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1. Introduction

Variational inequalities and inclusions are important and fascinating mathematical problems
that have been thoroughly investigated in recent years due to their wide range of applications
in optimization and control, physics, mechanics, economics and transportation, equilibrium
and engineering sciences, nonlinear programming, and so on (see, for example, [2-4,(6,/16]).
Many iterative methods for solving variational inequalities have been developed, but for
convergence, the underlying mapping over the feasible set must be strongly monotone.
Strong monotonicity is a stronger concept than cocoercivity. A Lipschitz continuous and
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strongly monotone mapping is cocoercive, whereas a cocoercive mapping is monotone but
not necessarily strongly or strictly monotone. When the underlying mapping is cocoercive and
affine, Marcotte and Wu [|15], and Tseng [[19] explored the convergence of iterative methods. Zhu
and Marcotte [21] investigated iterative schemes for solving nonlinear variational inequalities
under the cocoercivity assumptions.

To study different variational inequalities and variational inclusions, Zou and Huang [22]
presented and investigated in Banach spaces, the H(-,-)-accretive mapping and its resolvent
operator, Ahmad et al. [1] presented and investigated H(-,-)-cocoercive mapping and its resolvent
operator in real Hilbert spaces, Sahu et al. [18]] proved the existence of solutions in semi-
inner product spaces for a family of nonlinear implicit variational inclusion problems. Using
the generalized resolvent technique, Bhat and Zahoor [5] recently introduced and analyzed
the (H,¢)-n-monotone mapping in semi-inner product space and discovered the existence
of solutions to generalized variational inclusion problems. They proposed an algorithm and
performed a sequence convergence analysis. Gupta and Singh [|8, 9] recently developed and
analyzed H(-,-,-)-@-n-cocoercive mapping in semi-inner product spaces, demonstrating the
existence of a solution to the set-valued variational-like inclusion and fixed point problem. Ram
and Igbal [17] introduced and studied the H(,-,-,-)-¢p-n-cocoercive operator and used it to solve
a variational-like inclusion including an infinite family of set-valued mappings in semi-inner
product spaces using the resolvent equation technique.

In light of recent exciting advances in this field, we investigate a mapping so-called H(.,-,-,-)-
(-1n-cocoercive mapping in semi-inner product spaces. We define the H(.,-,-,-)-¢-n-cocoercive
mapping’s resolvent operator and show that it is single-valued and Lipschitz continuous. Finally,
we use these new ideas to solve a variational inclusions problem in semi-inner product spaces,
and also provide an example to support the main finding.

First and foremost, we must review the following definitions and key ideas that will be used
throughout the paper.

Definition 1.1 ([13,/18]). Consider the vector space E over the field F (=R or C). If a functional
[-,-1: E x E — F meets the following criteria, it is called a semi-inner product:

(1) [a1+ag,bil=lai,a1l+lae,b1], for all a1,a9,b1 € E,
@ii) [aai,b1]1=cala1,b1], forall a € F, a1,b1€E,

(1i1) [a1,a11=0, for a1 #0,

(iv) |la1,b1]1* <la1,a1llb1,b1], for all a1,b1 € E.

The pair (E,[-,-]) is referred as semi-inner product space.

We can claim that every semi-inner product space is a normed linear space because
laill = [al,al]% is a norm on E. Every normed linear space, on the other hand, can be
transformed into a semi-inner product space in an unlimited number of ways. Giles [7]
demonstrated that defining a semi-inner product uniquely is possible if the underlying space E
is a uniformly convex smooth Banach space. Giles [7], Lumer [13]], and Koehler [12] provide a
detailed research and foundational results on semi-inner product spaces.
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Definition 1.2.[18,20] Consider the real-Banach space E. The modulus of smoothness

PE :[0,00) —[0,00) of E is defined as

lar+b1ll+llar—b1ll
2

PE(t):sup{ —1:llaill =1, ||51||=t,t>0}-

E is considered to be uniformly smooth if Pn& pET(t) =0.

For p > 1, E is said to be p-uniformly smooth if there exists a real constant ¢ > 0 such that
Pe(t) < ctP.
If there is a real constant ¢ > 0 such that pg(¢) < ct2, then E is said to be 2-uniformly smooth.

Lemma 1.3 ([18,20]). Let E be a smooth Banach space and p > 1 be a real number. The following
statements are identical in this case:

(1) E is 2-uniformly smooth.
(i1) There is a constant ¢ > 0, such that the following inequality holds for every a1,b1 € E.
lay+b11% < a1l +2(b1,84,) +cllb1ll?, (1.1)

where gq, € J(a1) and J(a1) = {a1* € E* : {ay,a1*) = la1ll? and lai*|l = llail} is the
normalized duality mapping, where E* denotes the dual space of E.

Remark 1.4 ([18]])). Every normed linear space is a semi-inner product space (see [13]]). Indeed,
according to the Hahn-Banach theorem, for each a; € E, there exists at least one functional
8a, € E* such that (a1,84,) = lla1l|%. Given any such mapping g from E into E*, we can verify
that [b1,a1] = (b1,84,) defines a semi-inner product. As a result, the inequality can be
written as

lay+b1l% < llail® +2[b1,a11+cllbyl?, forall ay,b;€E. (1.2)

The constant ¢ is chosen to be the smallest possible value. We refer to ¢ as the constant of
smoothness of E.

The rest part of the paper is laid out as follows:

We present several definitions in Section 2] which are essential for the subsequent sections.
We offer various definitions and assumptions in Section [3|to verify the Lipschitz continuity
of the resolvent operator. We prove lemmas and construct an algorithm to prove the strongly
convergence and uniqueness of the solutions of the resolvent equation corresponding to the
set-valued variational inclusion problem. As an application, an example demonstrating the
validity of the main result is provided in Section

2. Preliminaries

Let E be a Banach space that is 2-uniformly smooth. |- || and E* are its norm and topological
dual space, respectively. The dual pair of E and E* is represented by the semi-inner product
[,-]. In order to proceed on the next level, we need to review some basic concepts that will be
useful in the subsequent sections.
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Definition 2.1 ([14,18]). Let E represent a real 2-uniformly smooth Banach space, and
n:ExE —E and L : E — E represent single-valued mappings. Then L is said to be:

(i) (r,m)-strongly monotone, if there exists a constant r > 0 such that
[L(a) - L(b),n(a,b)] = r|la-b|%, foralla,bek,
(i1) (s,m)-cocoercive, if there exists a constant s > 0 such that
[L(a) - L(b),n(a,b)] = s|L(@) - L(®)||?, foralla,bcE,
(iii) (s',m)-relaxed cocoercive, if there exists a constant s’ > 0 such that
[L(a)-L(b),n(a,b)] = —s'| L(a) —L(b)||2, foralla,beE,
(iv) a-expansive, if there exists constant @ > 0 such that
IL(@)-L®)|=zala—bl, foralla,bekE,
(v) 7 is said to be 7-Lipschitz continuous, if there exists constant 7 > 0 such that
In(a,b)| <tlla->b|, foralla,bckE.
Definition 2.2 ([11]). Let LM,N,O :E - E, n:ExE —-E, H:E xE xE xE — E are single-
valued mappings, then
(i) H(L,-,-,-) is (u1,m)-cocoercive with respect to L, if there exists constant p; >0 such that
[H(Lai,u,u,u)—H(Lag,u,u,u),n(ai,az)l = uillLay —Las|?, for all u,ai,as €K,
(i) H(-,M,-,-) is (ug,n)-cocoercive with respect to M, if there exists constant ug > 0 such that
[Hu,Mai,u,u)—H@u,Mas,u,u),n(ai,az)l = usllMa —Mas|?, forallu,ai,as€E,
(iii)) H(-,-,N,-) is (y,n)-relaxed cocoercive with respect to N, if there exists constant y > 0 such

that
[H(u,u,Nai,u)— H(u,u,Nag,u),n(a1,a2)] = —y|Na; — Nag|?, forall u,a,as€E,
(iv) H(,-,-,0) is (6,n)-strongly monotone with respect to O, if there exists constant § > 0 such
that
[H(u,u,u,0a1)-H(u,u,u,0as),n(a1,a2)l =6lla; —azl, forallu,a;,as€ek,
(v) H(L,-,-,-) is x1-Lipschitz continuous with respect to L, if there exists constant x; > 0 such
that

”H(La17u7u)u)_H(La27u7u7u)” = K]_”al _a2”> for al]- u,a1,az EE'
For other components, we can define the Lipschitz continuity for H(-,-,-,-) in the same way.

Let @ : E — 2F Dbe a set-valued mapping, and 4(Q) = {(a,b) : b € Q(a)} be the graph of Q.
The domain of @ is defined as

Dom(Q)={a€eE:3beE :(a,b) e 9(Q)}.
The Range of @ is defined as
Ran(Q)={beE:Ja€cE :(a,b) e 9(Q)}.
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The inverse of @ is defined as
Q '={b,0):(a,b)e9(@Q)}.

Let R and @ be any two set-valued mappings, and p is any real integer, we define
R+Q ={(a,b1+b2):(a,b1)e¥Y(R),(a,b2) e 9(Q)},
p® ={(a,pb):(a,b) e 4 (Q)}.

For any type of mapping A and @ : E — 2F, which is a set-valued mapping, we define
A+Q ={(a,b1+bs):Aa=b1,(a,bs)e¥4(Q)}. (see[5])

Definition 2.3 ([14,/18]). A set-valued mapping @ : E — 2% is said to be (m,n)-relaxed monotone,
if 3 a constant m > 0 such that

[a* -b*,n(a,b)]=-mla->b|? forall a,b e E,a* € Q(a), b* € Q(b).
Definition 2.4. Let G,n:E x E — E be the mappings. Then G(-,-) is said to be:

(1) (¢,n)-relaxed monotone with respect to first component, if there exist a constant ¢ > 0 such
that

[G(a,z)—G(b,2),7(a,b)] = —t|la—b|?, foralla,b,z€cE.

(i) e1-Lipschitz continuous with respect to first component, if there exist a constant ¢; >0
such that

IG(a,z)-G(b,2)| <eila-0bl?, foralla,b,z€cE.
Definition 2.5 (|8]]). The Hausdorff metric Z(-,-) on CB(E), is defined by
9(A,B) = max{sup inlgd(a, b),sup in[fl'd(a,b)} , A,BeCB(E),

acA be beB ac
where d(-,-) represents the induced metric on E and CB(E) represents the family of all nonempty
closed and bounded subsets of E.

Definition 2.6 ([8]). A set-valued mapping S : E — CB(E) is %-Lipschitz continuous with
constant Ag > 0, if

Y(Sa,Sb)< Aglla—-b|, foralla,bek.

3. Generalized H(.,-, -, )-¢p-n-cocoercive Mapping

This section contains various definitions and assumptions which are used to prove main results
associated with the generalized H(-,-,-,)-@-n-cocoercive operator.

Let E be a Banach space that is 2-uniformly smooth. Assume n: ExE — E, H :ExExExE —
E and ¢,L,M,N,O : E — E represents single-valued mappings and @ : E — 2E represents a
set-valued mapping.

Definition 3.1. Let H(-,-,-,-) is (u1,n)-cocoercive with respect to L with non-negative constant
11, (p2,n)-cocoercive with respect to M with non-negative constant pg, (y,n)-relaxed cocoercive
with respect to N with non-negative constant y and (§,n)-strongly monotone with respect to O
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with non-negative constant §. Then @ is called generalized H(,-,,-)-¢-n-cocoercive with respect
toL,M,N and O if

(i) @oQ is (m,n)-relaxed monotone,
(ii) (H(,-,",")+ApoQ)E)=E, 1> 0.

We now need to make the following assumptions:

(A1) Let H(-,-,-,-) is (u1,m)-cocoercive with respect to L with non-negative constant 1, (ue2,n)-
cocoercive with respect to M with non-negative constant usg, (y,n)-relaxed cocoercive with
respect to N with non-negative constant y and (6, n)-strongly monotone with respect to O
with non-negative constant § with uq,us >7y.

(A2) Let L is aj-expansive, M is ag-expansive and N is B-Lipschitz continuous with a1, as > 8.
(A3) Let n is t-Lipschitz continuous.
(A4) Let @ is generalized H(-,-,-,-)-@-n-cocoercive operator with respect to L, M,N and O.

Theorem 3.2. Suppose Assumptions [(Al)| (A2)| and |(A3)| hold good with ¢ = uia1? + pgas? -
yB%+6>mA, then (H(L,M,N,0)+ ApoQ)~! is single-valued.

Proof. Let v,we(H(L,M,N,O)+ A(pOQ)_l(u) for any given u € E. It is obvious that
{—H(Lv,Mv,Nv,Ov)+u € LpoQv),
—-H(Lw,Mw,Nw,Ow)+u € ApoQ(w).
Since @ o @ is (m,n)-relaxed monotone in the first component, we have
—mAlv-w|?< [-H(Lv,Mv,Nv,Ov)+u—-(-H(Lw,Mw,Nw,Ow)+u),n(v,w)]
=[-H(Lv,Mv,Nv,Ov)+ H(Lw,Mw,Nw,Ow),n(v,w)]
=-[H(Lv,Mv,Nv,Ov)-H(Lw,Mv,Nv,Ov),n(v,w)]
-[HLw,Mv,Nv,Ov)-H(Lw,Mw,Nv,Ov),n(v,w)]
-[HLw,Mw,Nv,0Ov)-HLw,Mw,Nw,Ov),n(v,w)]
-[HLw,Mw,Nw,Ov)-H(Lw,Mw,Nw,Ow),n(v,w)].
Since Assumption holds, we have
—mAllv-wl|® < —py | Lv — Lw|® - po|Mv - Mw|* + yINv - Nw|* - §llv —w|®.
Since Assumption holds, we have
—mAlv —wl < —pa®lv - wl® - ppaz®lv - wl? +y v —wl® - 5llv - w]?
= ~(mar® + ppas® —y % +0)lv ~wl?,
0<—-(l—mA)|v- w||2 <0, where?= ,u1a12 +,uga22 —yﬂz +9.

Since pi,u2 >y, ai,as > B, 6 >0, it follows that |[v—w| < 0 and hence v = w. Therefore,
(H(L,M,N,0)+ ApoQ)~! is single-valued.
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Definition 3.3. Let Assumptions|(Al) |, (A2) and [(A4)|hold good with ¢ = pya12+psas?—ypB%+6 >

mA, then the resolvent operator Rg(;'t' L E - E s given as

H(,

06 q) = (H(L,M,N,0)+ ApoQ)\(@), forallaeE. (3.1)

R
The next step is to show that the resolvent operator defined by (3.1) is Lipschitz continuous.

Theorem 3.4. Suppose Assumptions (Al A4 hold good with ¢ = a2+ U2 a9’ — yﬁ2 +d>mA,
and 1 is t-Lipschitz, then RH(' LB LR s 7——-Lipschitz continuous, that is,

Rl ] <

||U ~w|, forallv,wekE.
Proof. Suppose v,w € E be any given points, then from (3.1), we have

Ry ™) = (H(L,M,N,0)+ 19 o@) '),

Rg(i'q; D) = (H(L,M,N,0)+ 100 Q) (w).

Let ag =R, " "(v) and a1 = Rpy ;"™ (w).

{/1‘1 (v —H(L(ao),M(ap), N(ao),0(aop)) € ¢ °Q(ao),
A" w - H (L(a1),M(a1),N(a1),0(a1)) € p o Q(ay).
Since @ oQ is (m,n)-relaxed monotone in the first component, we have
[(v - H(L(ao),M(a),N(ap),0(ap)) — (w - H(L(a1),M(a1),N(a1),0(a1)),n(ag,a1)]
~mAllao—ail?,
which implies
[v—w,n(ag,a1)] = [H(L(ag),M(ap),N(ap),0(ap))
~ H(L(a1),M(a1),N(a1),0(a1)),n(ag,a1)] - mAlao —aill.
Now, we have
lv—wllin(ag,a)ll = v -w,n(as,a1)l
> [H(L(ao), M(ap),N(ap),0(ap)) - H(L(a1),M(a1),N(a1),0(a1)),n(ao,a1)]
~mAllao—a1l®.
Since Assumption [(AT)] [(A2)] [(A3) hold and 7 is 7-Lipschitz continuous, we have

2
lv—wlzllao—aill z(é—mxl)llao—alll or

|y o-rgLy ] <5

Hence, we get the required result. O

||v—w||, forallv,wekE.

4. Formulation of the Problem and Existence of Solution

In this section, our main aim is to formulate a generalized set-valued variational inclusion
problem and establish the existence of a solution by using generalized H(-,-,-,-)-@-n-cocoercive
operator, under certain assumptions.
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Let E be 2-uniformly smooth Banach space. Let V,T : E — CB(E) be the set-valued
mappings, and let L,M,N,0,g,¢9:E—-E,n,G:ExE —E and H(-,-,,-):ExE xE xE — E be
single-valued mappings. Suppose that the set-valued mapping @ : E — 2% be a generalized
H(,-,-,-)-¢p-n-cocoercive operator with respect to L, M, N and O and Ran(g) nDom@ # ¢. We
consider the following generalized set-valued variational inclusion problem:

FindaeE, b € V(a) and z € T'(a) such that

0€G(b,2)+Q(g(a)). (4.1)
If E is a real Hilbert space and @ is a maximal monotone operator, then the problem (4.1) is
identical to that investigated by Huang et al. [10].

Lemma 4.1. Let us consider the mapping ¢ : E — E such that @b +z) = @(b) + ¢(z) and
Ker(p) = {0}, where Ker((p) ={beE:¢p(b)=0}. Then (a,b,z), where ac E, beV(a) and z € T(a)
is a solution of problem (4.1) if and only if (a,b,z) satisfies the following relation:

gla) = RH("") "[H(L(ga) M(ga),N(ga),0(ga)) — ApoG(b,2)]. (4.2)

The resolvent equation corresponding to generalized set-valued variational inclusion
problem (4.1).

9oG(b,2)+ A5 () =0, (4.3)
where 1 >0,
Tgom ™M) = [T - HILRg ;' "), MR " "), NR g ")), O G o],

QN
I is the identity mapping and

H(L,M,N, O)[RH" ") ()]

Q.

= H(LRg ;" ”( ), M(RH( P, NRg w7 ), 0B x)).

Now, we show that the problem (4.1)) is equlvalent to the resolvent equation problem (4.3).

Lemma 4.2. (a,b,z), where a € E, b € V(a) and z € T(a) is a solution of problem (4.1) if and
only if the resolvent equation problem (4.3) has a solution (x,a,b,z) with x,a € E, b € V(a) and
z € T(a), where
o H(, -1
gla=Rg ;" "(x) (4.4)
and x =H(L(ga),M(ga),N(ga),0(ga))— ApoG(b,z).
Proof. Let (a,b,z) be the solution of problem , and from Lemma using the fact that

Q/'l(p QM) QMJ QM)
Jg(i;p--) M) = g(w) n[H(L(ga) M(ga),N(ga),0(ga)) — ApoG(b,2)]
H("")ﬂ H(, -1 H(, -1 H(,\)-n
=[I-H(L(ER, LMEG ;" D,NRG " D,0Rg 0 )

. [H(L(ga),M(ga),N(ga),O(ga)) —ApoG(b,2)]
=[H(L(ga),M(ga),N(ga),0(ga)) — ApoG(b,2)]
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~HLRY MR NRG ™, 0@ )
(H(L(ga),M(ga),N(ga),0(ga)) — Lp o G(b,z2))
=[H(L(ga),M(ga),N(ga),0(ga)) — Ap o G(b,2)]
-H(L(ga),M(ga),N(ga),0(ga))
=—-ApoG(b,2).
This implies that
poG(b,2)+ A 1J
Conversely, let (x,a,b, z) is a solution of resolvent equation problem (4.3), then

Tgom)Mx) = ~ApoG(b,2)

I— H(L(RH( B ,7) M(RH(. )= Tl) N(RH(. )= 77) O(RH(
x —H(L(ga),M(ga),N(ga),O(ga)) = —MpoG(b,z).
This implies that
x=H(L(ga),M(ga),N(ga),0(ga))—ApoG(b,2).

Hence (a, b, z) is a solution of variational inclusion problem (4.1).

D) () = — Ao G(b, 2)

From numerical point of view, Lemma and Lemma are quite essential. They allow us
to propose an iterative algorithm for finding the approximate solution of (4.3) as follows:

Algorithm 1 (Iterative Algorithm).
For any given (xg,a0, bo,20), we can choose xg,a¢ € E, bg € V(ag),
and zg € T'(ag) and 0 < e < 1 such that sequences {x,}, {a,}, {b,},

and {z,} satisfy
glan) =Ry ),
b €V(an), 16y —bpi1ll < 2(V(an),V(an+1) +€" lan +ansl,
2" € T(an), 2" —2"" | < 2(T(an), T(an+1) + € lan —ansl,
xn+1=H(L(ganp),M(ga,),N(ga,),0(ga,))—ApoG(b,,z,),

where A >0, £ =0 and Z(-,-) is a Hausdorff metric on CB(X).

Next, we find the convergence of the iterative algorithm for the resolvent equation problem
(4.3), which corresponds to the generalized set-valued variational inclusion problem (4.1).

Theorem 4.3. Let us consider the problem (4.1) with Assumptions [(AD}(A4)and ¢ :E — E be a
single-valued mapping with (b +z) = p(b) + ¢(z) and Ker(p) = {0}. Assume that

(1) V and T are Ay and A Z-Lipschitz continuous, respectively,
(i) @oQ is (t,n)-relaxed monotone with respect to first component,
(iii)) @oG is €1, €9-Lipschitz continuous with respect to first and second component, respectively,

(iv) H(L,M,N,O) is x1,kg,K3, k4-Lipschitz continuous with respect to L, M, N and O,
respectively,
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(v) g is r-strongly monotone and Ag-Lipschitz continuous,

(1-\/1-2r+ 15 (¢-mA
(Vi) 0< (/1022 + 2000y (Agr +TAY) +e12A2Av2) < Ly

T

where x = kK1 + K9 + K3 + K4.
Then the iterative sequences {x,}, {a,}, {b,} and {z,} generated by Algorithm[1|converges strongly
to the unique solution (x,a,b,z) of the resolvent equation problem (4.3).
Proof. Using Ay, Ar-2 Lipschitz continuity of V, T and Algorithm[1], we have
16n = bn-1l = Z2(V(an),V(ap-1))+€"lan —an_1ll <{Av +€e"Hlap —an-1l, (4.5)
I2n —2zn-1ll <= Z(T(an), T(an-1) +€" lap —an_1ll < {Ar +€"Han —an-1l, (4.6)

where n=1,2,3,....
We now compute

l2n+1— x|l = |1H(L(gan), M(gay),N(ga,),0(ga,))
- H(L(ga,-1),M(gan-1),N(ga,-1),0(ga-1))
—MpoG(bp,zn)—9oGbp-1,2n-1))l
<|H(L(gan),M(ga,),N(ga,),0(ga))
- H(L(gan-1),M(ga,-1),N(ga,-1),0(gan-1))
~MpoG(bn,zn)— 9o Gbn-1,22))
+A[|9oG(bn-1,2) —@oG(byr_1,25-1)]. 4.7)

IH(L(ga,), M(ga,),N(gan),0(ga,)) — HL(gan-1),M(ga-1),N(ga,-1),0(ga,-1))

~MpoGby,2n)— 9o Glby-1,22))I?

< |H(L(ga,),M(ga,),N(ga,),0(ga,)) - HL(ga,-1),M(gan-1),N(ga,-1),0(ga,-1)|?
—2M@oG(by,zn) —9oG(bp-1,2n),0(by,bp-1)]+ 2@ o G(by,2,) — 9o G(by_1,2,)ll
< (| H(L(ga,), M(ga,),N(ga,),0(ga,)) — HIL(gan_1), M(gan—1),N(gan_1),0(gan-)I
+11Bn,ba-1 I} + A2 190 G(bn,2,) — 90 G(bp—1,20)II%. (4.8)

Since H(L,M,N,O) is x1,k92,k3,k4-Lipschitz continuous with respect to L, M,N,O, respectively,
we have

”H(L(gan), M(gan),N(gan), O(gan)) —H(L(gan—l), M(gan—l),N(gan—l), O(gan—l))”2
< A*<Cllan —an-1ll?, (4.9)

where x =x1 + k9 +k3+Kk4.
Since @ oG is (t,n)-relaxed monotone, then we have

[0 G(B,20) — 90G(Bn-1,20),1(Bn, by = —tAy +€"Vlan —an_111% (4.10)
As @oG(.,-) is €1,€e2-Lipschitz continuous in the first, second components, respectively and using
.5), (4.6), we have

lpoG(by,z,)—poG(by-1,2,)l <€1{dy +€"Hap —an-1l, (4.11)

lpoG(bn-1,2n) = 9oG(bp-1,2n-DI < €2{Ar +€"}Hlan —an-1ll. (4.12)
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By using Assumption [(A3) and (4.9)-(4.12) in (4.8), we have
IH(L(gan),M(gan),N(gan),0(ga,)) — H(L(gan-1),M(gan-1), N(gan-1),0(ga,-1))
—M@oG(bp,zp)—@oG(by-1,2,))l

< \/[Ag2K2+2t/1{7LV +e"2+2e1 MAy +e"HAgk +T{Ay +e"+€12A2{Ay +€™}2]
X lap—an-1l. (4.13)
Using and in (4.7), we have
1 = nll = [/ [Ag2K2 + 26EA{AY + €12 + 261 My + €} {Agr +7(Ay + e} +e12A2(Ay +e7)?]

+eaMAr + €™ x llap, —an-1l. (4.14)

By Lipschitz continuity of resolvent operator and condition (v), we have

lan =an-1l = lan —an-1-(g(an) - glan-1)+Rg ;o " (en) = Rg ;" (1)l
T
<llan —an-1—-(glan) — glan-MI + ——llxn —xp-1l, (4.15)
(¢—ml)
lan —an-1-(g(@n) - g@n-I* <1 -2r + AzHlay —an_1l> (4.16)

Using (4.16) in (4.15), we have

T
lan —an-1ll <\/1-2r+Ag2lan —an-1l+ mllxn —Xp-1ll

lan—an-1ll < - % — a1 (4.17)
(1—1/1-2r+A2)(¢ —mA)
Using in (4.14), then becomes
[%n41 =2l < W) xn —2xn-1ll, (4.18)
where
( 71/ (2,2 + 20A Ay + €72 + 2e1 MAy + €7} (Agr + T{Ay +€m) +€1222{Ay +€m)2)
W) = +1eo MA + €™}

(1-1/1-2r+A%)(¢ —mA)

Since 0 < € < 1, this implies that W(e¢*) — ¥ as n — oo, where

B T[\/ g2 + 2t AAv 2 + 261 A0y (Agk + TAv ) +€12A2Ay 2} + €217 |

(1-1/1-2r+A%)(¢ —mA)

From condition (vi), ¥ < 1, then {x,} is a Cauchy sequence in Banach space E, hence x,, — x as

n — oo.
From (4.17), {a,} is also a Cauchy sequence in Banach space E, then there exist a such that
an, —a.
From (4.5)-(4.6) and Algorithm [I], the sequences {b,} and {z,} are also Cauchy sequences in
Banach space E. Thus, there exists b and z such that b,, — b and z,, — z as n — co.

Next we prove that b € V(a). Since b, € V(a), then

d(®,V(a) <16 -byl +d(by,V(a))
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<1b-b,l+2(V(an),V(a))
<lb-bupl+Avla,—al —0, as n— oo,
which gives d(b,V(a)) =0. Since V(a) € CB(E), we have b € V(a). Similarly, we can show that

zeT(a).
By the continuity of R (

o ,L,M,N,O,V, T, ooG, g, nand @ and Algorlthml we
know that a, b, z and x satlsfy
Xn+1=[H(L(ga,),M(gay),N(ga,),0(ga,)) —poG(b,,z,)],
=[H(L(ga),M(ga),N(ga),0(ga))—@poG(b,z)] as n — oo
H(, )1 _ H(pprr
RQ P (xn) = glan) — gla) = RQ 1o
Now by using Lemma 4.2, we have

@oG(b,2)+ A Hx— H(L(RH‘”“) (x)), M(RH(

)= "x) as n — oo.

) H(p ) H(, )
), N@Eg Y T(x)), ORy )N =0

Thus, we have

PoG(b,2)+ A g (%) = 0. (4.19)

Hence (x,a,b,z) is a solution of the problem (4.3).

Example 4.4. Let E = R? with usual inner product. Let V,T:R% — 9R* are defined by

1
Va:Ta:{( ’ll ):forallne N,a=(a1,a2)€R2}.
na2

Then, it is easy to check that

(i) V and T are 1—10 2-Lipschitz continuous for n=10.
Let ¢ : R? — R? be defined by
1

w(a):( ial

502
and G : R?2 x R2 — R? be defined by

), for all a =(a1,a9) €R?

1.
G(al,a2):( iz,.l ) i=1,2, for all a* = (al,ad), a® = (a?,a2) € R.
272

Then it is easy to show that
(i) oG is (1—10,17)-re1axed monotone with respect to first component,
(iii)) @ oG is 1—10, 1—10—Lipschitz continuous with respect to first and second component,

respectively.

Let L,M,N,O, g : R2 — R? be defined by

1 1 1

ond1 57a1 5501
L(a):(zf ),M<a):(211 ),N<a>:(2f )

2022 2122 2242
2501

1

1
1o,
), g(a):( 210 ), for all a = (a1,a2) € R2.
2342

2092

O(a) = (
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Suppose that H : R2 x R2 x R?2 x R? — R? is defined by
H(La,Ma,Na,0a)=La+Ma+Na+0Oa, forallaecR?
Then, it is easy to check that
@iv) H(L,M,N,O) is %, 2—11, %, %-Lipschitz continuous with respect to L, M, N and O,
respectively,

(v) gis z—lo-strongly monotone and %-Lipschitz continuous.

Next, it is easy to check that

(1-\/1-2r+ 1) (¢-mA
(vi) 0< (/1022 + 2000y (Agr +TAY) +e12A2Av2) < D A,

T

-1 .1 .1 . 1_
where x = 50t 31 T35 t 33 =0.18.

Therefore, for the constants /=3, m=2,r=1,= 2—10, Ay =Ar=€1=€3=t¢t= %, K1 = %,
K9 = 2—11, K3 = i, K4 = %, 7 =10, obtained in (i)-(vi), all the hypotheses of Theorem are

satisfied for A =0.01.

5. Conclusion

The goal of this paper is to develop a novel mapping called H(:,-,-,-)-¢p-n-cocoercive mapping
that combines cocoercive and monotone mappings and defines its resolvent operator. We further
show that the resolvent operator associated with H(-,-,-,-)-¢-n-cocoercive mapping is Lipschitz
continuous and single-valued. Finally, we establish an existence and convergence result for
a generalized set-valued variational inclusion problem using these ideas. An example is also
developed to support our findings. The obtained results generalize the majority of the findings in
the literature, implying a broad range of potential applications in future research on sensitivity
analysis, variational inequality problems, and variational inclusion problems in Banach spaces.

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

References

[1] R. Ahmad, M. Dilshad, M.M. Wong and J.C. Yao, H(:,-)-cocoercive operator and an application for
solving generalized variational inclusions, Abstract and Applied Analysis 2011 (2011) Article ID
261534, DOI:/10.1155/2011/261534.

[2] R. Ahmad, A.H. Siddigi and M. Dilshad, Application of H(:,-)-cocoercive operators for solving
a set-valued variational inclusion problem via a resolvent equation problem, Indian Journal of
Industrial and Applied Mathematics 4(2) (2013), 160 — 169, DOI: 10.5958/j.1945-919X.4.2.018.

[3] R. Ahmad, A.H. Siddiqgi and Z. Khan, Proximal point algorithm for generalized multi-

valued nonlinear quasi-variational-like inclusions in Banach spaces, Applied Mathematics and
Computation 163(1) (2005), 295 — 308, DOI:10.1016/j.amc.2004.02.021.

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. [477 , 2022


http://doi.org/10.1155/2011/261534
http://doi.org/10.5958/j.1945-919X.4.2.018
http://doi.org/10.1016/j.amc.2004.02.021

490

Generalized Monotone Mappings with an Application to Variational Inclusions: T. Ram and M. Iqbal

[4]
[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

J.P. Aubin and A. Cellina, Differential Inclusions, Springer-Verlag, Berlin (1984).

M.I. Bhat and B. Zahoor, Existence of solution and iterative approximation of a system of
generalized variational-like inclusion problems in semi-inner product spaces, Filomat 31(19)
(2017), 6051 — 6070, DOI:|10.2298/FIL.1719051B.

S.S. Chang, J K. Kim and K.H. Kim, On the existence and iterative approximation problems of
solutions for set-valued variational inclusions in Banach spaces, Journal of Mathematical Analysis
and Applications 268(1) (2002), 89 — 108, DOI:|/10.1006/jmaa.2001.7800.

J.R. Giles, Classes of semi-inner product spaces Transactions of the American Mathematical Society
129 (1967), 436 — 446, DOI: 10.2307/1994599.

S. Gupta and M. Singh, Variational-like inclusion involving infinite family of set-valued mappings
governed by resolvent equations, Journal of Mathematical and Computational Science 11(1) (2021),
874 — 892, DOI: 10.28919/jmcs/5177.

S. Gupta and M. Singh, Generalized monotone mapping and resolvent equation technique with
an application, Journal of Mathematical and Computational Science 11(2) (2021), 1767-1783,
DOI:/10.28919/jmcs/5343.

N.J. Huang, M.R. Bai, Y.J. Cho and S.M. Kang, Generalized nonlinear mixed quasi-
variational inequalities, Computers & Mathematics with Applications 40(2-3) (2000), 205 — 215,
DOI:10.1016/50898-1221(00)00154-1.

S. Husain, S. Gupta and V.N. Mishra, Generalized H(:,,-)-n-cocoercive operators and generalized
set-valued variational-like inclusions, Journal of Mathematics 2013 (2013), Article ID 738491,
DOI:10.1155/2013/738491.

D.O. Koehler, A note on some operator theory in certain semi-inner-product space, Proceedings of the
American Mathematical Society 30 (1971), 363 — 366, DOI:|10.1090/S0002-9939-1971-0281024-6.

G. Lumer, Semi-inner product spaces, Transactions of the American Mathematical Society 100
(1961), 29 — 43, DOI:110.2307/1993352.

X.P. Luo and N.J. Huang, (H,¢)-n-monotone operators in Banach spaces with an application
to variational inclusions, Applied Mathematics and Computation 216 (2010), 1131 — 1139,
DOI:10.1016/j.amc.2010.02.005!

P. Marcotte and JH. Wu, On the convergence of projection methods: Application to the
decomposition of affine variational inequalities, Journal of Optimization Theory and Applications
85 (1995), 347 — 362, DOI:|10.1007/BF02192231.

T. Ram, Parametric generalized nonlinear quasi-variational inclusion problems, International
Journal of Mathematical Archive 8 (3) (2012), 1273 — 1282, http://www.ijma.info/index.php/ijma/
article/view/1119/634.

T. Ram and M. Igbal, H(,-,-,-)-p-n-cocoercive operator with an application to variational
inclusions, International Journal of Nonlinear Analysis and Applications 13(1) (2022), 1311 —
1327, DOI:10.22075/IJNAA.2021.23245.2506.

N.K. Sahu, R.N. Mohapatra, C. Nahak and S. Nanda, Approximation solvability of a class
of A-monotone implicit variational inclusion problems in semi-inner product spaces, Applied
Mathematics and Computation 236 (2014), 109 — 117, DOI:10.1016/j.amc.2014.02.095.

P. Tseng, Further applications of a splitting algorithm to decomposition in variational
inequalities and convex programming, Mathematical Programming 48(1) (1990), 249 — 263,
DOI:10.1007/BF01582258.

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. [477 , 2022


http://doi.org/10.2298/FIL1719051B
http://doi.org/10.1006/jmaa.2001.7800
http://doi.org/10.2307/1994599
http://doi.org/10.28919/jmcs/5177
http://doi.org/10.28919/jmcs/5343
http://doi.org/10.1016/S0898-1221(00)00154-1
http://doi.org/10.1155/2013/738491
http://doi.org/10.1090/S0002-9939-1971-0281024-6
http://doi.org/10.2307/1993352
http://doi.org/10.1016/j.amc.2010.02.005
http://doi.org/10.1007/BF02192231
http://www.ijma.info/index.php/ijma/article/view/1119/634
http://www.ijma.info/index.php/ijma/article/view/1119/634
http://doi.org/10.22075/IJNAA.2021.23245.2506
http://doi.org/10.1016/j.amc.2014.02.095
http://doi.org/10.1007/BF01582258

Generalized Monotone Mappings with an Application to Variational Inclusions: T. Ram and M. Iqbal 491

[20] H.K. Xu, Inequalities in Banach spaces with applications, Nonlinear Analysis 16(12) (1991),
1127-1138, DOI:|10.1016/0362-546X(91)90200-K.

[21] D.L. Zhu and P. Marcotte, Co-coercivity and its role in the convergence of iterative schemes

for solving variational inequalities, SIAM Journal on Optimization 6(3) (1996), 714 — 726,
DOI:/10.1137/S1052623494250415.

[22] Y.Z. Zou and N.J. Huang, H(-,.)-accretive operator with an application for solving variational

inclusions in Banach spaces, Applied Mathematics and Computation 204(2) (2008), 809 — 816,
DOI:/10.1016/j.amc.2008.07.024.

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. [477 , 2022


http://doi.org/10.1016/0362-546X(91)90200-K
http://doi.org/10.1137/S1052623494250415
http://doi.org/10.1016/j.amc.2008.07.024

	Introduction
	Preliminaries
	Generalized H(,,,)—cocoercive Mapping
	Formulation of the Problem and Existence of Solution
	Conclusion
	References

