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1. Introduction

Zadeh [41] introduced fuzzy set theory and related fuzzy logic for dealing with and addressing
numerous issues in which variables, parameters, and relations are only imprecisely known,
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necessitating the use of approximate reasoning systems. This is true of practically all nontrivial
and, in particular, human-centered phenomena, processes, and systems that exist in reality,
and it is difficult to characterise them adequately using standard mathematics based on binary
logic.

Fuzzy set theory has been developed in a variety of directions, piqueing the interest of
mathematicians and computer scientists working in a variety of domains. As an extension of
fuzzy sets, Zadeh presented IVFSs, in which the values of the membership degrees are intervals
of numbers rather than the numbers themselves. Traditional fuzzy sets do not adequately
describe uncertainty, however IVFSs do. In applications like fuzzy control, it’s critical to use
IVFSs. Defuzzification is one of the most computationally costly aspects of fuzzy control. We
summarise Gorzalczany’s work on IVFSs [9,/10] and Roy et al. [28] work on fuzzy relations
because IVFSs are frequently applied.

Mordeson and Chang-Shyh [17] discussed fuzzy graph operations. The idea of IFSs was first
initiated by Atanassov [1]. The notion of IFGs was introduced by Parvathi et al. [22]. Parvathi
et al. [23]] investigated operations on IFGs. In IFGs, Gani [8]] established the concepts of degree,
order, and size. Samanta and Pal [34}35] have also expressed various fuzzy graphs. Rashmanlou
and Pal [26] recommended irregular IVFGs.

The notion of products on IFGs was initiated by Sahoo and Pal [29]. IVFGs have been
researched further by Rashmanlou and Pal [21]]. Intuitionistic fuzzy competition graphs have
also been expressed by Sahoo and Pal [30]. Dinesh [7]] explored fuzzy incidence graphs (FIGS).
Fuzzy strong graphs have also been expressed by Kalaiarasi et al. [13]]. The idea of multiple
IFGs was given by Sahoo and Pal [31,32]. Concepts in FIGs were proposed by Mathew and
Mordeson [16]. A fuzzy graph with applicability was proposed by Sahoo et al. [33].

Domination was first introduced by O. Ore [25] and C. Berge [2]], and further studied by
Somasundaram and Somasundaram [39]]. The product of the new graph was produced by Nazeer
et al. [19]. Clique coverings have also been found in IVFGs by Patra et al. [24]. Domination in
graphs has been examined further by Haynes and Hedetniemi [11]. By utilising effective edges,
Somasundaram and Somasundaram have established dominance in fuzzy graphs [39]]. Xavior et
al. [40] recommended domination in fuzzy graphs. In IVFGs, Debnath [5]] has also displayed
dominance. Revathi and Harinarayaman [27] proposed an equitable domination number for
fuzzy graphs. Sunitha and Manjusha have also stated that they have significant dominance [15].

In a fuzzy graph, Nagoorgani and Chandrasekaran [18]] have also demonstrated dominance.
For fuzzy graphs, Sarala and Kavitha have also expressed (1,2)-domination [36]. Domination
parameters for fuzzy graphs have also been given by Dharmalingam and Nithya [6]. In fuzzy
graphs, Manjusha et al. [14] have discussed paired domination. The dominating set has been
discussed by Bozhenyuk et al. [4]. Nazeer et al. [20] have established dominance in FIGs. Selvam
and Ponnappan [37] have discussed dominance in fuzzy graphs. The inverse dominating set of
IVFGs was recommended by Shain and Shubatah [38]]. Tushar et al. [3]] proposed a new path
graph definition. In fuzzy graphs, Ismayil and Begum [12] have also represented accurate split
domination.
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Section 2| presents some preliminary findings that are necessary to comprehend the
remainder of the article. In Section |3|conveys a meaning DG of a vertex in CP of two IVFIGs. In
Section [4f we examine the DG of a vertex in TP of two IVFIGs. In Section |5 perfect domination
in CP and TP of two IVFIGs is given. In Section [6], a genuine utilization of PDN in the issue of
education policies among various countries is clarified. In Section |7, a comparative analysis is
provided.

2. Preliminaries

Definition 2.1. A fuzzy subset urgs on a set Mpg is amap purs : Mps — [0,1]. Amap yrs : Mpg x
Mprs —[0,1] is known as a fuzzy relation on upg if yrs(wi1,wo2) < min{ups(wi1), urs(wez)} for
each wi1,we9 € Mpg. A fuzzy graph is a pair Grs = (Urs,YFs), where urg is a fuzzy subset on a
set Vrs and yrg is a fuzzy relation on urg.

Definition 2.2 ([5]). An IVFS Ay on a set Vjy defined by Ay = {(w11, [u;lv(wn),,u:{lw(wu)]),
w11 € Viv}l, where Hap, and /JLV are fuzzy subsets of Vyy such that ”;\zv(wll) < pzlv(wll) for
all wyy € Viv. If G, = (Viv,E1v) is a crisp graph, then by an interval-valued fuzzy relation
Bjyon Viy we mean an IVFS on Ejy such that ,ufglv(wllwzz) < min{,u;hv(wll), u;lv(wzg)}
and ,uglv(wnwzz) < maX{“jlzv(wll)’“Lv(w”)} for all wiiwee € Ejy and we write By =
{wiiwag, g, (wii1wse), iy (Wi1wze)D), wi1wes € Erv}.

Definition 2.3 ([5]). An IVFG of a graph G}‘V =(Viv,E1v) is a pair Gy = (Ajv,Bjv), where
Ay = [u;lv, ,uZIV] is an IVFS on V;y and By = [,ug,lv, /JEIV] is an interval-valued fuzzy relation
on V[V.

Example 2.4.

m;(02,0.5) 02,06 my; (0.4,0.6)
2,06)

(0.1,03) (0.1, 0.5)

™ 01,00 :

mys(0.1,0.3) m;3(0.1,0.6)

Figure 1. Gv
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Figure[l|indicates a IVFG Grv = (Viv,E1v, A,y 4Byy) With

KA (m11) =(0.2,0.5), KAy (mo2) =(0.4,0.6),

pay (mss) =(0.1,0.6), Hay(m11)=(0.2,0.5),

UBpy (Mm11ma2) =(0.2,0.6), ug,,(mgamss)=1(0.1,0.5),

uB;, (m3zmyy) =(0.1,0.6), up,,(mi11maq)=(0.1,0.3).
Definition 2.5.Let Gy = (Viv,Erv,urv,yrv) be an IVFG and wi; € Viy, then its
DG is represented by dg,,(wi1) = (dig,y(W11),d2g,y(w11)) and defined by dig,, (w11) =

Y yuvwii,wo) = > Yuvwii,wee) and dog,(w11) = X yerv(wii,wee) =
w117wWe2 (w11,w22)EE Y w11#wae

> Yorv(wi1,w22).
(w11,we2)EETy

Definition 2.6 ([7]). Assume G = (V},E7) is a graph. Then, G; = (V;,E,I7) is named as an
incidence graph, where I; €V x Ej.

Definition 2.7 ([7]). Assume Grs = (Vrs,EFg) is a graph, urg is a fuzzy subset of Vrg, and yrg
is a fuzzy subset of Vrg x Vrg. Let wrg be a fuzzy subset of Vrg x Eps. If wps(w11,wii1wes) <
min{urs(wi1),yrs(wiiwee)} for every w11 € Vrs,w1i1weg € Erg, then wrg is a fuzzy incidence
of GFS .

Definition 2.8 ([7]). Assume Gy is a graph and (u7,y7) is a fuzzy sub graph of G;. If y; is a
fuzzy incidence of G, then Gy = (u7,y71,v1) is named as FIG of Gj.

Example 2.9.

(0.1) (0.05)

Figure 2. G;

A FIG with p7(m11) =0.2, ur(mgg) = 0.3, ur(mss) = 0.1, yr(my1mag) = 0.2, yr(mi1mss) = 0.1 and
wi(mi,miimgg) = 0.1, yi(mog,miimeg) = 0.1, wi(mq1,m11ma3) = 0.05, yi(msz,miima3) =
0.05 is shown in Figure
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3. DG of A Vertex in CP of Two IVFIGs

Nomenclature

Gry : Interval-Valued Fuzzy Graph

Grvr : Interval-Valued Fuzzy Incidence Graph
Viv, Vivi : Vertices

EIV, E[V[ . Edges

Iy . Incidence Pair

IVFS : Interval-Valued Fuzzy Set

DG : Degree

IFS : Intuitionistic Fuzzy Set

IFG : Intuitionistic Fuzzy Graph

FIG :  Fuzzy Incidence Graph

IVFIG : Interval-Valued Fuzzy Incidence Graph
MS :  Membership

NMS . Non Membership

CpP :  Cartesian Product

TP . Tensor Product

PDN . Perfect Domination Number

PDS . Perfect Dominating Set

Definition 3.1. An IVFIG is of the form Gjrv; = (Vivi,Ervr,Irvr, ik, L, uy) where
pr = (Mg, ), L = (U, up), mm = (W) and Vivr = {wo,wsi,...w,} such that uy :
Vivr — [0,1] and ,u;{ : Vivi — [0,1] represent the DG of MS and NMS of the vertex
wi; € Vivr respectively, and up(w11) < pgrwir), 0 < pp +pug < 1 for each w;; € Vyvy
G =12,.,n), u, : Vivi x Viyy — [0,1] and pf : Vivy x Vivy — [0,11 pp(wi1,we2) and
uZ(wn,wgg) show the DG of MS and NMS of the edge (wi1,we2) respectively, such
thatu; (w11, we2) < min{ug(wi1), upwee)} and pj(wir,wee) < max{up(wir),up(we)}, 0 <
py (w11, we2) + puf (wir,wee) < 1 for every (wi1,we2), py, : Viv x Ervy — [0,1]1 and py, : Vivy x
Epvr — 10,11, pp,(wi1,wiiwee) and pj,(wii,wiiwze) show the DG of MS and NMS of
the incidence pair respectively, such that u; (w11, w11wee) < min{ug(w11), u; (w11, wee)} and
ty (w11, wiiwsez) < max{uy (w11), 4] (Wi, wa2)}, 0 < up (w11, wi1wee) + i, (w11, wiiwee) < 1 for
every (w11, w11wag).

Definition 3.2. Let G]V[ = (VIVI,EIVI,IIVI,IJK,,UL,/JM) is an IVFIG and w1l € V]V[, then

its DG is represented by dg,,,;(w11) = (d1g;y;(W11),d2a,,;(w11)) and defined by d1g,,,(w11) =
Y (wi,wnwse) € Iryvy and dog,y,(w1) = Y (Wi, wniwze) € Irvy.

w11#W29 w117wo2

Definition 3.3.The CP of two IVFIGs Gj,; = (Vi . Etyp. Iy ik Ky, 13, and G%,; =

(VI2VI’E%VI’I?VI’“%{’u%’“lzw) is defined as an IVFIG

Grvi=Gly; *Gryr = Vv, Ervi, I1vi, iy X [, 1T X 1y, Mg X Hag)

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. [625 , 2022
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where

_ 71 2
Vivi =V *xVive

and
Ervr={((m1,n1),(m2,n2))/m1=mg,(n1,n2) EE%VI or ni=naq,(m1,ms) EE}VI}
Itvr = {(m1,n1),(m1,n1)(m1,n2)/m1 = ma,(n1,n1n9) € I3y, (ng,ning) € Iy or
n1=na(my,mimg) € Iy, (mg,mimg) € Iy )
with

1 2 . _1 _
(ug xpg Nmi,ny)=min{ug (m1),ux> ()} V (m1,n1) € Vi x Vi,
(/«l«;—{lXl'lf;éz)(ml’nl):max{ﬂ}l(ml),ﬂ}Q(nl)} v (ml’nl)EVIIVIXVI2VI’

1 2
12 min{uy (m1),u; (n1,n9)} if mi=ms,(n1,n9)€E2, .,
(g, >y, )((m1,n1)(m2,n2)):{ K L= . v
min{u; (m1,me),uy (n1)} if ny=ng,(m1,ma)€Eyy,;,

1 2
1,42 max{uy (m1),4i (n1,n9)}  if my=mo,(n1,ng) € B2y,
(ug, xpg )((ml,nl)(mz,nz))={ g L : v
maX{IJL (ml,mZ),IJK (n} 1fn1:n2,(m1,m2)€EIVI,

(.Uz_vzl xllz_uz)[(ml,n1),(m1,n1)(m1,nz)]=min{u1}1(m1),uf;(m,mnz)} if m1=mg,(n1,n1ns) € Ity
(uful X:u]_wz)[(ml,n2),(m1,n1)(m1,n2)]:min{,ul_{l(ml), uij(nz,nlnz)} if m1=mg,(ng,ning) € I3y,
(Nz_wl x,uz_wz)[(ml,nl),(ml,n1)(m2,n1)]:min{ujul(ml,mlmz),uz}z(nl)} if n1=ng,(m1,mims) €Iy,
(u{ul X,uj;)[(mz,nl),(m1,n1)(m2,n1)]=min{u{ul(mz,m1m2),u,}2(n1)} if n1=ng,(mg,mims) € I}y,
(yy * g (M1, n9),(m1, n9)ma, no)l=min{uyy (m1,mima), g (n2)} if ny=ns,(m1,mimsa) € Ik,
(kg * 30 (M2, 1), (m1,n2)ma, o)l =min{y; (ma, mima), pg (n2)} if n1=na, (ma,mima) € Iy,
(Hg * g Mmaz, n1), (ma, nD(ma, no)l=min{uy (n1,n1n2), iz (M)} if m1=ms,(n1,n1ns) € Iy,
(.Uz_v[l Xui;)[(mz,nz),(mz,n1)(m2,n2)]Zmin{uz_uz(n%nlnz)yﬂz}l(mﬁ} if m1=ms,(ng,ning) € Iy,
(,ujwl xll};)[(ml,nl),(ml,nl)(ml,nz)]:max{u}l(ml),uf;(m,nmz)} if mi=mg,(n1,n1n9) € I3y,
(g x wil(my,ng),(m1,n1)(my, no)l=max{uk (m1), uis (ng,n1ng)} if my=ma,(ng,n1ng) € 2y,
(kg % lm 1, n1), (1, n1)me, n)l=max{uyy (1, mims), pfy ()} if n1=na, (my,mima) € Iy,
(Nz+ul xufuz)[(mz,nl),(ml,n1)(m2,n1)]zmax{ufwl(mz,m1m2),ﬂz+{2(n1)} if n1=ng,(ma,mima) € Iy,
(u}; X,u]*;)[(mhnz),(ml,nz)(mg,nz)]=max{u1+wl(m1,mlmz),u};(nz)} if n1=ng,(m1,mima) € I}y,
(ll1+ul xu]{;)[(mz,ng),(ml,nz)(mg,nz)]:max{u};(mz,m1m2),u}2(nz)} if ny=ng,(mg,mimg) € I}VI’
(g * 1y Mma, 1), (ma, n1)ma, ng)l=maxipl (n1,n1ns), i (o)t if my=mg,(ny,ning) € Iy,

(u}} xu}f)[(mz,nz),(mz,n1)(m2,nz)]=max{u;[2(nz,nlnz),u}{l(mz)} if my=ma,(ng,ning) € Iy,
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Example 3.4.

m; (0.4,0.5)

\ia
(0.‘1,0.\

m; (0.1, 0.2)

Figure 3. G,

Figure 3|indicates a IVFIG G}y, = (VY Ety 1 I 1y ps ik, K 13,) With
pig(m1) =(0.4,0.5), pix(m2) =(0.1,0.2), 11 (mimg) = (0.1,0.5),
piy,(m1,mimg)=(0.1,0.5), py,(mg,mimg)=(0.1,0.5).

n; (0.2,0.3)

(0.2, 0.6) (0.2, 0.6)

(0.5, 0.6)

Figure 4. G2,

Figure {4|indicates a IVFIG G2, = (V& [, E, [, 12y 1, o, 12 13)
px(n1) =(0.2,0.3), px(n2) = (0.5,0.6), pi(ning) =(0.2,0.6),
pi(n1,n1n2) =(0.2,0.6), ui (ng,ning)=1(0.2,0.6).
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myn; (02,05 (02,0.6) (o 2,0.6) 1 (0.4, 0.6)
/ 02, 0. 6) Q

0.1, 0.6)

©0.1,0.5) (0.1,0.5)

0.1,0.6) (0.1,0.6)
0.1,0.5)
(0.1, 0.6)
\ (0.1, 0.6) /
-

mn; (0.1,0.3) (0.1, 0.6) myn; (0.1, 0.6)

Figure 5. GIVI G%VI of Figureand

Figure 5|indicates a CP of two IVFIGs
Glyr x Gy = (VivLErvnIIvi, i X g, 1], X e, iy X Hap)
(ug x U )mini) =(0.2,0.5),

(U * U )ming) =(0.4,0.6),

(ug x U )maoni) =(0.1,0.3),

(ug x U )mans) =(0.1,0.6),

(g, x 1y )miny,ming) =(0.2,0.6),

(ug, x 1y )miny,man) =(0.1,0.5),

(g, x 1y Xm1ng,mang) =(0.1,0.6),

(g, x 1y Xmany,mang) =(0.1,0.6),

(u3g % U3 (miny,miniming) = (0.2,0.6),
(u3g % W3 (ming,miniming) = (0.2,0.6),
(u3g % U3 (ming,mingmaons) = (0.1,0.6),
(U3 % U3 )(mang, mingmansg) = (0.1,0.6),
(Uhy x W3 )(many,manimansg) = (0.1,0.6),
(U3 % U3 )(mang, manimansg) = (0.1,0.6),
(u}b x u]ﬁ)(mwl,mmlmznl) =(0.1,0.5),

(u3g % H3)(many,minimany) = (0.1,0.5).
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Definition 3.5. Let Gy = G}VI X G%VI = (V[V[,E]V[,IIV[,[J}{ X [J?{,/,L}l H%yﬂ]lu X ,LLZ%,[) be the

1 1 2 2 2 2
CP of two IVFIGs Gy, = (IVI’ IVI’IIVI’“K’“L’“M) and GIVI (IVI’ IVI’IIVI’:“K’“L"“M)'

Then the DG of V;y; =(m1,n1) is represented by

dq1 mi,n1)=(d mi,ni),d mi,n
Glvr™ G?VI( L) =( 1G}VIXG%VI( 1,11), ZG}VIxG%VI( 1,11))
and defined by
. _1 _2
le}w G2, (ml,n1)= Y min{uy (m1), uy, (n1,n1n2)}
mi=mg,(n1,ning)el?
Lo _2
+ Z mln{uM (m17m1m2)7uK (nl)}7
ni=ng,(mi,mimg)ell
+1 +2
d2G}V,xG§VI(m1’n1) = > max{ug (m1),uy(n1,n1n2)}

mi=mag,(n1,n1ng)el?

1 2
+ ) max{uy, (m1,mimae), iz (n1)}.
ni=ng,(mi,mimg)ell

1 2 2 2 2
LN IIVI’IIVI"UK"UL’/JM) and ZGIVI v, IVI’ IVI’IIVI2’/‘LK’/JL’/‘LM)
be two IVFIGs. If up < U, Hg = Hy, Mg <y, and pg S,uK, ,uK > Uy, Mg < My then
da G?vz(ml’nl) = (dg}w(mﬂ + dG%VI(Ih)).

1
Theorem 3.6. Let Gy, = (V, IVI’

IvI

Proof. In CP by the definition of the DG of a vertex, we have

. _1 _2
digt g2 (mi,n1)= > minfuy (m1), pyy (n1,n1n2)}
VI 1vI
mi=mg,(ni,ning)el?

. _1 _2
+ Y min{uy, (m1,mime), uy; (n1)}
ni=ng,(mi,mimg)ell

_2 _1
= Y uyyningd+ Y py(mi,mims)
(n1,n1ng)el? (m1,mimg)el!

. 141 1 2 2 1
since Ug = Ui, Hg =My Bg = By

_1 _2
= Z My (m1,mimg)+ Z pp (n1,m1n2)
(m1,mimg)el! (n1,n1ng)el?

dlg}w(mﬂ + dlg%’](nl)

1 2
IVIXG%VI(ml’nl): Z maX{,U;{ (ml),,uzl(nl,nlnz)}
mi=mg,(n1,ning)el?

d2G

1 2
+ Y max{uy, (mi,mims), ug (n1)}
ni=ng,(mi,mimg)el!

2 1
= Z Uy (n1,n1n2)+ Z Uy (m1,mims)

(n1,n1n2)el? (m1,mimgo)ell

2 2 1 2 2 1
: — + + + + +
since g < Wk, Mg <My Hg <My

Commaunications in Mathematics and Applications, Vol. 13, No. 2, pp. [625 , 2022
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+1 .|.2
= Y py(mi,mimg)+ Y py(ni,ning)
(m1,mimg)ell (n1,n1ng)el?
=d mi1)+done (7).
2G}VI( 1) 2GIVI( 1)

Hence dG}leG%VI(ml, ni)= (dG}vz(ml) + dG%vz(nl))' O

Example 3.7. Let G}V ; and G%V ; be two IVFIGs as shown in Figures and and their CP is
provided in Figure [5| with

141 1 21 L2 2 42 2 1 L2 1
B SHg» Hg ZHy Hg Spy and pp S g, i = Hyr, B < Hyy -

Then, by Theorem we have

le}VIXG%VI(m]_,nl) = le}VI(ml) + le%VI(n]_) = 0.1 + 0.2 = 0.3,
dZG}VIXG%VI(ml’nl) = d2G}VI(m]_) + d2G?VI(n]_) = 0.5 + 0.6 = 1.1.

So dG}VIXG%VI(ml’ n1)=1(0.3,1.1).

4. DG of A Vertex in TP of two IVFIGs

Definition 4.1.The TP of two IVFIGs G, = (Vi 1, Efyp D1y b1y, 13,) and GFp =
(VIQVI’E?VI’I?VI’IJ?{"u%’/“]zw) is defined as an IVFIG,

G1vi =Gy 0G%, = (VivLEvr Ivi, gt 1 Ous , ua O tiay)
where
Vivi =Viyr < Viyr,
Evi ={((m1,n1),(mg,n2))(m1,ma) € Efyy, (n1,n2) € B3y}
and
Itvi ={(m1,n1),(m1,n1)(m1,na)(m1,mimg) € Ity 1,(ma,mims) € Iy p,
(n1,n1n2) € I%,;, (n2,n1ng) € Iy}
with
(g Opg Nm1,n1) =min{ug (my), iEZn} ¥ (m1,n1) € Vi OV,
(i p ma,ny) = max{p (o), (n)) ¥ (ma,na) € VA OVA .
(1, OHE m1,n1)ma,ng)) = min{uy (m1,ma) iy (n1,n9)k ¥ (m1,ma)€ By, (n1,nz) € By,

1 2 1 2
(1f Ouf N(m1,n1)(ma,ne)) =max{u; (m1,me), 1} (n1,n2)} ¥ (m1,ms)€Eqy;,(n1,n2)€ Eqyy,

_1 _ . _1 _2
(kpy <>uMz)[(m1, ni1),(my,n1)(mg,ng)l = min{uy, (my,mime), uy, (n1,n1n2)}
V (m1,mimg) € Iy, (n1,n1n2) € Iy,
1 2 . _1 _2
(s Oy (ma,n2),(m1,n1)(me,no)l = minfuy, (me, mims), uy, (ng, ning)}

1 2
V (mg,mimg) € Iy, ;,(ng,ning) € Iy,
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1 2 . _1 _2
(upr Quppl(my, ng),(my,no)(me,n1)l = minfuy, (my,mims), py, (ng,n1ng)}
V (m1,mims) € Iy, (ng,ning) € Iy,
_1 _2 . _1 _2
(pr Qupl(mag,ny),(my,n2)(me, n1)l = minfuy, (mo,mims), py, (n1,n1n2)}
V (mg,mimg) € Iy, (n1,n1n2) € Iy,
+1 +2 +1 +2
(s Qi l(m,ny),(my,n1)(mg, n2)l = max{ug (m1,mime), uy(n1,n1n9)}
V (m1,mimg) € Iy, (n1,n1n2) € Iy,
1 2 1 2
(3 Otizp ma, na),(m1,n1)(mg,ng)l = maxiuy (mg,mims), iy, (ng,n1n2)}
V (mg,mima) € Iy, (ng,ning) € Iy,
1 2 1 2
(37 O (ma,n2),(m1,n9)(mo,n1)l = maxiuy, (mi,mims), uy, (no,n1n9)}
V (m1,mimg) € Iy, (ng,ning) € Iy p,
+1 +2 +1 +2
(ups Gty N(mg,ny),(my,ng)(me,n1)l = max{uy, (mg,mims), py, (n1,n1n9)}
V (mg,mimg) € I}V[,(n1,n1n2) € I%VI'

Example 4.2.

m; (0.2,0.4)

m; (0.4,0.5)

Figure 6. G},

Figure[6| indicates a IVFIG Gy, = (V1. E vy Iy g bk i1 1i3y)
fig(m1) =(0.2,0.4), g (m3) = (0.4,0.5),
pi (mimsg) = (0.2,0.5), fy,(m1,mimg) =(0.2,0.5),
3 (me,mimsg) =(0.2,0.5).
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n;(0.1,02)

0.1,04)

(0.1,0.4) (0.1,04)

n2(0.3,0.4)

Figure 7. G%,,,

Figure[7|indicates a IVFIG G2, = (V2 ,E% ., 1%, 1%, 12, 12))
px(n1)=(0.1,0.2), px(n2)=(0.3,0.4), p} (n1ng) =(0.1,0.4),
py,(n1,n1n2) =(0.1,0.4), p3,(ng,ning)=1(0.1,0.4).

myn; (0.1,0.4) myn; (0.2,04)

(0.1,05)
(0.1,0.5)

(0.1, 0.5)

(0.1,0.5)

(0.1, 0.5) (0.1,0.5)

myn; (0.1,0.5)

mon; (0.3,0.5)

Figure 8. G}VIOG?VI of Figure @ and
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Figureindicates a TP of two IVFIGs G}VIQG%VI =Viv, Ervi, Iivr, /JIl{Q,LL%{, ,uiOu%, ,UIIWOH%,[)

(uk-OuZ)(miny) = (0.1,0.4),

(Ui Ouz)(m1ng) = (0.2,0.4),
(ukOp%)mani) = (0.1,0.5),,
(uxOug)(mans) =(0.3,0.5),,

(U Opz)ming, mang) =(0.1,0.5),

(U Opz)ming, many) =(0.1,0.5),

(Lh 12 ) miny, minimang) = (0.1,0.5),
(U315 (Mmang, minimsans) = (0.1,0.5),
(U315 (m1ng, minamsany) = (0.1,0.5),
(U315 (man1, mingmsany) = (0.1,0.5).

Definition 4.3. Let Grvr = G1,,;0G%,, = Vv, Ervi, Iivi, ug Oba, iy Opz , u Opa,) be the TP

1 _ (yl 171 1,1 1 2 _(v2 m2 12 2 2 2
of two IVFIGs Gy = (Viy By Ly b B By @and Gy = (Vi By o Iy s B 1y s ay)-

Then the DG of V;y; =(m1,n1) is represented by

dG}VIOG?VI(ml’ n1) = (dIG}VIOG%VI(ml, n1), d2G}VI<>G%VI(m1’ n1))

and defined by
L1 2
lel <>G2 (ml,n]_) = Z mln{,’JM (mlymlmZ)y,u’M (nl,n1n2)},
wrvOryr
(m1,mimg)ell (n1,n1n2)el?
+1 +2
dQG}VIOG%VI(mlanl) = Y max{u;, (m1,mimg), uy, (n1,n1n2)}.

(m1,mimg)ell (n1,n1n2)el?
171 1,1 1 2 2 @2 72 2 2 2
Theorem 4.4. Let G1y,; = (V}y 1. By Iy p b 1, ) and Gy = (Vi L By 1 Iy 1 i 17 )
1 L1 e 1 e 41 - .
be two IVFIGs. If puy < ly My = My, My < 1y, then dG}vzoG%w(ml’nl) = dG}vz(ml) and if

2 2 1 2 1 2
“<ut us cuut <ut =
Mg <Mk >Hy = HypsHyp < 1y, then dG}WOG%W(ml,nl) dG?vz(nl)'

Proof. Suppose ,u;{l < ,u;;l, ,u]_; > /JE,;, ,u;[; < ,ujwl, then

. _1 2
dig1 oqe, (m1,n1)= > min{u};; (m1,mima), 3y (n1,n1n2)}
(m1,mimg)ell (n1,n1n9)el?
1
=) ppy(my,mimg) = dig1,, (m1)
1 2
dag1, ocz, (m1,n1)= > max{uy, (m1,mims), uy; (n1,n1n2)}

(m1,mimg)ell (n1,n1n9)el?

=Y Hyr(m1,mima) =dygy (my).
This implies dG}vzoG%W(ml’nl) = dG}w(m 1). Similarly if ,u;(2 < ,u;r;,ul_ul > ui_‘;,p;‘j < ,u;;;, then

P 2
digt o2 (m1,m1) = Z min{uy, (m1,mimsa), uy,(ny,n1n2)}
VI IVI
(m1,mimg)ell (n1,n1n9)el?

= Z,u]_;(nl,nlnz) =dyg2, (n1)
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+1 +2
dgG}VIQ(;%VI(anl): > max{u;, (m1,mimg), uy,(n1,n1n2)}
(m1,mimg)Ell (n1,n1n9)el?

2
=Y wy(n1,n1n9) = dgG%VI(nl)-
This implies dG}wQG%W(ml’nl) = dG%U(nl). O
Example 4.5. In Figure @ and ,u;{l < ,u;{l, ,u;; > ,u;,ll, ,u;t; < ,ufwl and ,LLI_{Z < /JIJ}Z, /,t]_‘,l1 > uz_‘;,
,u;t; < y;;. Then, by Theorem , we have

lel

=0.1=
IVIOG%VI(ml’nl) 0 le}VI(ml)’

d2G}VI<>G%VI(m1’ n1)=0.5= d2G%V1(n1)'

Hence dG}VIOG%VI(ml, n1)=1(0.1,0.5).

5. Perfect Domination in CP and TP of two IVFIGs

Definition 5.1. A vertex wj; in an Gjv dominates to vertex wsgs if p;(wir,wee) =
min{u, (w11), g (wee)} and py, (w11, wee) = max{u;(wi1), kz(we2)}. Then (w11, w2e) edge is called
dominates edge.

Definition 5.2. A subset Wiy of Viyis said to be a perfect dominating set (PDS) if for each
vertex w11 not in Wiy, wi1is dominates exactly one vertex of Wry .

Definition 5.3. A PDS W;y of the Gy is said to be a minimal PDS if each vertex wq1 in Wiy,
Wiv —{w11} is not a PDS.

Definition 5.4. A PDS with the lowest vertex cardinality is called a minimum PDS.

Definition 5.5. A vertex cardinality of a minimum PDS is called PDN of the Gy . It is denoted
byyprv.

Example 5.6.

m; (0.2,0.5) 02,05 m; (0.4, 0.5)

Figure 9. G;v

Figure [9] indicates a Grv = (Viv,Eqv,uk,ur), px(mi) = (0.2,0.5), ux(msg) = (0.4,0.5),
pr(mimsg) =(0.2,0.5). Figure [9] the dominates edge is {m1,mgz} and the PDSs are S11 = {m1},
Sog = {mg}. After calculating the vertex cardinality of S1; and S99, we obtain |S11| = 0.7,
|S22] = 0.6. The vertex cardinality of a minimum PDS is [S92| = 0.6 and ypry =0.6.
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Definition 5.7. A vertex w1 in an G}VI X G%VI (or G}VIQG%VI) incidentally dominates
to vertex wop if py(wi1,wnwee) = min{u(wi1),u; (Wi, we2)} and uj(wir,wiiwee) =
max{ug(w11), 4 (W11, we2)}. Then (w11, wse2) edge is called incidentally dominates edge.

Definition 5.8. A subset Wiy of Viyris said to be a perfect dominating set (PDS) if for each
vertex w11 not in Wyyy, wiiis incidentally dominates exactly one vertex of Wryy.

Definition 5.9. A PDS Wiyt of the G}V 7% G%V 7 (or G}V IQG%V ;) 1s said to be a minimal PDS if
each vertex wi1 in Wryr, Wiyvr —{w11} is not a PDS.

Definition 5.10. A PDS with the lowest vertex cardinality is called a minimum PDS.

Definition 5.11. A vertex cardinality of a minimum PDS is called PDN of the G}VI X
G2, ,(orG}, ;0G%, ). It is denoted byyprv;.

Example 5.12. In Figure 5], the incidentally dominates edge are {m1n1,mins}, {ming,maons},
{mong,moni}, {min1,mon1} and the PDSs are S11 ={m1n1,mins}, Sog = {ming,mons}, S33 =
{mang,mgoni}, Sya ={min1,mon1}, Ss5 ={min1,mang}, S¢¢ ={ming,mon1}.

After calculating the vertex cardinality of S11,S29,...Sgg, we obtain |S11| =1.3, |Seg| =1.4,
IS33] = 1.4, |S44l = 1.3, |S55] = 1.5, |Segl = 1.2. The vertex cardinality of a minimum PDS is
|Sesl =1.2 and yprvy =1.2.

In Figure |8, the incidentally dominates edge are {mn1,mans}, {minge,maon1} and the PDSs
are S11 ={mini,ming}, Sea ={ming,maong}, S33 ={maong,mani}, Sy4 ={mini,man}.

After calculating the vertex cardinality of Sii,...S44, we obtain [S11] = 1.3, [So2| = 1.2,
|Ss3l = 1.3, |S44] = 1.4. The vertex cardinality of a minimum PDS is [Sg2| =1.2 and ypry; = 1.2.

Theorem 5.13. If G}V I G%V ; be a CP of two IVFIGs without isolated vertices and Wyyj is the
minimal PDS in G},,; x G2, ,, then Viyr — Wiy is a PDS.

Proof. Assume Wjy; is any minimal PDS of G}V 7 X G%V ; and vertex w11 € Wrys is not
incidentally dominated by any vertex in Vyy; — Wy, Since G}V 7% G%V ; has no isolated vertex,
w11 must incidentally be dominated by at least one vertex in Wry; —{w11}, then Wy —{w11}
is a PDS, which is a contradiction with the minimality of Wyy ;. Therefore any vertex in Wryy
incidentally dominated by at least one vertex in Vyy; — Wryr and so Viyr—Wryrisa PDS. O

Example 5.14. Let G}V IR G?V ;be a CP of two IVFIGs shown in Figure 5| with the incidentally
dominates edges are {min1,mins}, {mine,mons}, {mone,mon}, {min1,mon1} and the PDSs
are S11 = {mini,ming}, Se2 = {ming,mang}, S33 = {mang,maon1}, Sy4 = {Mmin1,man1}, Sss =
{min1,mons}, Sgg = {m1ng9,mon1}. After calculating the vertex cardinality of S11,S99,...Sss,
we obtain |S11] = 1.3, [Soo| = 1.4, |S33| = 1.4, |Sywl = 1.3, |S55] = 1.5, |Segl = 1.2. The vertex

cardinality of a minimum PDS is Sgg, then Vv —Sgg is also a PDS.

Remark 5.15. The above theorem is also true for TP of two IVFIGs
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Example 5.16. Let G1,,;0GH, be a TP of two IVFIGs shown in Figure 8 with the incidentally
dominates edge are {mini,mansg}, {ming,mon1} and the PDSs are S11 ={min1,minsg}, Sog =
{ming,maong}, Ss3 ={maong,maoni}, Syq ={min1,mon1}. After calculating the vertex cardinality
of S11,...S44, we obtain |S11| =1.3, [So2| = 1.2, |S33| = 1.3, |S44| = 1.4. The vertex cardinality of
a minimum PDS is Sg9, then Vv — S99 is also a PDS.

Theorem 5.17. For a G}V IOG%V ; Without isolated vertices, then yprvy < }2—7.

Proof. If Wiy is a minimal PDS of G},,;¢G?2,,, then Viy; — Wyys is a PDS. Therefore

prvi =Vivil = Wiyl + Vv — Wrvil. Thus, at least one of the sets Wry s or Viyvy — Wryrhas the
cardinality equal ’% or less. O
Example 5.18. (i) Let G}, G?%,; be a TP of two IVFIGs with

t(ux OUg)ming) =(0.1,0.4),

(UxOUENming) =(0.2,0.4),

(Ux OUx)mani) = (0.1,0.5),

(ukOut)mansg) = (0.3,0.5),

(ug Opy)ming, monsg) = (0.1,0.5),

(U Opz)ming, many) =(0.1,0.5),

(3Ot (ming, minimans) = (0.1,0.5),

(MO 3 mang, minimans) = (0.1,0.5),

(L3 O s ming, mingmany) = (0.1,0.5),

(U315 (many, minamsany) = (0.1,0.5),

the incidentally dominates edge are {mini,mons}, {ming,moni} and the PDSs are
S11={mini,ming}, Seg = {ming,mang}, S33 = {mang,mani}, Sya = {mini,man1}. After
calculating the vertex cardinality of Si1,...S44, we obtain |S11| = 1.3, |S9o| = 1.2,
|S33] =1.3, |S44] = 1.4. The vertex cardinality of a minimum PDS is Sge with ypryr =1.2
and vertex cardinality (pryr) of G}VIQG?VI is 5.2, then ypryr < % thatis 1.2<2.6

(i) Let G},,;OG%,; be a TP of two IVFIGs with
(U Oux)ming) =(0.1,0.5),
(ukOut)ming) = (0.4,0.7),

(U OuZ)(many) = (0.1,0.4),

(ux Ouz)(mans) =(0.3,0.7),

(ug Oy Nmany, mansg) = (0.1,0.7),

(U &1z N(m1ing, many) = (0.1,0.7),
(,u}WOu%l)(mlnl,mlnlmgw) =(0.1,0.7),

(U315 (mang, minimans) = (0.1,0.7),
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(U315 (m1ng, minamsany) = (0.1,0.7),
(U OMa ) many, minamani) = (0.1,0.7),

the incidentally dominates edge are {mini,mgons}, {ming,moni} and the PDSs are
S11={min1,ming}, Sog = {ming,mang}, Sg3 ={mgong,mani}, S4a = {mini,maon1}. After
calculating the vertex cardinality of Sii,...S44, we obtain [Si1| = 1.4, [So2| = 1.4,
ISs3l = 1.4, |S44| = 1.4. Here all vertex cardinality of PDS is equal with ypry; = 1.4
and vertex cardinality (pyvy) of G}VIOG%VI is 2.8, then ypryr = 12—’ thatis 1.4=14.

Theorem 5.19. Let G}V 7 % G%V ; be a CP of two IVFIGs and if anyone G}V jor G%V ; must having
incidentally dominates edges, then the CP of two IVFIGs containsyprvy.

Proof. Let G}V 1% G%V ; be a CP of two IVFIGs. If anyone G}V 7 or G%V ; must having incidentally
dominated edges, then the CP of two IVFIG contains ypsv;.

Conversely, suppose that the CP of two IVFIG containsypry;. To prove that anyone G}V I
or G?VI must have incidentally dominates edges. If possible G}VI or G%V ; does not have
incidentally dominates edges, then G}V IR G%V ; dose not havingypyvy, which is a contradiction.
Hence anyone G}V 7 or G%V ; must having incidentally dominates edges. O

Example 5.20. Let G},; be a IVFIG with uz(m1)=(0.4,0.5), pj(msg) =(0.2,0.3), uj (mimg) =
(0.2,0.5), py,(mi,mimg) = (0.2,0.5), pz,(mg,mims) = (0.2,0.5) and let G2,, be a IVFIG
with pi(n1) = (0.2,0.3), pg(ng) = (0.5,0.6), pi(ning) = (0.2,0.6), uz,(ni,ning) = (0.1,0.4),
,ullw(ng,nlng) =(0.1,0.3). Here G}V ; having incidentally dominates edge, but G?VI does not
have an incidentally dominates edge. Assume G}V IR G%V ; 1s a CP of two IVFIGs with

(uk x u2)min1) =(0.2,0.5)

(U * U )ming) =(0.4,0.6),

(ug * 1y)(man1) =(0.2,0.3),

(ug * 1y (mang) =(0.2,0.6),

(ug, x pgXminy,ming) = (0.2,0.6),

(g, x 4 )miny,many) = (0.2,0.5),

(g, x 1y ming,mang) =(0.2,0.6),

(ug, x 1y Xmany,mang) =(0.2,0.6),

(,u}w x u?w)(mml,mmlmmz) =(0.1,0.5),
(Uhy % U2 )(ming,miniming) = (0.1,0.5),
(U3 x w3 N(m1ng, mingmans) = (0.2,0.6),
(U3 x W3 N(mang, mingmans) = (0.2,0.6),
(u3g % U3 (man1,manimang) = (0.2,0.6),

(:“1114 X ,uzzw)(mzng,mznlmzng) =(0.1,0.3),
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(u3g % U3 (miny,minimany) = (0.2,0.5),
(u3g % Hy)(many,minimany) = (0.2,0.5).

Here the incidentally dominates edges are {ming,mons}, {mini,moni} and the PDSs are
S11={m1n1,mng}, Seg ={mang,mon1}, Ss3={min1,mans}, S4s ={ming,man1}.

After calculating the vertex cardinality of Sii,...S44, we obtain [S11] = 1.3, [So2| = 1.3,
|Ss3l = 1.4, |S44l = 1.2. The vertex cardinality of a minimum PDS is S44 and yprvy = 1.2.
Therefore G}V 7% G%V ; containsypryy.

Theorem 5.21. Let G},,;$G2,; be a TP of two IVFIGs and if G},; and G2, both having
incidentally dominates edges, then the TP of two IVFIGs containsyprvi.

Proof. Let G}V IQG%VI be a TP of two IVFIGs. If G}VI and G%VI both having incidentally
dominates edges, then the TP of two IVFIGs contains ypry;.

Conversely, suppose that the TP of two IVFIGs contains ypry. To prove that G}V ; and
G%V ; both having incidentally dominates edges. If possible G}V ; does not having incidentally
dominant edges, then the TP of two IVFIGs does not contains ypryvj, which is a contradiction.

Hence G}V ; and G?V ; must having incidentally dominated edges. O

Example 5.22. In Figure [fland [6|is a IVFIGs with incidentally dominated edges and Figure
contains PDSs are

S11={min1,minsg}, Seg ={ming,maons}, S33 ={maong,maon1}, Sy4={min1,man}.

After calculating the vertex cardinality of Si1,...S44, we obtain |S11] = 1.3, |S9o| = 1.2,
|S33] =1.3, |S44] = 1.4. The vertex cardinality of a minimum PDS is [S92| =1.2 and yprv; =1.2.
Therefore G}V I<>G§V ; containsyprvy.

6. Application

We incorporate a genuine use of perfect domination number in a matter of education policies
among various countries. As an outline case, consider an network G}V 7% G%V ; of four vertices
addressing four distinct countries C1(m1n1), Co(minsg), C3(mang) and Cy(mon1) as displayed
in Figure [5| The MS value of the vertices shows the percentage of people who are educated and
the NMS value of the vertices demonstrates the percentage of those people who are uneducated.
The MS value of the edges communicates the cooperation of one country with another country
to enhance the percentage of educated people and the NMS value indicates the non cooperation
with one another. The MS value of the incidence pair means the education policies among these
countries and the NMS value of the incidence pair indicates the un education policies among
these countries. With the assistance of the perfect domination number, we will want to discover
which country (countries) have the best education policies.

In Figure the PDSs are Sll = {C]_,CQ}, ng = {Cz,C3}, 833 = {C3,C4}, S44 = {Cl,C4},
S55=1{C1,C3}, Sgs = {C2,C4}.
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After calculating the vertex cardinality of S11,S29,...Sgg, we obtain |S11| =1.3, |Ses| =1.4,
IS33] = 1.4, |S44l = 1.3, |S55] = 1.5, |Segl = 1.2. The vertex cardinality of a minimum PDS is
ISesl =1.2 and yprvy =1.2.

It is obvious that Sgg has the minimum PDS between other PDSs, hence we conclude that
Cs and C4 countries have best education policies among all other countries.

7. Comparative Analysis

In Figure |5|a G},; x G2, indicating four different countries C1, C2, C3 and C4 and we get
minimum PDS Sgg = {C9,C4} withyprvr = 1.2. But in Figure |5|if we remove all the incidence
pairs we get IVFG. In the case of IVFG, we find the all PDSs. All possible PDSs of the IVFG
are W11 ={C1,C2}, Wag ={C2,C3}, W33 ={C3,C4}, Waq = {C1,C4}, W55 = {C1,C3}, Wgg = {C2,C4}
with vertex cardinality [Wy1| = 1.3, [Wog| = 1.4, |[Wsg| = 1.4, |[Wyy| = 1.3, |Wss| = 1.5, |Weg| = 1.2.
The vertex cardinality of a minimum PDS is |Wgg| = 1.2 with ypry = 1.2. By applying the model
on the G}VIQG?VI given in Figure |8, we get minimum PDS Sg = {C2,C3s} withyprvy = 1.2.
But in figure 8 if we remove all the incidence pairs we get IVFG. In the case of IVFG, we find
the all PDSs. All pOSSible PDSs of the IVFG are M11 = {Cl,Cz}, Mzz = {02,03}, M33 = {C3,C4},
My4 = {C1,C4} with vertex cardinality |[M11| = 1.3, |[Mag| = 1.2, [M33| = 1.3, |My44| = 1.3. The
vertex cardinality of a minimum PDS is [Mgg| = 1.2 with yp;v = 1.2. Here G}VI X G%VI and
G}V IQG%V ; both the models yprv = yprvi, however, on account of IVFG, we can not discuss
best education policies because of the non-accessibility of incidence pairs. IVFGs can show the
relationship among various countries yet quiet to discuss education policies among various
countries. In this way, IVFIGs are more advantageous and compelling IVFGs.

8. Conclusion

In this exploration article, CP and TP in IVFIGs are presented and we inspected the DG of the
vertices of the IVFIGs G}V X G?V ;and G}V I()G?V ; under specific agreements and showed them
with different models. We additionally settled some new outcomes on the DG of a vertex as far
as hypotheses. The idea of perfect domination in IVFIGs utilizing incidence pairs is additionally
considered. The perfect domination number of IVFIGs is determined. It is also possible to use
PDN in the context of education policies in different countries. We plan to expand our research
into Vague FIGs, Hamiltonian FIGs, and Intuitionistic FIGs in the future. In the near future,
more work on these ideas will be presented in articles.
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