm, we obtain
3t
[T, y() = F(t, y(1)| < l—oly—&l, (56)

where p(t) = %.
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5.1 Existence and Uniqueness of Solutions

Therefore, we the estimate
0= |22 _app) 1op0)]
|m1+msgl

1 a a
= [51°p(®)+1°p(0)

1 3t
=|=I%@1)+I°=—
5 p(1)+ 10]

311 1 1 1 ¢

=— == 1-8)* lsds+ —— t—s)%1sd
10l2T@ o (1-9)"""sds @ Jo (t—s)" "sds
31 1(x+1 ta+1

=— = +
1012T(a+2) T(a+2)
3711 1

=—|= +
1012T(a+2) T(a+2)

301 { 1

1012 [(a+2)

_ 3x3 1

T 10x2T(a+2)
9 1

=— 57
20T (a+2) (67)

Therefore, the condition © < 1 is satisfied only if = 30 F(a = < 1.

(t<1)

In particular, we choose a = %, then we have
9 1 9 1
20T(a+2) 20 (1
r(§ + z)

We define the operator T : B — B for the given problem by

1
()0 =3~ 5(— f (1- )5 15(s, y(s))ds
L f (t— )2~ 15(s, y(s))ds

L
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1 11 ! _13sys—sin(y(s))
SR i e
+—f(t s)—l?’s —S_Sm(y(s»]d tel. (58)

Since all conditions of Theorem [2] are satisfied and so by its conclusion, the sequence {y,}
associated with the normal S-iterative method for the operator T in (58) converges to a
unique solution y € B.

5.2 Error Estimate
Further, we also have for any yy € B

k+1
|Ye+1—yIB = ———F—Iy0—¥IB
1-0) ¥ ¢;
e i=0
k+1
[&L
5vm
lyo =yl (59)
1_‘ ] Z fz
i
where we have chosen ¢; = 137 €[0,1]. The estimate obtained in (59) is called a bound for the

error (due to truncation of computatlon at the k—th iteration).

5.3 Continuous Dependence

One can check easily that the continuous dependence of solutions of equations (1) on boundary
data. Indeed, for y(0)+ y(1)=d =1, (0)+ y(1)=d = 3, we have

3(Inllcf;g1|2|)

~1.1338. (60)

5.4 Closeness of Solutions
Next, we consider the perturbed equation:

(D2) (t)—ﬁ t%(y(t)) —t+%, t€[0,1], (61)
with the given boundary condition

§0)+5(1)=d = % (62)
Similarly, comparing it with the equation (29), we have

3t 500 =2 [ gy
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One can easily define the mapping T : B — B by

(Ty)(t)—————f (-9 S_Sm(y(s))] s+%}ds
+@f0(t—s)—%{3§[%(y(s))]—s+%}ds, tel. (63)

In perturbed equation, all conditions of Theorem 2| are also satisfied and so by its conclusion,
the sequence {j,} associated with the normal S-iterative method (@) for the operator 7' in (63)
converges to a unique solution y € B.

Now, we have the following estimate:
3tt—sin(y(¢))7 3t1t—sin(y(?)) 1
It - Tty = |5 | —5— | - S| —5 ] +t- 5

2 5 2 7
1
-3
7
1
<|tl+=
7
<1+1 t=<1
< 7 <
8
= — =E€. 64
7 =€ (64)

Consider the sequences {y,};., with y, —y as n — oo and {y,}}2, with y, -y as n — oo
generated normal S-iterative method associated with operators T in (58) and T in (63),

respectively with the real sequence {§,};_ in [0,1] satlsfymg 5 <¢n for all n €N. Then we have
from Theoremlthat forb=1,d=1, d s %
ld—d] [ma| b¢
) 3[(|m1+m2|) +€(|m1+2mz| + 1)F((x+1)
lx — x| <
(1-0)
1,81 1
3li+25+ Yty
B 3 1
(1-3%)
1,12 1
3|+ ¥
<
3 1
=y
1,12 1
31+ 7%]
<
31
(1-3%)
1,24 1
o[t
<
_3_1
(1-35)
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_6.5531
~0.6615
~9.9064.

This shows that the closeness and dependency of solutions on functions involved therein.

5.5 Dependence on Parameters
Finally, we shall prove the dependency of solutions on real parameters.

We consider the following integral equations involving real parameters ui, us:

1 3t [t —sin(y())
D.2yt)=— | ——

y(@) z 5
with the given boundary condition

y0)+y(1)=d=1

+.U1], te[0,1],

and
1 3t [t —sin(y(¢))
D, =—|—=
2y(t) = 5

with the given boundary condition

+,u2], t€[0,1],

-1
yO)+y(1)=d = 3
Following above discussion, one can observe that p(¢) = p(¢) =r(t) = %

(65)

(66)

(67)

(68)

(69)

and therefore, we have

© = 0. Hence by making similar arguments and from Theorem [5, one can have (¢ =0, b =1,

p@®)=pt)=r(t)=2)
_ 3 [( ld—d| )+|l~ll_l~l2|( |mal Iar(b)+Iar(t))]

ly — 7| Im1+mg| |my+mgl
y-73lB 1-6)
3[('1;%|)+I,ul—,uzl(%lar(l)+1“r(t))]
- (1-0)
3[%+I,ul—uzl(%lér(l)+l%r(t))]
T b
3[%+|u1—uzlf—om

3
(1-5%)
In particular, if we choose u;1 =1, u o= %, then we have from that

1 9 1
3[1"‘ |l~t1 _H2|%r(a+2)

ly-ylp=
(1-5%)
3[%+‘1_%‘%P(%1+2>]
(1-5%)
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—
nojot

w
—_—
=
+
W~
Ble
|
N ——

—_—
—
I
(%)}
o
N————

w
—_—
W=
+
8l
o
us|§ —

<
[y
3[% + 10%/5
e
- 1.2578
~0.6615
=~ 1.9014.

This proves that the dependency of solutions on both boundary data and real parameters.
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