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1. Introduction
Advanced metric fixed point theory is based on the contraction mapping principle in different
types of generalized metric spaces. Among those generalized metric spaces one is b-metric
space, introduced by Bakhtin [3], and Czerwik [5]. Bakhtin [3] generalized the famous Banach
contraction principle in b-metric space. Following the idea of b-metric, Kamran et al. [9]
developed the idea of extended b-metric. They redefined the inequality (b3)(Definition 1) [10]
replacing the constant (s ≥ 1) by a function θ : X × X → [1,∞). Later, Aydi et al. [2] extended the
function θ from X × X to X × X × X and introduced a new setting. In 2004, replacing the set
of non-negative real numbers with an ordered real Banach space, Guang et al. [6] developed
cone metric space. By using the ideas of b-metric and cone metric, Hussain et al. [7] formulated
cone b-metric space. They also developed some topological properties and some results on KKM
mappings.
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Following the concept of extended b-metric, in this paper, we introduce the idea of extended
cone b-metric and study its structure. Finally, without the normality condition, we have
generalized the Banach [4], and Kannan [10] contraction principle in the view of an extended
cone b-metric space. Furthermore, we have justified our results with proper examples.

The organization of the paper is as follows. Section 2 provides some preliminary results
which are used to study the main results of this paper. Extended cone b-metric spaces are
introduced in Section 3. In Section 4, Banach and Kannan contraction type theorems are
established.

2. Preliminaries
To remind the readers, we picked up some basic definitions and results which are given below.

Let us start with the definition of b-metric.

Definition 2.1 ([5]). Let X be a nonempty set and s ≥ 1 be a given real number. A function
B : X × X →R≥0 is called a b-metric if for all x, y, z ∈ X it satisfies the following conditions:

(b1) B(x, y)= 0 if and only if x = y,

(b2) B(x, y)= B(y, x),

(b3) B(x, z)≤ s[B(x, y)+B(y, z)].

The pair (X ,B) is called a b-metric space.

Definition 2.2 ([2]). Let X be a nonempty set and θ : X ×X ×X → [1,∞) be a function. Suppose
d : X × X → [0,∞) be a function which satisfies

(i) d(x, y)> 0 for all x, y ∈ X and d(x, y)= 0 if and only if x = y,

(ii) d(x, y)= d(y, x) for all x, y ∈ X ,

(iii) d(x, y)≤ θ(x, y, z)(d(x, z)+d(z, y)) for all x, y, z ∈ X .

Then d is called an extended b-metric on X and the pair (X ,d) is called an extended b-metric
space.

Definition 2.3 ([6]). Let E be a real Banach space and P ⊂ E. P is called a cone if and only if

(i) P is closed, nonempty, and P ̸= {θ}.

(ii) a,b ∈R, a,b ≥ 0, x, y ∈ P =⇒ ax+by ∈ P .

(iii) P ∩ (−P)= {θ}

In a cone P ⊂ E, a partial ordering ⪯ is considered by x ⪯ y if and only if y− x ∈ P and x ≺ y
indicates that x ≺ y but x ̸= y, while xÎ y indicates the interior of P , in short intP .

Definition 2.4 ([6]). A cone P in a real Banach space E is called normal if there is number
M > 0 such that for all x, y ∈ E,

θ ⪯ x ⪯ y =⇒ ∥x∥ ≤ M∥y∥ .

The least positive number satisfying above is called the normal constant of P .
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In the following always P is a cone in the real Banach E with non-empty interior and ⪯ is
the partial ordering with respect to P .

Definition 2.5 ([6]). Let X be a nonempty set. Suppose the mapping d : X × X → E satisfies

(i) d(x, y)≻ θ for all x, y ∈ X and d(x, y)= θ if and only if x = y,

(ii) d(x, y)= d(y, x) for all x, y ∈ X ,

(iii) d(x, y)⪯ d(x, z)+d(z, y) for all x, y, z ∈ X .

Then d is called a cone metric on X and the pair (X ,d) is called a cone metric space.

Definition 2.6 ([6]). Consider a sequence {xn} in a cone metric space (X ,d) and P be a normal
cone in E with normal constant M. Then

(i) {xn} converges to x if for every c ∈ E with c Ï θ, ∃ N ∈ N such that for all n ≥ N ,
d(xn, x)Î c. Denoted by lim

n→∞xn = x.

(ii) {xn} is said to be Cauchy if for any c ∈ E with cÏ θ, ∃ N ∈N such that for all n,m ≥ N ,
d(xn, xm)Î c.

(iii) (X ,d) is said to be a complete cone metric space if every Cauchy sequence is convergent
in X .

Definition 2.7 ([12]). Let (X ,d) be a cone metric space and B ⊆ X .

(i) A point b ∈ B is called an interior point of B whenever there exist p Ï θ such that
B(b, p)⊆ B where B(b, p)= {y ∈ X : d(b, y)Î p}.

(ii) B is called open if each element of B is an interior point of B.

(iii) A point b ∈ B is called an limit point of B whenever for every pÏ θ, B(b, p)∩ (B \{x}) ̸=φ.

(iv) B is called closed if each limit point of B belongs to B.

(v) If x ∈ B is a limit point then there exists a sequence {xn} in B which converges to x.

Definition 2.8 ([13]). Let (X ,d) be a cone metric space. A set B ⊆ X is called bounded
above if ∃ c ∈ E with c Ï θ such that d(x, y) Î c, ∀ x, y ∈ B and is called bounded if
δ(B)= sup{d(x, y) : x, y ∈ B} exists in E.

Definition 2.9 ([8]). In a cone metric space (X ,d) if for any sequence {xn} in X , there is a
subsequence of {xn} which converges in X , then X is called a sequentially compact cone metric
space.

Lemma 2.10 ([12]). Let (X ,d) be a cone metric space.
(i) For each θÎ c1 and c2 ∈ P there is an element θÎ d such that c1Î d and c2Î d.

(ii) For each θÎ c1 and θÎ c2 there is an element θÎ c such that cÎ c1 and cÎ c2.

Next, we recollect the notion of a cone b-metric.

Definition 2.11 ([7]). Let X be a nonempty set and s ≥ 1 be a constant. Suppose the mapping
d : X × X → E satisfies
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(i) d(x, y)≻ θ for all x, y ∈ X and d(x, y)= θ if and only if x = y,

(ii) d(x, y)= d(y, x) for all x, y ∈ X ,

(iii) d(x, y)⪯ s(d(x, z)+d(z, y)) for all x, y, z ∈ X .

Then d is called a cone b-metric on X and the pair (X ,d) is called a cone b-metric space.

3. Extended Cone b-metric Space
In this section we introduce the idea of an extended cone b-metric space which generalized the
notion of cone b-metric spaces.

Through out the section, P is a cone in the real Banach space E with non-empty interior
and ⪯ is the partial ordering with respect to P .

Definition 3.1. Let X be a nonempty set and σ : X × X × X → [1,∞) be a function. A mapping
dσ : X × X → E which satisfies the following conditions:

(E1) dσ(x, y)≻ θ for all x, y ∈ X and dσ(x, y)= θ if and only if x = y;

(E2) dσ(x, y)= dσ(y, x) for all x, y ∈ X ;

(E3) dσ(x, y)⪯σ(x, y, z)(dσ(x, z)+dσ(z, y)) for all x, y, z ∈ X .

is called an extended cone b-metric on X and the pair (X ,dσ) is said to be an extended cone
b-metric space (in short ECb-MS).

Remark 3.2. If σ(x, y, z)= s ≥ 1 then we obtain the definition of a cone b-metric space and for
σ(x, y, z)= 1 it represents the cone metric space.

Example 3.3. Let X = R, E = R2 and P= {(x, y) ∈ R2 : x, y ≥ 0} be a cone in E and the partial
ordering is: (x1, y1)⪯ (x2, y2) if and only if x2 − x1 ∈ P and y2 − y1 ∈ P .
Define σ : X ×X ×X → [1,∞) by σ(x, y, z)= 2+|x|+ |y|+ |z|, ∀ x, y, z ∈ X . Then with the function
dσ(x, y)= ((x− y)2,α(x− y)2), ∀ x, y ∈ X where α> 0, (X ,dσ) becomes an ECb-MS.

Example 3.4. Let X = R and P = R≥0 be a cone in E = R. Here the partial ordering ⪯ with
respect to P is defined as x ⪯ y if and only if y− x ∈ P . Define

dσ(x, y)=



0 if x = y,
|x− y| if x, y ∈Q,
5 if one of x, y ∈Q\{0} and another is in Qc,
1 if one of x, y ∈Qc another is 0,
2 if x, y ∈Qc.

Clearly, (X ,dσ) is an extended cone b-MS where σ : X × X × X → [1,∞) is defined by

σ(x, y, z)=
{
|x|+ |y|+ |z|+1 if x, y ∈Q; z ∈Qc,
10 otherwise.

Note that condition (E1) and (E2) holds trivially. To verify the condition (E3) we have to consider
the following cases:
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(a) x, y ∈Q\{0}; subcases: (i) z ∈Q\{0} (ii) z ∈Qc (iii) z = 0
(b) x, y ∈Qc; subcases: (i) z ∈Q\{0} (ii) z ∈Qc (iii) z = 0
(c) x ∈Q\{0}, y ∈Qc; subcases: (i) z ∈Q\{0} (ii) z ∈Qc (iii) z = 0
(d) x ∈Q\{0}, y= 0; subcases: (i) z ∈Q\{0} (ii) z ∈Qc (iii) z = 0
(e) x ∈Qc, y= 0; subcases: (i) z ∈Q\{0} (ii) z ∈Qc (iii) z = 0

In all these cases (E3) holds. Thus (X ,dσ) is an extended cone b-MS. But if we choose x ∈Q\{0},
y = 0 and z ∈ Qc, then dσ(x, y) = |x| and dσ(x, z)+ dσ(z, y) = 5+1 = 6. So, we can not find a
constant s ≥ 1 for which the inequality (E3) satisfies and hence (X ,dσ) is not a cone b-metric
space.

Remark 3.5. From Example 3.4 it is very clear that extended cone b-MS is larger space than
cone b-metric space.

First, we are interested to define open and closed balls in extended cone b-metric spaces.

Definition 3.6. Let us choose x ∈ X and for some pÏ θ, define B(b, p)= {y ∈ X : dσ(b, y)Î p}
and B[b, p]= {y ∈ X : dσ(b, y)⪯ p} and called them the open ball and closed ball, respectively.

Next, we define the notion of convergence in extended cone b-metric spaces.

Definition 3.7. Let (X ,dσ) be an extended cone b-MS and E be a real Banach space with a
cone P . Then

(i) {xn} ⊂ X converges to x if for every c ∈ E with cÏ θ, ∃ N ∈ N such that for all n ≥ N ,
dσ(xn, x)Î c. We denote it by lim

n→∞xn = x.

(ii) {xn}⊂ X is said to be Cauchy if for any c ∈ E with cÏ θ, ∃ N ∈N such that for all n,m ≥ N ,
dσ(xn, xm)Î c.

(iii) (X ,dσ) is said to be a complete cone metric space if every Cauchy sequence in X converges
to some point in X .

Proposition 3.8. Let (X ,dσ) be an extended cone b-MS and P be a normal cone in E with
normal constant M. Then the following results are hold

(i) {xn}⊂ X converges to x if and only if dσ(xn, x)→ θ as n →∞.

(ii) {xn}⊂ X is Cauchy if and only if dσ(xn, xm)→ θ as n,m →∞.

(iii) Every convergent sequence is bounded.

Proof. Proof of (i) and (ii) are same as the proof of Lemma 1 and Lemma 4 of [6].
We only prove (iii). For, let {xn}⊂ X converges to x. Then for any c ∈ E with cÏ θ, ∃ N ∈N such
that ∀ n ≥ N , dσ(xn, x)Î c. Again,

dσ(xi, x)Îα, ∀ i = 1,2,3, . . . (N −1),

for some α ∈ E.
So by Lemma 2.10, ∃ dÏ θ such that dσ(xn, x)Î d, ∀ n ∈N. Hence, {xn} is bounded.
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Definition 3.9. In an ECb-MS (X ,dσ), A ⊆ X is said to be closed if for any sequence {xn}⊆ A
whenever xn → x implies x ∈ A.

Lemma 3.10. Let (X ,dσ) be an ECb-MS and dσ be continuous with respect to one variable, then
for each a ∈ X and rÏ θ, B[a, r] is closed.

Proof. Let {xn}⊂ B[a, r] such that xn → x ∈ X as n →∞. We have dσ(xn,a)⪯ r, ∀ n ∈N. Now,

dσ(x,a)= lim
n→∞dσ(xn,a)⪯ r

=⇒ dσ(x,a)⪯ r

Hence x ∈ B[a, r].

Definition 3.11. (i) A point b ∈ B is called an interior point of B whenever there exist pÏ θ

such that B(b, p)⊆ B.

(ii) A point b ∈ B is called a limit point of B whenever for every pÏ θ, B(b, p)∩ (B \{x}) ̸=φ.

Lemma 3.12. (i) A set B is open if and only if X \ B is closed.

(ii) B is called closed set if and only if each limit point of B belongs to B.

Remark 3.13. In an extended cone b-MS, an open ball is not an open set.

Example 3.14. We consider the extended cone b-metric defined in Example 3.4 and take

B(e,3)= {x ∈R : dσ(e, x)< 3}= {0}∪Qc

and so

(B(e,3))c =Q\{0}.

Let xn = 1
n , ∀ n ∈N. So,

{xn}⊂Q.

Now,

dσ(xn,0)= dσ

(
1
n

,0
)
= 1

n
→ 0 as n →∞.

Hence, {xn} converges to 0 but 0 ∉ (B(e,3))c .
Thus (B(e,3))c is not closed which implies B(e,3) is not open.

Lemma 3.15. Let (X ,dσ) be an extended cone b-MS and P be a cone in the real Banach space E.
Further, assume σ : X × X × X → [1,∞) is bounded. Then

(i) Any convergent sequence has unique limit.

(ii) Every convergent sequence is Cauchy.

Proof. (i) Let {xn} ⊆ X converges to x and y. Since σ is bounded, so ∃ K > 0 such that ∀
x, y, z ∈ X , σ(x, y, z)< K . Then ∀ n,

dσ(x, y)⪯σ(x, y, xn)(dσ(x, xn)+dσ(xn, y))

=⇒ dσ(x, y)≤ K(dσ(x, xn)+dσ(xn, y))
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For any given cÏ θ in E, ∃ N1 and N2 ∈ N such that dσ(x, xn)Î c
2(K+1) , ∀ n ≥ N1 and

dσ(xn, y)Î c
2(K+1) , ∀ n ≥ N2.

Let N =max{N1, N2}. Then ∀ n ≥ N , dσ(x, y)Î c.

Since cÏ θ arbitrary, so dσ(x, y)Î c
n , ∀ n ≥ 1. This implies c

n −dσ(x, y) ∈ P . Hence as limit
n →∞, we get −dσ(x, y) ∈ P . Thus we obtain dσ(x, y)= θ that is x = y.

(ii) Since σ is bounded, so ∃ K > 0 such that σ(xn, xm, y)< K , for any sequence {xn} in X and
for any y ∈ X .

Suppose that {xn} be a sequence in X converges to x. Then for any given cÏ θ in E,
∃ N ∈N such that dσ(x, xn)Î c

2(K+1) , ∀ n ≥ N . Then for m ≥ n ≥N,

dσ(xn, xm)⪯σ(xn, xm, x)(dσ(xn, x)+dσ(xm, x))

≺ K
[

c
2(K +1)

+ c
2(K +1)

]
≺ c .

This implies that {xn} is a Cauchy sequence in X .

Remark 3.16. The boundedness of σ is necessary for the Lemma 3.15.

In the next two examples we have taken E =R as the real Banach space under the partial
ordering x ⪯ y if and only if y− x ∈ P where P =R≥0.

Example 3.17. Let X = { 1
n : n ∈N}∪ {

p
2,
p

3}= A∪B. Define dσ on X × X by

dσ(x, y)=



0 if x = y,
x if x ∈ A, y ∈ B,
y if x ∈ B, y ∈ A,
1 if x, y ∈ A,
2 if x, y ∈ B.

Define σ : X × X × X → [1,∞) by

σ(x, y, z)=



2
x+y +1 if x, y ∈ A, z ∈ B,
8
z +1 if x, y ∈ B, z ∈ A,
4x

1+z +1 if x ∈ A, y ∈ B, z ∈ A,
4y

1+z +1 if x ∈ B, y ∈ A, z ∈ A,
10 otherwise.

Clearly, (X ,dσ) is an extended cone b-MS.
Here the function σ is unbounded. If we choose the sequence {xn}= { 1

n } then dσ(xn,
p

2)= 1
n → 0

and dσ(xn,
p

3)= 1
n → 0 as n →∞ implies {xn} converges to both

p
2 and

p
3.

Example 3.18. Let X = { 1
n : n ∈N}∪ {0} and define dσ on X × X by dσ(x, y)= |x− y|, ∀ x, y ∈ X

and σ : X × X × X → [1,∞) by

σ(x, y, z)=
{

1+ 1
z if x, y ∈ X , z ∈ X \{0},

1 if x, y ∈ X , z = 0.
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Clearly, (X ,dσ) is an extended cone b-MS.
Here σ is unbounded. If we choose the sequence {xn} = { 1

n } then dσ(xn,0) = 1
n → 0 as n →∞

implies {xn} converges to 0. To check the uniqueness of the converging point, let y ∈ X such that
{xn} converges to y. Then,

dσ(0, y)≤σ

(
0, y,

1
n

)(
dσ

(
0,

1
n

)
+dσ

(
1
n

, y
))

= (1+n)
(
dσ

(
0,

1
n

)
+dσ

(
1
n

, y
))
↛ 0 as n →∞

So, we can not conclude about the uniqueness.

Definition 3.19. The function σ : X ×X ×X → [1,∞) is said to be continuous if for any sequence
{(xn, yn, zn)}, σ(xn, yn, zn)→σ(x, y, z) as n →∞ whenever xn → x, yn → y, zn → z as n →∞ .

Definition 3.20. An extended cone b-metric dσ is said to be continuous if for any sequence
{(xn, yn)} ∈ X × X , dσ(xn, yn)→ dσ(x, y) in E whenever xn → x, yn → y in X .

Remark 3.21. Hussain et al. in their paper [8] had shown that a b-metric function d(x, y) for
s ≥ 1 need not to be jointly continuous with respect to both variables and so is an extended
b-metric space.
From Example 3.4 we can show that an extended cone b-metric space is not continuous.
For, let xn = 1

n , ∀ n ∈ N. So, {xn} ⊂ Q. Now dσ(xn,0) = dσ( 1
n ,0) = 1

n → 0 as n →∞. Hence {xn}
converges to 0. But dσ(xn,

p
2)= dσ( 1

n ,
p

2)= 5↛ 1= dσ(0,
p

2). So, dσ is not continuous.

Proposition 3.22. If dσ is continuous concerning the first variable then it is continuous in the
second variable and vice versa.

Proof. First, assume that dσ is continuous with respect to the first variable. Suppose {yn}⊂ X
such that yn → y as n →∞.
For each x ∈ X , then we have

lim
n→∞dσ(x, yn)= lim

n→∞dσ(yn, x)= dσ(y, x)= dσ(x, y).

Next, we prove some simple propositions.

Proposition 3.23. Let (X ,dσ) be an extended cone b-MS having a cone P in E and σ be
continuous function on X × X × X . Suppose that {xn} and {yn} converge to x and y respectively,
then we have

1
σ(x, y, x)σ(x, y, y)

dσ(x, y)⪯ lim
n→∞ infdσ(xn, yn)⪯ lim

n→∞supdσ(xn, yn)⪯σ(x, y, x)σ(x, y, y)dσ(x, y).

In particular, if x = y then lim
n→∞dσ(xn, yn)= θ.

Moreover, for each z ∈ X , we have
1

σ(x, z, x)
dσ(x, z)⪯ lim

n→∞ infdσ(xn, z)⪯ lim
n→∞supdσ(xn, z)⪯σ(x, z, x)dσ(x, z).

Proof. By (E3) we have

dσ(x, y)⪯σ(x, y, xn)(dσ(x, xn)+dσ(xn, y))
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=⇒ dσ(x, y)⪯σ(x, y, xn)dσ(x, xn)+σ(x, y, xn)σ(xn, y, yn)(dσ(xn, yn)+dσ(yn, y)) (3.1)

and

dσ(xn, yn)⪯σ(xn, yn, x)dσ(xn, x)+σ(xn, yn, x)σ(x, yn, y)(dσ(x, y)+dσ(y, yn)). (3.2)

Taking the lower limit as n →∞ in (3.1) and the upper limit as n →∞ in (3.2) we obtain the
first desired result.
Similarly, using again (E3) the last assertion follows.

Remark 3.24. If we take σ(x, y, z)= s, a constant, then for s ≥ 1 we obtained [4, Lemma 2.1].

Proposition 3.25. Let (X ,dσ) be an extended cone b-MS having a cone P in E and σ be a
bounded and continuous function on X × X × X . Suppose that {xn} and {yn} be two sequences in
X such that lim

n→∞dσ(xn, yn)= θ whenever lim
n→∞xn = x for some x ∈ X , then lim

n→∞ yn = x.

Proof. By the triangle inequality in an extended cone b-MS, we have

dσ(yn, x)⪯σ(yn, x, xn)(dσ(yn, xn)+dσ(xn, x)).

Now by taking limit n →∞ from the above inequality, we get

lim
n→∞dσ(yn, x)⪯ lim

n→∞σ(yn, x, xn)(dσ(xn, yn)+dσ(xn, x))= θ.

Hence lim
n→∞ yn = x.

Proposition 3.26. If dσ is continuous with respect to one variable and σ is bounded then for
each pair x, y ∈ X , ∃ two disjoint open sets U and V containing x and y, respectively.

Proof. Suppose x and y be two distinct points in X and say dσ(x, y) = c, for some c
in P . Since σ is bounded, so ∃ K > 0 such that σ(x, y, z) < K , ∀ x, y, z ∈ X . Now consider
the open balls B

(
x, c

2(K+1)

)
and B

(
y, c

2(K+1)

)
. To show that they are disjoint assume that

z ∈ B
(
x, c

2(K+1)

)∩B
(
y, c

2(K+1)

)
. Now,

dσ(x, y)⪯σ(x, y, z)[dσ(x, z)+dσ(z, y)]

≺ K
[

c
2(K +1)

+ c
2(K +1)

]
≺ c .

Hence a contradiction.

4. Fixed Point Theorems for Some Contractive Mappings
In this section, we establish well known Banach type and Kannan type contraction principles in
these new settings without the normality condition.

Theorem 4.1. Let (X ,dσ) be a complete extended cone b-MS and P be a cone in E. Suppose
σ : X × X × X → [1,∞) be a bounded functional and T : X → X satisfy the contractive condition

dσ(Tx,T y)⪯ kdσ(x, y), (4.1)

where a < k < 1, for some a > 0. Moreover, if lim
n,m→∞σ(xn, xm, xn+1) < 1

k , where xn = Txn−1,

n = 1,2, · · · be an iterative sequence for some x0 ∈ X then T has a unique fixed point in X .
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Proof. Choose x0 ∈ X arbitrary and consider the iterative sequence

x1 = Tx0, x2 = Tx1 = T2x0, · · · , xn+1 = Txn = Tnx0, · · · .

Then successively applying inequality (4.1) we obtain,

dσ(xn, xn+1)⪯ kndσ(x0, x1), ∀ n ∈N .

Using the inequality (E3) we have,

dσ(xn, xm)

⪯σ(xn, xm, xn+1)(dσ(xn, xn+1)+dσ(xn+1, xm))

⪯σ(xn, xm, xn+1)kndσ(x0, x1)+σ(xn, xm, xn+1)σ(xn+1, xm, xn+2)(dσ(xn+1, xn+2)+dσ(xn+2, xm))

⪯σ(xn, xm, xn+1)kndσ(x0, x1)+σ(xn, xm, xn+1)σ(xn+1, xm, xn+2)kn+1dσ(x1, x0)+ . . .

+σ(xn, xm, xn+1)σ(xn+1, xm, xn+2) . . .σ(xm−2, xm, xm−1)dσ(xm−1, xm)

⪯σ(xn, xm, xn+1)kndσ(x0, x1)+σ(xn, xm, xn+1)σ(xn+1, xm, xn+2)kn+1dσ(x1, x0)+ . . .

σ(xn, xm, xn+1)σ(xn+1, xm, xn+2) . . .σ(xm−2, xm, xm−1)km−1dσ(x1, x0)

⪯ [σ(xn, xm, xn+1)kn +σ(xn, xm, xn+1)σ(xn+1, xm, xn+2)kn+1 +·· ·+
σ(xn, xm, xn+1)σ(xn+1, xm, xn+2) . . .σ(xm−2, xm, xm−1)km−1]dσ(x1, x0)

⪯ [σ(x1, xm, x2) . . .σ(xn−1, xm, xn)σ(xn, xm, xn+1)kn

+σ(x1, xm, x2) . . .σ(xn−1, xm, xn)σ(xn, xm, xn+1)σ(xn+1, xm, xn+2)kn+1 + . . .

+σ(x1, xm, x2) . . .σ(xn−1, xm, xn)σ(xn, xm, xn+1)σ(xn+1, xm, xn+2) . . .

σ(xm−2, xm, xm−1)km−1]dσ(x1, x0)

Since lim
n,m→∞σ(xn, xm, xn+1)k < 1, so that for each m ∈ N the series

∞∑
n=1

kn
n∏

i=1
σ(xi, xm, xi+1)

converges by ratio test.

Let S =
∞∑

n=1
kn

n∏
i=1

σ(xi, xm, xi+1) and Sn =
n∑

i=1
ki

n∏
j=1

σ(x j, xm, x j+1). Then

dσ(xn, xm)⪯ dσ(x1, x0)[Sm−1 −Sn].

Letting n → ∞, dσ(xn, xm) → θ. Hence we conclude that {xn} is a Cauchy sequence in X .
By the completeness of X there exist x ∈ X such that xn → x.
To show that x is a fixed point of T ,

dσ(Tx, x)⪯σ(Tx, x, xn)(dσ(Tx, xn)+dσ(xn, x))

⪯σ(Tx, x, xn)(kdσ(x, xn−1)+dσ(xn, x))

≺σ(Tx, x, xn)(dσ(x, xn−1)+dσ(xn, x)). (since, k < 1)

Since σ is bounded, there exist M > 0 such that σ(x, y, z)< M, ∀ x, y, z ∈ X . Again for any given
cÏ θ, ∃ N1, N2 ∈N such that

dσ(xn−1, x)Î
c

2(M+1)
, ∀ (n−1)≥ N1

and

dσ(xn, x)Î
c

2(M+1)
, ∀ n ≥ N2 .
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Let N =max{N1 +1, N2}. Then ∀ n ≥ N ,

dσ(Tx, x)≺ c .

Thus dσ(Tx, x)Î c
m , ∀ m ≥ 1. This implies that c

m −dσ(Tx, x) ∈ P , ∀ m ≥ 1. As m →∞, c
m → θ

and hence we get −dσ(Tx, x) ∈ P . Thus dσ(Tx, x)= θ that is x = Tx. For the uniqueness of the
fixed point, let x ̸= y ∈ X such that T y= y. Then

dσ(Tx,T y)⪯ kdσ(x, y)

=⇒ dσ(x, y)⪯ kdσ(x, y)

Therefore, dσ(x, y)= θ.
This completes the proof.

Remark 4.2. If θ(x, y, z)= 1 then the above Theorem 4.1 reduces to the Banach type contraction
in a cone metric space [6].

Example 4.3. Let us consider the non-normal cone P = { f ∈ E | f (t)> 0} in E = C1[0,1], where
∥ f ∥ = ∥ f ∥∞+∥ f ′∥∞ and the partial ordering with respect to P is defined as

f ≤ g =⇒ g(t)− f (t) ∈ P, ∀ t ∈ [0,1].

Consider the extended cone b-MS (X ,dσ) where X = [0,1] and dσ(x, y) = (x− y)2et, ∀ x, y ∈ X
and σ(x, y, z)= 2+ x+ y+ z, ∀ x, y, z ∈ X .
Define T : X → X by Tx = x

4 , ∀ x ∈ X . Then dσ(Tx,T y) = (x−y)2
16 et ≺ (x−y)2

4 et = kdσ(x, y) where
k = 1

4 is taken and 0< a < 1
4 .

Note that for each x ∈ X , Tnx = x
4n . Thus we obtain,

lim
n,m→∞θ(xn, xm, xn+1)= lim

n,m→∞

(
2+ x

4n + x
4m + x

4n+1

)
= 2< 4= 1

k
.

Therefore, all the conditions of Theorem 4.1 are satisfied and so T has a unique fixed point in
X . Here the fixed point is x = 0.

Theorem 4.4. Let (X ,dσ) be a complete extended cone b-MS having a cone P in E and the
function σ : X × X × X → [1,∞) be bounded. Let T be a self mapping on X which satisfy the
contractive condition

dσ(Tx,T y)⪯ k[dσ(Tx, x)+dσ(T y, y)], ∀ x, y ∈ X (4.2)

for some constant a < k < 1
2 where a > 0 be a scalar. Moreover, if σ bounded by ( 1

k −1) with
lim

n,m→∞σ(xn, xm, xn+1) < 1−k
k , where xn = Txn−1, n = 1,2, · · · be an iterative sequence for x0 ∈ X

then T has a unique fixed point in X .

Proof. For x0 ∈ X , consider the iterative sequence xn+1 = Txn, n = 0,1,2, · · · . Now applying
inequality (4.2) we obtained

dσ(xn, xn+1)⪯
(

k
1−k

)
dσ(xn, xn−1)= ldσ(xn, xn−1)⪯ lndσ(x0, x1), ∀ n ∈N, 0< l= k

1−k
< 1.
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From the proof of Theorem 4.1 we can conclude that {xn} is a Cauchy sequence in X and so it
must converge to some point x ∈ X . Next, we show that x is a fixed point of T . For

dσ(Tx, x)⪯σ(Tx, x, xn)[dσ(Tx, xn)+dσ(xn, x)]

⪯
(

1
k
−1

)
[k(dσ(Tx, x)+dσ(xn−1, xn))+dσ(xn, x)]

⪯ (1−k)dσ(Tx, x)+ (1−k)dσ(xn, xn−1)+
(

1
k
−1

)
dσ(xn, x).

Since {xn} converges to x, so for any cÏ θ in E, ∃ N1, N2 ∈N such that

(1−k)dσ(xn, xn−1)Î
c
2

, ∀ (n−1)≥ N1

and (
1
k
−1

)
dσ(xn, x)Î

c
2

, ∀ n ≥ N2.

Let N = max{N1 +1, N2}. Then ∀ n ≥ N , kdσ(Tx, x) ⪯ c. So, we have kdσ(Tx, x) ⪯ c
m , ∀ m ∈N.

As m →∞, c
m → θ and hence −kdσ(Tx, x) ∈ P . Again kdσ(Tx, x) ∈ P . Thus dσ(Tx, x)= θ that is

x = Tx. And the uniqueness of the fixed point easily follows from the contractive condition.

Example 4.5. We consider the extended cone metric space of Example 3.4 and define T1(x)= x
4 ,

∀ x ∈ X and T2(x)= 1
2 if 0≤ x < 1; T2(1)= 1

4 . Clearly, T1 is continuous but T2 is not.

Now ∀ x, y ∈ X , dσ(T1x,T1 y)= (x−y)2
16 et and dσ(T1x, x)+dσ(y,T1 y)= 9

16 (x2 + y2)et. So,

(x− y)2

16
et ⪯ 1

16
(x2+ y2)et = 1

9
· 9
16

(x2+ y2)et =⇒ dσ(T1x,T1 y)⪯ k(dσ(T1x, x)+dσ(T1 y, y)) ,

where k = 1
9 and 0< a < 1

9 . Other conditions can be verified easily.
Again T2 trivially satisfies all the conditions of above Theorem 4.4 for k = 1

9 and hence both
must have unique fixed point in X . For T1 the fixed point is x = 0 and for T2 which is x = 1

2 .
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