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1. Introduction

One of the most significant topic in functional analysis is fixed point theory. The whole fixed
point theory based on very influential theorem Banach Contraction Principle [4]. Since then
many researchers worked on it and develop results in different spaces like Metric space, Hilbert
space, normed space, G-metric space, b-metric space, cone metric space etc. Further, fixed point
theorems are extended in quasi-metric space.

Definition 1.1 ([16])). The function ¢ : X x X — [0,00) is a quasi-metric if it satisfies
(1) g(a,b)=0<a=>b,foralla,beX.
(ii) q(a,db)<qla,c)+q(c,b), for all a,b,ce X.

The pair (X, q)is called quasi-metric space.
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The study of fixed point theorems on quasi-metric space added by Aydi et al. [3]], Bilgili et
al. [6]], Shatanawi et al. [14,(15], and Alegre et al. [1].

Later, F-quasi metric space is defined as under

Definition 1.2 ([11]). (X,0,) is named as F-quasi metric space and §, is named as F-quasi
metric, if a function 64 : X x X —[0,00), a constant B € [0,+00) and a f € F',so that

(61) Og(x1,x2) =0 x1=x2 V x1,x2€ X,
N-1
(02) 84(x1,22) >0= f(64(x1,x2)) < f( '21 6q(vi,vi+1)) +B.
1=
For every N e N with N =2, V x1,x2 € X and for all (vi)zi\i1 c X with (v1,vn) = (x1,x9).

The notion of coupled fixed point was initiated by Guo and Laxmikantham [10]. Berinde and
Borcut [5] extended this theory to triple fixed point. Karapinar et al. [11,12] proved quadruple
fixed point theorem in partial order metric space. This theory is further stretched for n-tuple
fixed point theorems by Ertiirk and Karakaya [7,8]. The n-dimensional theory is very useful in
many engineering problems.

Definition 1.3 ([7]). Assume Xbe a non-empty set and let
n .
F: HX‘ - X,
=1
then (x1,x2,...,x") € H’lf‘:lX ! is termed as n-tuple fixed point if
xl=F(xtx?,... 2"
2 =F@2,x3,... 2", xh)
3 =F@3, 6%, x" xl,x?)
" =F(x™ . xm .

The purpose of this paper is to establish the results on n-tuple fixed point which will be
generalization of above results. We have proved n-tuple fixed point theorem in F-quasi metric
space for a new contractive condition.

The following definitions are required to discuss to understand this paper.

Definition 1.4 ([2]). A function f :(0,00) — R is called non-decreasing function if f(x1) < f(x2),
for all xq1,x9 € [0,+00). Also f is said to be logarithmic-like when every positive sequence
{x,}satisfies

lim x, =0 < lim f(x,)= —o0.

n—oo n—oo

In the sequel F is set of functions f.

Definition 1.5 ([11]). Consider F-quasi metric space (X,64). Then {x,} in X is known as right
convergent sequence (left convergent sequence) to x € X if

7}1_1}1 Oq(x,x,)=0, ,}Lm O4(xpn,x)=0.
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Definition 1.6 ([11]). When a sequence {x,}in X is both right and left convergent, then it is
said to be bi-convergent sequence.

Definition 1.7 ([11]]). Let {x,} be sequence in F'-quasi metric space (X,§,). Then {x,} is a right
Cauchy sequence (left Cauchy sequence) if

lim 64(x,,%,)=0 lim 64(x;,x,)=0.
n,m—oo n,m—oo

{x,} is a called bi-complete Cauchy sequence if it is left and right both Cauchy sequences.

Definition 1.8 ([13]]). The functions J : X x X — X and K : X — X are commutative if
JKx,Ky)=K(J(x,y)), Vx,yeX.

2. Main Result
Theorem 2.1. Let (X,6,) be a bicomplete F-quasi Metric Space and J,K : X — X be two
mappings which satisfy
(2.1.1) J and K are commutative,
(2.1.2) J(X)cK(X), K(X)isclosed, ¥V x,ye X,
(2.1.3) ¢p(t)<t, for t >0,
(2.1.4) 64(Jx,Jy) < Pp(64(Kx,Ky)), ¥V x,y€ X.
Then J and Khave a unique common fixed point.

Proof. Let xg € X. Then x1 € X such that Jx¢ = Kx;. By continuing this process, we can define
the sequence {y,} in X such that
Yn=dJx,=Kx,,1, forn=0,1,2,....

Here J and Khave common coincidence point.
To prove the unique coincidence point, consider ©1 and v are two distinct coincidence points of
J and K. Then 3 us,vg such that

5(u2,02) >0, Ju1 :Ku1 =ug, Jvl :Kvl =03.
From|(2.1.4)
0q(ug,v2) =64(Ju1,Jv1) < Pp(64(Ku1,Kv1)) = Pp(64(uz,v2)) < 64(ug,v2).

This is a contradiction, thus J and K have a unique coincidence point.
Consider 0 < §4(Jxg,Jx1) <€, then

6q(an;an+1) = (P(5q(Kxn,Kxn+1))
<64(Kxp,Kxpi1)
=0g(Jxp_1,Jx,)
< P(6¢(Kxp-1,Kxp))
<64(Kxp_1,Kxp)
=6¢(Jxpn-2,Jxn-1)

=04(Jxo,Jx1) <€.
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Now, consider (m,n)€ N, m > n, therefore

m-1
Z Og(Jx;,dx;i 1) <(m—1-n)d4(Jxg,Jx1)<(m—-1-n)e<e
Now, consider f(B) € F x(0,00), so that (§9) is satisfied

m—1

(2.1.5) f( Y 6q(in,in+1)) <fle)<f(e)-B,¥YneN
i=n
For m >n =N, using (d2) and
m—1

5q(an,Jxm) >0=> 5q(an:Jxm) = f( Z 5q(in,in+l)) = f({;‘)

i=n
Hence 64(Jxp,Jxn) <€
{yn} ={Jx,} is a right Cauchy sequence.

Similarly, consider the pair (x;+1,%;), then by above process, one can prove that {y,} is also left
Cauchy sequence and thus a Cauchy sequence.

Since (X,6,) is bi-complete metric space, therefore {y,} is convergent to z € X.

Now, {Jx,} ={Kx,41} < K(X).

Therefore, we have r}LI'{DlO 04(Kxp,Kz)=0, because K is closed.

Now, to prove that J and K have z as coincidence point, assume that §,(J/z,Kz) > 0.

Then

f(64(J2,K2)) < f(8q(Jz,Jdxp)+04(Jxp,K2))+B
< f(Pp(64(Kz,Kx,))+04(Kx,4+1,K2))+B.
Asn— oo
r}i_%lof(¢(5q(Kz,Kxn))+5q(Kxn+1,Kz))+B — —00.

which is a contradiction, therefore §,(Jz,Kz)=0=> Jz=Kz.

Therefore, z is coincidence point of / and K.

Therefore, J(z) = K(z) = w.

Now, K(w) = K(K(2)) = J(F(2)) = J(K(2)) = J (w).

Hence w is another coincidence point of J and K, but J and K have unique coincidence point.
Therefore,

z=w.
Therefore,

J@)=K(z)==z.
Therefore, J and K have a single fixed point in common. O

Lemma 2.1 ([9]). Consider a F-quasi-metric space (X,64). Then, the following assertions hold:

(i) (X™,64) is a F-quasi-metric space with
Ag((u1,us,...,upn),(vV1,02,...,0,)) =max(64(w1,v1),04(u2,v2),...,04(un,vy))

for ui,ue,...,uy, V1,V9,...,U, €X.
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(i1)) The mapping a : X" — X and b : X — X contain an n tuple common fixed point iff the
mapping A : X" — X" and B : X" — X" defined by
A(ui,ug,...,uy)=(a(ui,ug,...,uy),a(ug,...,un,u1),...,a(U,, U1, U, ..., Up_1)),
B(ui,usg,...,uy)=(bui,bus,...,buy,),
possess a common fixed point in X".
(iii) (X,64) is bi-complete iff (X™,A,) is bi-complete.

Theorem 2.2. Let (X,0,)be a bi-complete F-quasi metric space. Also, assume a : X" — X,
b:X — X be two mappings which satisfy

(2.1.6) a(X™")cb(X), b(X)isclosed, ¥V x,ye X
1
(2.1.7) 5q(a(x1,x2>--->xn)7a(y1’y27---,yn))sd){;(éq(bxl,by1)+6q(bx2>by2)+---+6q(bxn’byn))}

for all (x1,%2,...,%n),(¥1,¥2,...,yn) € X"
(2.1.8) Ay : X" x X" —10,00) be defined by [(2.1.1)and|2.1.3)|of Theorem [2.1).

Then a and b have a common n-tuple fixed point in X™.

Proof. Assume A : X" — X" by A(x1,x9,...,%,) = (a(x1,x9,...,X,),a(x2,...,%n,%1),...,a(X,,x1,X2,
...,xn_l)).
Also assume, B : X" — X" defined by

Bl(x1,%x2,...,%p) = (bx1,bx,...,bxn)

Using Lemma (X™,Ag) is bi-complete F'-quasi metric space.

Also, (x1,x9,...,x,) € X" is a common n-tuple fixed point of @ and b iff A and B have a common
fixed point.

Now,

Ag(A(x1,%2,...,%1), A(Y1,¥2,- .., ¥n)) = Nglalx1,x2,...,%,),a(x2,. .., Xn,%1),...,a0(Xn, X1,%2, ..., Xn-1),
a(¥1,¥2,--,¥n),a(¥2, -, ¥n, ¥1)s -+, 0¥, ¥1,¥2, -+, Yn—1))
=max{04(alx1,%2,...,%2),0(¥1,¥2,.--,Yn));
Og(alxg,x3...,%,,%1),a(y2,...,¥n,¥1)),- .-,
6qlalxn,x1,%2,...,%0-1),a(Yn, ¥1,¥2, -, Yn-1)}.

Consider
Ag(Alx1,%2,...,%0), A(Y1,¥2,. -, Y0)) = 0g(alx1, X2, ..., 2n),a(y1, Y2, Yn)
< (p{%(5q(bx1,byl) +04(bxo,by2) +... +6q(bxn,byn))}
<max {(84(bx1,5¥1),54(bx2,bY2), ..., 8¢(b%n, by}

= Aq(B(xlyx27 e ’xn)7B(y17y2>' .. ’yn))

or

Aq(A(x].’x27' .. ,xn),A(y].’y21' .. ,yn)) = 5q(a(x2,- . -,xn,xl),a(yZ,- .. ’yn’yl)

1
< (,b{;(6q(bx2,by2) +... +6q(bxn,byn) +5q(bx1,by1))}
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< %(6q(bx2,byz)+...+6q(bxn,byn)+6q(bx1,by1))
<=max{(04(bx2,by2),...,04(bxn,byn),04(bx1,by1))}
=Ay(B(x2,x3,...,%,%1),B(y2,¥3,...,¥n,¥1)).
Proceeding in a similar way, one can prove
Ag(A(x1,%x2,...,%,),A(¥1,¥2,...,¥n)) = Ag(B(x2,...,%,,%1),B(y2,...,¥n,¥1)).
Thus by Lemma a and b have a common n-tuple fixed point in X", O

Example 2.1. Let X =[0,1]. Define 6, : X x X —[0,00) by
0, x=y,
Sq(x,y) = Vo
|yl +lx—yl, otherwise.

04 is bi-complete F'-quasi metric with f(¢) =In¢ and B =0.
X1+xXo+...+%,

Consider a : X" — X by a(x1,x2,...,%,) =
Define b: X — X by b(x) =%

ol
Then a and b are commutative.

Also

n

6q(a(x17x27"-axn)’a(y].’yz""’yn)
=la(y1,¥2,- -, yu)l +lalx1,x2,...,%n) —a(y1,¥2,- -, ¥n)|
1
= Z[|y1+y2+...+yn|+I(xl—y1)+(x2—y2)+...+(xn—yn)l]
=|by1+bys+...+by,| +|(bx1 —by1)+(bxg —bys)+...+(bx, —byy)
= |6q(bx1,by1)+5q(bxz,by2)+...+6q(bxn,byn)|
1
sc/){;(5q(bx1,by1)+6q(bx2,by2)+...+5q(bxn,byn))}.
All conditions of Theorem [2.2] are met, so @ and bhave common n-tuple fixed point.

Corollary 2.1. Let (X,564)be a bi-complete F-quasi metric space. Consider J,K : X — X be two
arbitrary mappings which satisfy (2.1.1)} [(2.1.2)} [(2.1.3)and the condition below:

(2.1.9) 64(Jx,Jy)<ké,(Kx,Ky), ¥V x,y€ X, ke(0,1).

Then J and K have a unique common fixed point.

Proof. Consider ¢(t) =kt in Theorem we get the result. O

Corollary 2.2. Let (X,64) be a bi-complete F-quasi metric space. Also, assume a : X" — X,
b:X — X be two arbitrary mappings which satisfy[(2.1.3)} [(2.1.6)| [(2.1.8)| of Theorem [2.1]and

k
(2.1.10) Sq4(alxi,xg,...,%n),a(y1,¥2,-.-,¥n)) < ;{(5q(bx1,by1)+ 0q(bxg,by2) +...+64(bx,,by,))}

Then a and b have an n-tuple fixed point in common.

Proof. Consider ¢(t) =kt in Theorem we get the result. O

Remark 2.1. Corollary 2.1 and Corollary [2.2|are theorems proved by Ghasab et al. [9].
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Remark 2.2. If n = 4 in Theorem we will get quadruple fixed point.

Remark 2.3. If n = 3 in Theorem we will get tripled fixed point.

Remark 2.4. If n = 2 in Theorem we will get coupled fixed point.

Remark 2.5. If n = 1 in Theorem we will get fixed point.
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