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1. Introduction

The stability of functional equations had been first raised by S.M. Ulam [28]]. In 1941,
D.H. Hyers [10] gave a positive answer to the question of Ulam for Banach spaces. In 1950,
T. Aoki [3]] was the second author to treat this problem for additive mappings. Th.M. Rassias [23]]
succeeded in extending the result of Hyers’ Theorem by weakening the condition for the Cauchy
difference controlled by (||x[|? + |[¥||”), p €[0,1) to be unbounded. Taking into consideration
a lot of influence of Ulam, Hyers and Rassias on the development of stability problems of
functional equations, the stability phenomenon that was proved by Th.M. Rassias is called
Hyers-Ulam-Rassias stability one can refer [1,6,(11,15].

In 1982, J M. Rassias [21] followed the innovative approach of the Th.M. Rassias
theorem [23]] in which he replaced the factor ||x||? + ||y|? by |x||”[ly||¢ for p,q € R with p+q # 1.
A generalization of all the above results was obtained by P. Gavruta [9]] in 1994 by replacing
the unbounded Cauchy difference by a general control function ¢(x, y) in the spirit of Rassias
approach.

In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference was
obtained by Ravi et al. [27] by considering the summation of both the sum and the product
of two p-norms in the spirit of Rassias approach. The stability problems of several functional
equations have been extensively investigated by a number of authors and there are many
interesting results concerning this problem (see [2,/4,5,17,(18},22,27]) and reference cited
there in.

The additive functional equation is

fle+y)=Ff@)+f(y). (1.1)

Since f(x) = kx is the solution of the functional equation (1.1)), every solution of the additive
functional equation is called an additive mapping.
The functional equation

fla+y)+flx—y)=2f(x)+2f(y) (1.2)

2 is a solution

is said to be quadratic functional equation because the quadratic function f(x) = ax
of the functional equation (1.2). Quadratic functional equation was used to characterize inner
product spaces [1,|16]]. It is well known that a function f is a solution of if and only if
there exists a unique symmetric biadditive function B such that f(x) = B(x,x) for all x (see [16]).

The biadditive function B is given by

1
B(x,y) = Z[f(x+y)+f(x—y)]. (1.3)

K.W. Jun and H.M. Kim [13]] introduced the following generalized quadratic and additive
type functional equation

f(ZXi)+(n—2)Zf(xi)= Y. flxi+xy) (1.4)
i=1 i=1

1<i<j<n
in the class of function between real vector spaces. For n = 3, P.L. Kannappan proved that
a function f satisfies the functional equation if and only if there exists a symmetric
bi-additive function A and additive function B such that f(x) = B(x,x) + A(x) for all x (see [16]]).
The Hyers-Ulam stability for the equation (1.4) when n = 3 was proved by S.M. Jung [14].

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. [461 , 2022



Stability Results of Additive-Quadratic n-Dimensional Functional Equation. .. : S. Karthikeyan et al. 463

The Hyers-Ulam-Rassias stability for the equation when n =4 was also investigated by
I.S. Chang et al. [7]].

The general solution and the generalized Hyers-Ulam stability for the quadratic and additive
type functional equation

fx+ay)+af(x—y)=f(x—ay)+af(x+y) (1.5)

for any positive integer a with a # —1,0,1 was discussed by K.W. Jun and H.M. Kim [12].
Recently, A. Najati and M.B. Moghimi [20] investigated the generalized Hyers-Ulam-Rassias
stability for the quadratic and additive type functional equation of the form

fQRx++fRx—y)=2f(x+y)+2f(x—y)+2f(2x)—4f(x). (1.6)

In this paper, the authors established generalized Ulam-Hyers stability of n-dimensional
mixed type additive and quadratic functional equation of the form

n n _ 2 7 _6 n _ 2 5 _2 n
Zf(inj)z(“T”)Zf(xm ”*T”)Zf(—xi)
i=1 \y=1 i=1 i=1
n—4
+(—2 ) Y. (Flxi+x)+f(—x; —x)), (1.7)
1<i<j<n
where
{—xj ifi=j,
Xij = pe
xj ifi#],

using fixed point method.

2. Stability Results: Fixed Point Method

This section deals with the generalized Ulam-Hyers stability of the functional equation (1.7) in
Banach spaces.

Through out this section, let M be a normed space and N be a Banach space, respectively.
Define mappings Df,Df,,Df.: M — N by

n n a2 Tn—6)2
Df(xl,xa,---,m:Zf(zxij)—(’”T”)Zﬂxn
i=1 \y=1

=1

—n2+5n-2) & —4
_(%)Zf(—xi)_(%) Y (Flxi )~ fl=x; — ),
i=1 1<i<j<n
for all x1,x9,---,x, €M,
n n n
Dfo(x1,x2, %)= Zf(z xij) —-(n-2) Z f(x;), for all x1,%9,--,x, € M, and
i=1 \j=1 j=1
n n n
Dfo(x1,%9,+ ,%n) = Zf(z xij) —(—n2+6n—4)2f(xi)—(n—4) Z fx; +x;)
i=1 \j=1 i=1 1<i<j<n
for all x1,x9,---,x, € M.

Now we will recall the fundamental results in fixed point theory.
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Theorem 2.1 (Banach’s Contraction Principle). Let (X,d) be a complete metric space and
consider a mapping T : X — X which is strictly contractive mapping, i.e.

(A1) d(Tx,Ty)<Ld(x,y) for some (Lipschitz constant) L < 1. Then,

(i) The mapping T has one and only fixed point x* = T'(x*);
(ii) The fixed point for each given element x* is globally attractive, i.e.

(A2) lim T"x =«x", for any starting point x € X ;
n—.oo

(iii) One has the following estimation inequalities:
(A3) d(T"x,x*) < ﬁd(T”x,T’”lx), foralln=0, forall xe X;
(Ad) d(x,x*) < trd(x,x*), forall x€ X.

Theorem 2.2 ([8], The Alternative of Fixed Point). Suppose that for a complete generalized
metric space (X,d) and a strictly contractive mapping T : X — X with Lipschitz constant L.
Then, for each given element x € X, either
(B1) d(T"x,T"*1x) =00, for all n =0, or

(B2) there exists a natural number ng such that:

1) d(T"x,T""x)<oo forall n=ny;

(i1) the sequence (T"x) is convergent to a fixed point y* of T ;
(ii1) y* is the unique fixed point of T in the set Y ={y€ X : d(T™°x,y) < oo} ;
(iv) d(y*,y) < 2£d(y,Ty) forall yeY.

2.1 Additive Stability Results
This subsection deals with the Ulam-Hyers stability results of additive functional equation
using fixed point method in Banach spaces.

Theorem 2.3. Let f,: M — N be a mapping for which there exist a function = : M™ — [0,00) with
the condition
1
lim —E(wfxy, 7lxg, -, 7lx,) =0, (2.1)
k—o0 ]'[?

where t;=n—-2ifi=0and n; = ﬁ if i =1 such that the functional inequality with

||Df0(x17x2"” >xn)” S E(x17x27“. :xn), (2-2)
for all x1,x9, - ,x, € M. If there exists L = L(i) < 1 such that the function
1 X X X
-T(x)=-E 2.3
* (=) n (n—Z’n—Z’ ’n—Z)’ 2.3)
has the property
1
I'x)<sL—T (m;x), (2.4)
T

for all x e M, then there exists a unique additive mapping A : M — N satisfying the functional
equation (1.7) and
1-i

I£o@) - M@ = T—

forall xeU.

['(x), (2.5)
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Proof. Consider the set
Q={p/p:M — N, p(0)=0}

and introduce the generalized metric on Q,
d(p,q)=dr(p,q)=1inf{K € (0,00) : || p(x) — g(x)|| < KT'(x),x € M}.

It is easy to see that (Q2,d) is complete.
Define T: Q2 — Q by

1
Tp(x) = —p(m;x),
T

for all x e M. Now p,q € 2, we have

d(p,q) =K
=  p(x)- g =KI(x), xeM
1
= ‘ —p@ix)— —q(mix)|| < —KI'(wix), xeM
T T T
1 1
=> ‘ —p@rix)— —q(mix)|| < LKT(x), xeM
T T
= ITp(x)—Tqg(x)| < LKT(x), xeM

= dr(p,q) <LK

This implies d(T'p,Tq) <Ld(p,q), for all p,q € Q, i.e., T is a strictly contractive mapping on Q2
with Lipschitz constant L.
Replacing (x1,x2,--,x,) by (x,x,---,x) in (1.7), we arrive

fow) -t 0((n_—22)x) s 1 mex ), 2.6)
for all xe M.

nn—-2)
Using (2.3) and (2.4) for the case i =0, it reduces to
((n—2)x)
folx)— f"—
n—2

forallxeU,i.e.,
d=(f,Tf)<L = d(f,Tf)<L<L"'<oo.

Again replacing x = --%5 in (2.6), we get
x x x x )

1_
“(n_2)fo(n—2) _fO(x)H = ;H(n—2’ n-2" 'n-2
for all x € M. Using (2.3) and (2.4) for the case i = 1 it reduces to
X
fo)=(n=2fo (= )| T @),
forallxe M, i.e.,
d=(f,Tf,)<1 = d(f,Tf,)<1<L’<co.
In both cases, we arrive
d(f,Tfo)<L*".
Therefore holds.

< LI'(x),

(2.7)
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By it follows that there exists a fixed point A of T in Q such that
1
A(x) = lim —(f,(})), (2.8)

k—oo 7"t
i

forall xe M.
To prove A: M — N is additive. Replacing (x1,x2, -+ ,x,) by (nfxl,nfxz,--- ,nfxn) in (2.2) and
dividing by nf, it follows from (2.1I) that

ID fo(mkx1,nkxs, - whan)ll

|A(x1, 22, , 2l :klim

14
=(k k k
. E(rfxy,mixg, 7w %)
< lim Z =0,
k—o0 ;
for all x1,x9,---,x, € M. i.e., A satisfies the functional equation (1.7).

By[(A3)] A is the unique fixed point of 7' in the set A ={A € Q:d(f,Q) < oo}, A is the unique
function such that

I folx) — Alx)[| = KT'(x),
for all x € M and K > 0. Finally, by [(A4), we obtain

1

this implies
1-i

d(fo, )= 77

which yields
1-i
[ folx) = Alx)|| < -1

This completes the proof of the theorem. O

I'(x).

The following corollaries express the instant significance of the Theorem concerning the
Ulam-Hyers, Hyers-Ulam-Rassias, Ulam-Gavruta-Rassias and Rassias stability results of the
functional equation (1.7).

Corollary 2.4. Let f,: M — N be a mapping and there exist real numbers T and s such that
IDfolx1, %2, ,xn)ll <7, (2.9)

for all x1,x9, - ,x, € M, then there exists a unique additive function A : M — N such that

[ folx) — Alx)|| < , (2.10)
nln — 3|
forall xe M.
Proof. Setting =(x1,x9,,x,) =T, for all x1,x9,:--,x, € M. Now,
E(rhay, mhxg, -, mhxy) L
nf” nf '

—0 as k—oo.

Thus, (2.1) is holds.
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But we have I'(x) = %E (ﬁ, P TR ﬁ) has the property I'(x) <L - %F(nix), for all x € M.
Hence

1 x x X T
I(x)==-% _t
() n (n—2’n—2’ ’n—2)
Now,
1 -1
—I'(m;x) = =m; T'(x),
T ni;

for all x € M. Now from (2.5), we prove the following cases:
Case1: L=(n-2)"lfors=0ifi=0,

(n—2)~1H1-0 T

A < .

[ folx) — Alx)| < (1 2 1))<n(n—3)
Case2:L=(n-2)' fors=0ifi =0,

(n-2)Ht! T

A < .

Ifsw-awi == (T2 s — T

Hence the proof is complete. O

Corollary 2.5. Let f,: M — N be a mapping and there exist real numbers 1 and s such that

n
ID folacr, 2, ,x)l ST Y llai 15, s #1, (2.11)
1=
for all x1,x9, - ,x, € M, then there exists a unique additive function A : M — N such that
(Nlx[1*)
I folx)— A <7 , (2.12)
fo I(n—2)—(n -2y
forall xe M.
n
Proof. Setting Z(x1,x92, -+ ,x,) =7 Y. |lx;||*, for all x1,x9,---,x, € M. Now,
i=1
E(ﬂkxl,ﬂka,'--,ﬂkx ) T &
T = e ”Zluxln
i L 1=1 1=

—0 as k—oo.
Thus, (2.1) is holds.
But we have I'(x) = %E (+%,-%, -, 755) has the property I'(x)<L- %F(nix), for all xe M.
Hence

1 x x x T n
I'x)=—%2 =— 5.
(=) n (n—2’n—2’ ’n—2) n(n—2)3”x||
Now,
1 T 1 -1
n—ir(ﬂix)z n—im(”nix”s):ﬂf ['(x).
Now from (2.5), we prove the following cases:
Case3:L=(n-2%1fors>1ifi=0
T ((n—-2)E )0 T
- Alx)| < ¥ < 5,
| folx) — Alx)]| —2° | 1-(n_2)6-D [l n—2)—(n_2¢ flll

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. [461 , 2022



468 Stability Results of Additive-Quadratic n-Dimensional Functional Equation. .. : S. Karthikeyan et al.

Case4:L=(n-2)"5fors<1ifi=1,
T ((n _ 2)(1—3))1—1 T
— | llx]° < llxll®.
(n-2\1-(n-2)1-9 (n-2¥-(n-2)
Hence the proof is complete. O

Ifolx) — Al =

Corollary 2.6. Let f,: M — N be a mapping and there exist real numbers 1 and s such that

n 1
ID folacr, 2, , 2l < 7 [ lli11°, s# (2.13)
i=1
for all x1,x9, - ,x, € M, then there exists a unique additive function A : M — N such that
(™)
-A <7 , 2.14
| £o(x) — Alx)]] 21 —2)— (n—2)™] ( )
forall xe M.
n
Proof. Setting =Z(x1,x92, -+ ,x,) =71 [] llx;||*, for all x1,x9,---,x, € M. Now,
i=1
E(kxy, nfxg, -, 7hx,) 7 o1 PN
e = — [Tl = o P ] al®
m; T} =1 i=1

—0 as k—oo.
Thus, (2.1) is holds.

But we have I'(x) = 1= (-%;, % ... /%) has the property I'(x) <L~ ﬂ% I'(m;x) for all x € M.
Hence

1 x x x T 1
I'x)=-= . =— ns,
@=E(——5 | = s —lal
Now,
1 T 1 -1
n—ir(ﬂix) = n—im(”ﬂix”s) = ﬂ?s ['(x).

Now from (2.5), we prove the following cases:
Case5: L=(n-2)""fors<iifi=0,

T ((n _ 2)(ns—1))1—0 ns
( ) [l |l

nn-28\1-(n-2)rs-1
T

<
- nl(n—-2)-(n-2)")
Case 6: L=(n-2)'"" fors>1ifi=1,

T (((n —2)(1_n8))1_0) [

I folx) — Al <

1™

[ folx) — Al <

nn—-2)\ 1-(n-2)1-ns)
T
< ns.
O e R
Hence the proofis complete. O
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Corollary 2.7. Let f,: M — N be a mapping and there exist real numbers T and s such that

n n 1
1D folx1,22, -+ x5 ST{ ||xi||S+Z||xi||nS}, s#—, (2.15)
i=1 i=1 n
for all x1,x9, -+ ,x, € M, then there exists a unique additive function A: M — N such that

(X +n)Tlx)™)
nl(n—2)—(n-2)"s|’

[ £olx) — Alx)| <
forall xe M.

(2.16)

n n
Proof. Setting =(x1,x92, -+ ,x,) = T{ IT i llf + X llx; IIns}, for all x1,x9,---,x, € M. Now,
i=1 i=1

=(k k k
B xe, ;i xe, 0 %) 1 {
n*
l

n*
l

n n
k k(ns—1
Ifill® + ) i} xin“} =T >{||xi||s +3 Il ||"8}

i=1 i=1
—0 as k& — oo.

Thus, is holds.
But we have I'(x) = %E (+%,7%,*,7%5) has the property I'(x) < L- ni I'(m;x) for all xe M.

i

Hence
1 x x X T n
1“ :_E veo = — + ns'
(=) n (n—2’n—2’ ’n—2) n((n—2)3 (11—2)”3)”x||
Now,
1 T 1l+n -1
i) = e (™) = T,

Now from (2.5)), we prove the following cases:

Case T: L=(n-2)""!fors>1ifi=0,
(1 +n)7llxl™)
n((n—2)-(n—-2)"s)

I1folx) — Al =

Case 8: L =(n-2)1"" for s < % ifi=1,
(L +n)T(lx)™)
n((n-2"-(n-2)°
Hence the proof is complete. O

I1fo(x) — Al =

2.2 Quadratic Stability Results
This subsection deals with the Ulam-Hyers stability results of quadratic functional equation
using fixed point method in Banach spaces.

Theorem 2.8. Let f,: M — N be a mapping for which there exist a function = : M™ — [0,00) with
the condition

lim —E(r¥xq, 7%, -+, 7%,) = 0, (2.17)

k—o0 71;2k

i

where n;=n—-2ifi=0and n; = ﬁ if i =1 such that the functional inequality with

1D folx1,22, - ,x,)ll < E(x1,%9,,%,), (2.18)
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forall x1,x9, - ,x, € M. If there exists L = L(i) < 1 such that the function

1 X X X
—T(x)= == 2.19
‘ () n (n—2’n—2’ ’n—2)’ ( )
has the property
1
I'x)<L—TI(7;x), (2.20)
T

for all x € M, then there exists a unique quadratic mapping V: M — N satisfying the functional

equation (1.7) and
1-i

1-L

Ife(x) = V() <
forall xeU.

T(x), (2.21)

Proof. Consider the set
Q={p/p:M — N, p(0) =0}

and introduce the generalized metric on Q,
d(p,q)=dr(p,q)=inf{K € (0,00) : || p(x) — g(x)|| < KT'(x),x € M}.

It is easy to see that (Q2,d) is complete.
Define T: Q2 — Q by

1

Tp(x) = = p(mx),
JT
l

for all xe M. Now p,q € ), we have

d(p,g) =K
=>  |px)—qx)|l = KI'(x), xeM
1
= —2p(7tix) - —2q(7tix) < —zKr(nix), xeM
m; m; m;
= —2p(nix) - —2q(nix) <LKTI'(x), xeM
T ;
= | Tpx)-Tqgx)| <LKI(x), xeM

= dr(p,q9) <LK

This implies d(T'p,Tq) < Ld(p,q), for all p,q € Q. i.e., T is a strictly contractive mapping on Q2
with Lipschitz constant L.
Replacing (x1,x9,---,x,) by (x,x,---,x) in (1.7), we arrive
fe((n —2)x) 1
—_ <

fe(JC) (n_2)2 = n(n—2)2
for all x € M. Using (2.19) and (2.20) for the case i =0, it reduces to

fe((n —2)x)
fe(x) (n _ 2)2
forallxe M, i.e.,

d=(f,Tf)<L = d(f,Tf)<L<L'<co.

=(x,x,0,%), (2.22)

< LI'(x),
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Again replacing x = -%; in (2.22), we get,
_oyp (_F ) Iox x %
|e-2%f. (-=5) - o] = -2 (-5 5 =5) (2.23)
for all x € M. Using (2.19) and (2.20) for the case i = 1 it reduces to
C(n—22F ([
fx)-(n-2°f. ()| =T,
forallxe M, i.e.,
d=(f,Tf)<1 = d(f,Tf.)<1<L’<co.
In both cases, we arrive
d(f, Tfo)<L'™".
Therefore holds.
By it follows that there exists a fixed point V of T in Q such that
. 1
V(x) = lim ﬁo‘e(nfx» (2.24)
l
forall xe M.

To prove V: M — N is quadratic. Replacing (x1,x2,---,x,) by (nf”xl,nfxg,--- ,nfxn) in (2.18)
and dividing by n?k, it follows from (2.17) that

ID fe(rkx1,m%xa,- - mhan)ll

||V(x1,x2,--- 7xn)” = lim

k—o00 ﬂ?k
=(k k k
By, wixe, T %)
< lim ok =0 ’
k—o00 T
for all x1,x9,---,x, € M. i.e., V satisfies the functional equation (1.7).

By|[(A3)] V is the unique fixed point of T" in the set A ={V e Q:d(f,V) <oo}, V is the unique
function such that

Ife(x) = V)l < KT(x),

for all x € M and K > 0. Finally, by [(A4), we obtain
1
V)s — T

d(fe,V) = 1—Ld(f’ )
this implies
L1
1-L

d(fe,V) =<

which yields
1-i
[ fe(x) = V(x)|| < -1

This completes the proof of the theorem. O

I'(x).

The following corollaries express the instant significance of the Theorem concerning
the Ulam-Hyers, Hyers-Ulam-Rassias, Ulam-Gavruta-Rassias and Rassias stability results of
the functional equation (1.7).
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Corollary 2.9. Let f,: M — N be a mapping and there exist real numbers T and s such that

ID fe(x1,2%2, -, 2 <7, (2.25)
for all x1,x9, - ,x, € M, then there exists a unique quadratic function V: M — N such that
[ fe(x) = V()| < , (2.26)
nln —3|
forall xe M.
Corollary 2.10. Let f. : M — N be a mapping and there exist real numbers T and s such that
n
ID fe(x1,x2,--,x)l =T Y llxill°, s#2, (2.27)
=1
for all x1,x9, -+ ,x, € M, then there exists a unique quadratic function V: M — N such that
7llx®
Ife(x) = V()| < (2.28)

I(n—2)2 —(n-2)%|’
forall xe M.

Corollary 2.11. Let f,: M — N be a mapping and there exist real numbers T and s such that
n 2
ID foler,xp, - x)l <7 [[lxill®, s #—, (2.29)
i=1
for all x1,x9, -+ ,x, € M, then there exists a unique quadratic function V: M — N such that

[ fe(x) = V(x)|| <
forall xe M.

7lc]|"

nl(n-2)2 - (n—-2)"s|’

(2.30)

Corollary 2.12. Let f,: M — N be a mapping and there exist real numbers T and s such that
n n 2
ID foler iz, xl ST{ [Tl + ) Ixill™}, s # (2.31)
=1 =1

for all x1,x9, - ,x, € M, then there exists a unique quadratic function V: M — N such that

(T +n)Tlxll™)
I fe(x)— V()| < nl(n—2)2—(n—-2)|’
forall xe M.

(2.32)

2.3 Additive-quadratic Stability Results
This subsection deals with the Ulam-Hyers stability results of mixed type additive-quadratic
functional equation using fixed point method in Banach spaces.

Theorem 2.13. Let = : M™ — [0,00) be a function satisfying (2.1) and 2.17) for all x1,x9,--- ,x, €
M. Let f: M — N be a function satisfies the inequality

”Df(x17x2"” ’xn)” S E(x17x27'“ 7xn)7 (2-33)

for all x1,x9, -+ ,x, € M. If there exists L = L(i) < 1 such that the functions (2.3) and (2.19) has the
properties (2.4) and (2.20) for all x € M, then there exists a unique additive mapping A: M — N
and a unique quadratic mapping V : M — N satisfying the functional equation (1.7) and

1-i

£ (x)— Alx) = V(x)|| < 7

forall xe M.

I'(x), (2.34)
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Proof. Let f.(x)= %{f(x)+ f(=x)} for all x€ M. Then f.(0) =0, f.(x) = f.(—x1). Hence
1
IDfe(x1,x2, - ,x,)| = §{||Df(x1,x2,~- X)) + D f(=x1,—x2,++ ,—x,)l}

1
= i{llDf(x1’x29 ,xn)” + ”Df(_x].,_x2"“ ,_xn)”}

1 _ -
= 5{:(.’)C1,.’X:2,"' ,xn)+ :'(_x].,_x2>"' 7_xn)}7

for all x € M. Hence from Theorem there exits a unique quadratic function V: M — N such

that
1-i

1
[ fe(x) = V@)l < = {['(x)+T(-x)}, (2.35)

21-L
for all x e M. Again f,(x) = %{f(x) —f(=x)} for all x € M. Then £,(0) =0, fo(x) =—f,(—x). Hence

1
||Dfo(x1,x2,"' axn)” = E{llDf(xlyxZa 7xn)+Df(_x17_x2,“' ,_xn)”}

1

< §{||Df(x1,x2,--- )l + 1D f(=x1,—x2,- -, —xp)ll}
1

= E{E(xlyxz,“' ,xn)+E(_x1,_x2;"' ,_xn)}’

for all x € M. Hence from Theorem there exits a unique additive function A : M — N such
that

1

Ifo(x) = A = 5

forall xe M.
Since f (x) = fe(x)+ f, (x), then it follows from (2.35) and (2.36), we arrive

1 () = Alx) = V@I = [ fe(x) + fo(x) — Alx) — V()|
< fe(x) = VI + 1| folx) — A)l

1-i

T _L{F(x)+F(—x)}, (2.36)

1-i
< 31-L T'x)+T'(—x)+T'(x) +T'(—x)}
1-i
< {I'(x)+T(-x)},

1-L
for all x € M. Hence this completes the proof. O

The following Corollary is an immediate consequence of Theorem [2.13| concerning the
stability of (1.7).

Corollary 2.14. Let T and s be nonnegative real numbers. If a function f : M — N satisfies the
inequality
T?
n
T3 Il s#1,2,
1=

IDf(x1,22, -+, %, <4 (2.37)

n

1 2

TH ”xills’ S;éﬁ’;’
=1

T I o P+ 2 Ml ™0y s # 555,
=1 '

i=1
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for all x1,x9,--+,x, in M. Then there exist a unique quadratic function V: M — N and a unique
additive function A : M — N such that

T 1 + 1 )
n(n - 3) n ((n _ 2)2 _ 1) ’
' : * : )uxns
-2)—(n-2)8 — N2 _(+ _O)s )
1) - A -Vl ={ =2 1(n ¥l l(n-2) (f 2y .
' nl(n_2)—(n—2)sl+n|(n—2)2—(n—2)SI)”x” ’
1 ns
i nl(n—2)—(n—2)"3|+n|(n_2)2_(n_2)ns|)||x|| ,

forall xe M.

3. Conclusion

This article has proved the Hyers-Ulam, Hyers-Ulam-Rassias, generalized Hyers-Ulam-Rassias,
and Rassias stability results of the additive functional equation, quadratic functional equation
and additive-quadratic mixed type functional equations in Banach spaces by the fixed point
method.
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