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1. Introduction

After introducing the concept of fuzzy set by L.A. Zadeh [11] in 1965, many researchers extended
its concept in the field of pure and applied mathematics. Especially in pure mathematics, to
introduce notion of fuzzy set in functional analysis is one of the most important field of research
in recent days. In this context, it was A.K. Katsaras [8]] who first introduced the idea of fuzzy
norm in 1984. On the other hand, Felbin [5] in 1992 introduced a different approach of fuzzy
norm based on the concept of fuzzy metric space by Kaleva and Seikkela [7]]. After that many
authors developed these concepts in many ways (see [11, [4]).

In 2007, Huang and Zhang|6]] introduced the notion of cone metric space by considering
a real Banach space instead of the set of real numbers. Following this concept of cone, many
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authors have extended the results of fuzzy metric and fuzzy norm in cone setting (see [2], [3],
[91, [10l]). The aim of the present paper is to introduce an idea of fuzzy cone normed linear space
by considering a fuzzy real Banach space and study some important finite dimensional results
and fixed point results on it.

The organisation of the paper is as follows: In Section [2] some preliminary results are
given which are used in this paper. In Section |3, an idea of fuzzy cone normed linear space is
introduced and some basic results are proved. In Section |4, some results on finite dimensional
fuzzy cone normed linear space are established. In Section [5, some fixed point theorems for
weakly compatible mappings are established.

2. Preliminaries

In this section, some results are mentioned which are relevant to the main results of the paper.
Definition 2.1 ([5]]). A fuzzy real number is a mapping x : R — [0, 1] over the set R of all reals.

A fuzzy real number x is convex if x(¢) = min(x(s),x(r)) where s<t<r.
For 0 < a <1, a-level set of a fuzzy real number x is defined by {t€ R :x(¢) = a}.
If there exists a ¢ € R such that x(¢g) = 1, then x is called normal. For 0 < a < 1, a-level set
of an upper semi-continuous convex normal fuzzy real number 7 (denoted by [1],) is a closed
interval [a,,b,], where a, = —00 and b, = +o0o are admissible. When a, = —oo, for instance,
then [a,,b,] means the interval (—oo, b,]. Similar is the case when b, = +oo.
A fuzzy real number x is called non-negative if x(¢) =0, V ¢ < 0.
Each real number r is considered as a fuzzy real number denoted by 7 and defined by 7(¢) = 1 if
t=rand r(t)=0if t #r.
Kaleva ([[7], [5]) denoted the set of all convex, normal, upper semi-continuous fuzzy real numbers
by E(R(I)) and the set of all non-negative, convex, normal, upper semi-continuous fuzzy real
numbers by G(R*(])).

A partial ordering “<” in E(R(I) is defined by n < § if and only if a} < a2 and bl < b2 for all
a €(0,1] where [n], = [a},bl]1 and [6], = [a?,b2]. The strict inequality in E(R(I) is defined by
n <3 if and only if al < a2 and bl < b2 for each « € (0,1]. Arithmetic operations ®,0,0 on E xE
are defined by

(n®6)(¢) = supmin{n(s),6(t—s)}, teR

SER

(ne6)(¢) = supmin{n(s),6(s—¢)}, teR
seR

(ned)t)= sup min{n(s),@ (E)}, teR.
sER,s#0 S

Proposition 2.2 ([5]). Let 1,6 € E(R(I)) and [n], =[ak,bl], [6]y =[a2,b2],
a€(0,1]. Then

[n®6ly =lal +aZ,bl +b2]
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[nedly =lal —b2,b) —a?]
o8l =lala?,blb?]
1

2
b2 22 |’ a, >0.
a a

[i®6]a =

Definition 2.3 ([5]). A sequence {n,} in E(R(I) is said to be convergent and converges to 1
denoted by r}l_)rgonn =1 ifnli_)lgoa’; =a, and r}LI'{)lobZ = by, where [,], =[al,b%] and [n]y =[aq,bq]
Y ae(0,1].

Note 2.4 ([5]). If n,6 e G(R*(])) then n& d € G(R*(])).

Note 2.5 ([5]). For any scalar ¢, the fuzzy real number ¢7 is defined as ¢1(s) = 0 if ¢ = 0 otherwise
tn(s) =n(%).

Definition of fuzzy norm on a linear space as introduced by Felbin [5] is given below:

Definition 2.6 ([5]]). Let X be a vector space over R.

Let || || : X — R*(I) and let the mappings L,U :[0,1]x[0,1] — [0, 1] be symmetric, non-decreasing
in both arguments and satisfy L(0,0)=0 and U(1,1) =1.
Write

[xlle =[xl 12121 for x € X,0 < a < 1 and suppose for all x € X,x #0,
there exists ag € (0,1] independent of x such that for all a < a,
(A) [zl < oo,
(B) inf|x|l > 0.
The quadruple (X, || ||,L,U) is called a fuzzy normed linear space and || | is a fuzzy norm if
(i) llx|l =0 if and only if x = 0;
@) lrxll=1rllxll, xe X, reR ;
(iii) for all x,ye X,
(a) whenever s < |||}, t<|lyl} and s+t <llx+yll,
lx +yll(s +£) = Llx[I(s), |y I(£)),
(b) whenever s = IIxII}, t= IIyIIi and s+¢= ||x+y||1,
lx+yll(s +2) < Ulxll(s), 1y [1(£)).
Remark 2.7 ([5])). Felbin proved that, if L = A(Min) and U = \/(Max) then the triangle inequality
(iii) in the Definition [2.6|is equivalent to
llx+yl = llxll & llyll.

Further || ||f1, i =1,2 are crisp norms on X for each a € (0,1].
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Definition 2.8 ([6]). Let E be a real Banach space and P be a subset of E. P is called a cone if
and only if:

(i) P is closed, non-empty and P # {0};
(i) a,beR,a,b=0,x,yeP=>ax+byeP;

(1i1) x€ P and —xe P=>x=0.

Given a cone P c E, we define a partial ordering < with respect to P by x <y iff y—x e P. We
shall write x < y to indicate that x < y but x # y while x << y will stand for y —x € Int P, where
Int P denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that for all x,ye E with 6 <x =<y
implies [lx]| < K||yll.

The least positive number satisfying above is called the normal constant of P.

The cone P is called regular if every increasing sequence which is bounded from above is
convergent. That is if {x,} is a sequence in E such that

X1 =Xg ==Xy ==y
for some y € E, then there is x € E such that ||x, —x|| — 0 as n — oo.

Equivalently, the cone P is regular if every decreasing sequence is bounded below is convergent.
It is clear that a regular cone is a normal cone.

3. Fuzzy Cone Normed Linear Space

In this section, an idea of fuzzy cone normed linear space is introduced and some basic results
are proved.

Definition 3.1. Let (E, | ||) be a fuzzy real Banach space in the sense of Felbin(L =min,U =max)
where || | : E — R*(I), R*(I) denotes the set of all non-negative fuzzy real numbers. For c € E
and r > 0, define B(c,r) by B(c,r)={x € E,|c—x| <7}

Definition 3.2. A point x € A c E is said to be an interior point of A if there exists » > 0 such
that B(c,r)cA.

Definition 3.3. A subset P of fuzzy real Banach space E is called a fuzzy cone if
(1) P is closed (w.r.t Felbin fuzzy norm), non-empty and P # {fg}; O denotes the zero element
in E.
(ii) a,beR,a,b=0,x,ye P=>ax+byecP,;

(1i1)) x€e P and —xe P => x =0f.

Given a fuzzy cone P c E, define a partial ordering < with respect to P by x <y iff y—x € P and
x < y indicates that x < y but x # y while x < y will stand for y —x € Int P where IntP denotes
the interior of P.
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The fuzzy cone P is called fuzzy normal if there is a number K > 0 such that for all x,y € E, with
Or <x <y implies ||x|| <K @ ||y|, where | x|,y € R*(I) and < is the ordering of fuzzy numbers.
The least positive number satisfying above is called the normal constant of P.
The fuzzy cone P is called fuzzy regular if every increasing sequence which is bounded from
above is convergent. That is if {x,} is a sequence in E such that

X1<xg < <xp <<y
for some y € E, then there is x € E such that ||x, — x| — 0 as n — oo.

Equivalently, the fuzzy cone P is fuzzy regular if every decreasing sequence which is bounded
below is convergent.

In the following, we always assume that P is a fuzzy cone in E with IntP # ¢ and < is a partial
ordering with respect to P.

Definition 3.4. Let V be a linear space over the field R and (&, | |) be a fuzzy real Banach
space. The mapping || ||, : V — E is said to be a fuzzy cone norm if it satisfies the following
conditions:

(CN1) |lxll, =0g and ||x|l, = O iff x = Oy ; Oy denotes the zero element in V;

(CN2) llaxl, =lallxll, Vx€V, a € R;

(CN3) llx+yllp <lxllp +lyl, V x,y€V.

Then | ||, is called a fuzzy cone norm on V and (V| |,) is called a fuzzy cone normed linear
space.

Example 3.5. Consider a fuzzy real Banach space (E, | ||) where || || : E — R*(I) is defined by
{1 for t = |x|
llxll(@) = .
0 otherwise

where E =R, P =[0,00) and < as the usual ordering.
Clearly [||x|l1q =[x, |x|], where [|lx|/], represents the a—level set of fuzzy real number | x]|.
Then P is closed w.r.t. fuzzy norm || ||.
For, let {x,} be a sequence in P such that {x,} converges to x.

= J|x,-x|—0asn—oo

= |x,—x|—0asn—oo.
Since x, =0V n. Sox=0 and x € P.
It is obvious that a,b e R,a=0,b=0and x,ye P=>ax+byeP.
So P is a fuzzy cone.
Now,

Op<x<y=lxl<lyl=llxl =1o]yl.

So P is a normal fuzzy cone with normal constant 1.
Now take V = R2 and define || lp:V—E as

lxllp, = \/x% +x§ where x = (x1,x2)€ V.
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Then it is easy to verify that || ||, satisfies the conditions (CNT1)|to [(CN3 i[ Hence | |l is a fuzzy
cone normon V.

Definition 3.6. Let (V, || [|,) be a fuzzy cone normed linear space. Let {x,} be a sequence in V

and x € V. Then {x,} is said to be convergent and converges to x if for every c € E with 0 < c,

there is a positive integer N such that for all n = N, |x, — x|, < c. We denote it by r}im Xp = X.
—00

Definition 3.7. Let (V, || [|,) be a fuzzy cone normed linear space and {x,} be a sequence in V.
Then {x,} is said to be Cauchy sequence if for every c € E with g < c there is a positive integer
N such that for all m,n =N, ||x, — x|, < c.

Definition 3.8. Let (V| ||,) be a fuzzy cone normed linear space. Let c € E with 0 < ¢ and
beV.

Define B, (b,c)={x eV :|x-b|, < c}.

Define = {B,(x,c);x € V,0F < c}.

Lemma 3.9. For each c1,c9 € E with O < ¢1 and O < ¢ there exists O < ¢ such that ¢ < ¢1
and ¢ < co.

Proof. Since O < cg, for r > 0 such that ||x|| <7
= llea—(ca—x)ll<F
= c9—x€B(co,r)cP.

Thus cg —x €intP.

le., x < cy.
Choose ng such that ”01”“ <r,where [|lc1]y = [||01|| ||01||i], [7Flg =[r,r], a €(0,1].

Let c = % Then c € 1ntP and ci—c=(1- n—o)cl €intP. (AintP cintP for 1 >0)
= c¢1—ceintP.

ie., c<cy.
Again |c| = '— < 7 since 1 1”“ <r for a €(0,1].
So, ¢ < c9. O

Theorem 3.10. Let (V,|| |I,) be a fuzzy cone normed linear space. Then 17, ={U c V;Vx €
U,3B € B such that x € B<c U} is a topology on (V| |l ).

Proof. (i) ¢,V €1y,.
(ii) Let S,T €71y, andxe SNT.
= there exists c1,c2 € E with 0 < ¢1 and 0g < c2 such that B,(x,c1) =S and B,(x,c2) < T.
By Lemma [3.9] there exists ¢ € E with 0 < ¢ such that ¢ < ¢; and ¢ < cs.
Thus B,(x,c) € Bp(x,c1) and By(x,c) € Bp(x, c2).
= Bp(x,c)cBp(x,c1)NBplx,c2)cSNT

= SnTery,.
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(iii) Let x € UgeaUqy

= x € Uy, for some ag € A.

Then there exists ¢ € E with 0g < ¢ such that B,(x,c) cUgy, € UgeaU,.

Hence UgeaUq € 74,

Thus 7, is a topology on (V| Il). O

Theorem 3.11. Every fuzzy cone normed linear space (V,| |,) with normal constant K is
Hausdroff topological space.

Proof. Let x,y €V such that x # y.
We show that B, (x,c)NB,(y,c) = ¢ for some c € E with g < c.
If possible, let z, € B,(x,c)NBy(y,c) for all c € E with 0 < c.

= 2.€Bp(x,c) and z. € By(y,c)

= |lze—xlp <cand |z, -ylp, <c
Now,

lx=yllp <lx—2cllp+lzc—yllp <2c¢c forall ceE with O <c.
Let |[x—yll, =2. ThenOg <z€E.
Then

Og<z<«2c Vc>»0f

= lzllzKo|2 Vc>0g

= |zl <K|2¢c|l and |z]2 <K|2¢|? V>0 V ac(0,1l.
Since ¢ > 0 is arbitrary, then IIZII}K = ||z||(2x =0as Vae(0,1].
= |zl=0
Thus z =0
Le, lx—yl, =0E.
= x—y=0y.
So x = y a contradiction.

Hence (V, | |I,) is Hausdroff topological space. O

Definition 3.12. A subset B of V is said to be closed if any sequence {x,} in B converges to
some point x € B.

Definition 3.13. A subset F of V is said to be the closure of B if for any x € F', there exists a
sequence {x,} in B such that {x,} converges to x.

Definition 3.14. A subset C of V is said to be bounded if C < B,(b,c) for some b € V and
O < c.

Definition 3.15. A subset F of V is said to be the compact if for any sequence {x,} in F, there
exists a subsequence of {x,} which converges to some point in F'.
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Theorem 3.16. Let (V,|| [I,) be a fuzzy cone normed linear space with normal constant K and
{x,} be a sequence in V. Then {x,} converges to x iff ||x, — x|, — 0 as n — co.

Proof. Suppose {x,} converges to x.

Then for every c € E with ¢ > 0, there exists a natural number N such that Vn = N,
lxn —xllp, < c.

Let x, —xllp =yn. Then Og <y, € E.

Then

Op<y,<c Vec>»0g YVn=N

= |y.l=Kolc| VYe>»0g YVn=N

= lyall <Klcll and |y, 12 <Kllc|?2 Ve>60g Vn=N VY ac(0,1].
Since ¢ > 0 is arbitrary, then |y, ||(11, |yn IIi tends to 0 as n — oo, Va € (0, 1].

= |yul—0asn—oo

= y,—0gasn—oo

= |lxp—xlp — 0 as n — oco.
Conversely, suppose that ||x, — x|, — 0 as n — oco.

Let |x, —xllp =c,. Thenc, € E Vn.

Since ¢, — 0, for r > 0, there exists a natural number n( such that
le,ll <7 forall n=ng
= Jle=(c—cp)ll <7 forall n=ng
= c¢—cp€B(c,r)cP forall n=ny.
Thus
c—cpeintP forall n=ny
cpo<<c foralln=ng
cpo<<c foralln=ng

lxp —xlp, <c foralln=ng

R

{x,} converges to x. O

Lemma 3.17. Let (V|| |l,) be a fuzzy cone normed linear space with normal constant K and
{x,} be a convergent sequence in V, then its limit is unique.

Proof. If possible, suppose that r}im X, =x and r}im Xp =Y.

— 00 —00
Then for any ¢ > 0, there exists a natural number N such that for all n = N, [lx, — x|, < %
and [lx, —yllp, < 3.

Now,

”x_y”p = ||x_xn+xn_y”p = ”xn_x”p+ ”xn_y”p-
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So,
= yllp < =+ =
x— —+-—=c
Yip<g ™y
= llx-ylp<c Vec>0g

Let [x—yll, =2. Then Og <z €E.
Then

Op<z<c Ve>»>0p YVn=N
= JzlzKole|| Ve>»0g Yn=N
= |zl <Klcll and |IzI2 <Klcl? Ve¢>0r Vn=N Vac(0,1l.
Since ¢ > 0 is arbitrary, then
lzllg =lzI2=0asn—oo, ¥ ae(0,1].
Thus
lzll=0
= 2z=0g
ie.,
lx—ylp=0E
= x—-y=0y.
So x =y.

Hence the limit point is unique. 0

Theorem 3.18. Let (V| ||,) be a fuzzy cone normed linear space with normal constant K and
{xn} be a sequence in V. Then {x,} is Cauchy iff |x, —xm|p — O as m,n — oo.

Proof. Suppose, {x,} is a Cauchy sequence.

Then for every c € E with ¢ > 0, there exists a natural number N such that Vm,n = N,
lxn —2xmllp, < ec.

Let lx, —xmllp = Yn,m- Then Og <y, m € E.

Then

OE<Yom<c Vec>»0 Ym,n=N
= lypmll<Kolcl Ye>»0p YVm,n=N
= lynmllg =Klclly and Iy, mlly <Klicly, Ve>0g Ym,nzN Vae(0,1l.
Since ¢ > 0 is arbitrary, then IIyn,mII}x, | Yn,m II?Z tends to 0 as m,n — oo, V a € (0,1].
= |lynml—0asm,n—oo
= yn,m_’eE as m,n — oo
= |xp —xmll, — 0 as m,n — oo.

Conversely, suppose that lim |x, —x,, [, = 0g.
m,n—o00
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Let lx, —xmllp =cnm. Then ¢, €E Vn,m.

Since ¢, , — 0, for r > 0, there exists a natural number ng such that
le,l <7 forall n,m =nyg
= lle=(c—cpmll<7 forall n,m=ng
= c—cym€B(c,r)cP forall n,m =ny.
Thus
c—cpm€intP forall n,m =ny
= cpm<c foralln,m=ng
= |lxp—xmlp<c foralln,m=ng

= {x,}is a Cauchy sequence. O

Theorem 3.19. Let (V| ||,) be a fuzzy cone normed linear space with normal constant K and

{x,} be a sequence in V. If {x,} is convergent then it is Cauchy.

Proof. Let {x,} converges to x.
Then for every ¢ € E with ¢ > 0, there exists a natural number N such that V m,n = N,
2, —xlp < § and llxp, —xllp < 5.
Now, [|xn, —xmllp < llxn —xllp + 12 — 2.
So, X, —xmllp, < §+§ =cVm,n=N.
Let |x, —xmllp = 2n,m. Then Og <z, , € E.
Then
Oe<zym<c Yec>»0g Vm,n=N

> lzgml=Kolcl VYe>»0p Vm,n=N

= lzpmli<Klcll and llz, n 1% <Kllcl?2 Ve¢>0g YVm,n=N V ac(0,1].
Since ¢ > 0 is arbitrary, then ||Zn’m||(1z, ||Zn,m||%r tends to 0 as m,n — oo, V a €(0,1].

= ”Zn,m | — 0 as m,n — oQ.

ie.,
Zp,m — 0g asm,n — oo
= |xp—xmllp, — 0 as m,n — oo.
Hence {x,} is a Cauchy sequence. O

Theorem 3.20. Let (V| ||,) be a fuzzy cone normed linear space with normal constant K and

{xn}, {yn}, are sequences in V. If x,, — x and y, — y then x, +y, — x +y.
Proof. Proof is straightforward. O

Theorem 3.21. In a fuzzy cone normed linear space (V, || | ,) with normal constant K, if x, — x
and A, — A then A,x, — Ax.
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Proof.
IAnxn = Axllp = IAnxn — Anx + Anx — Axllp
< Anxp = Anxllp + 1 Anx — Axll
= Anlllxn —xlp + 1Az = Allxllp -
Since |x, — x|, — 0, |A, — Al — 0 as n — co.
For any ¢ > O, there exists n1 and ng such that |A,|llx, — x|, < g and A, = Alllxl, < % for all
n =ni and n = ng, respectively.
So, [[Apx, — Ax|p < ¢ for all n = N =max{ni,ns}.
Let [A,x, —Axll, = yn. Then Og <y, € E.
Then

Og<y,<c Vc>»0g YVn=N
= lynl<Kolcl VYe>»0r Yn=N
= |yall <Klell and |y, 12 <Kllc|? VYe>»0g V=N Y ac(0,1].
Since ¢ > 0 is arbitrary, then IIanI(lx, | ¥n II%r tends to 0 as n — oo, Va € (0, 1].
= |y, —0asn—oo
= yp,—0Ogasn—oo
= A%y —Axllp, — 0 as n — oo
= Apx, — Ax as n — oo. O

Theorem 3.22. Every compact fuzzy cone normed linear space (V| |l ,) with normal constant K
is complete.

Proof. Let {x,} be a Cauchy sequence in (V,]| [,). Since (V,| l,) is compact, {x,} has a
convergent subsequence {x,,}.

Let {x,,} converges to x € V. Then for every c € E with ¢ > 0, there exists a natural number
n1 such that Vn, =nq,|lx,, —xll, < % Since {x,} is Cauchy sequence, then for any c € E with

£

¢ > O, there exists a natural number ny such that Vm,n =2ngy |lx, —xnl, < 5

Let N =max{ni,no}.
Now,
”xn_x”p:len_xnk+xnk_x||p
= ”xn _xnk ”p + ”xnk _x”p
c ¢
<=—+—= Vn,np=N
2 2
=c¢ Vn,np=N.

Let |x, —xllp = y». Then O <y, € E.
Then

Op<y,<c Vec>»0g YVn=N
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= |y.l=Kolc| VYe>»0g YVn=N

= lynll <Klcll and |y, 112 <Kllcl?2 Ve>60g V=N VY ae(0,1].
Since ¢ > 0 is arbitrary, then [y, %, |y, 2 tends to 0 as n — oo, Va € (0,1].

= |lynll = 0asn—oo

= y,—0gasn—oo

= |lxp—xlp, — 0 asn — o0

= {x,} converges to x.

Therefore, every Cauchy sequence in (V, || ||,) is convergent.

Hence it is complete. O

Theorem 3.23. Let (V, || |I,) be a fuzzy cone normed linear space with normal constant K. Then
every subsequence of a convergent sequence is convergent and it converges to the same limit.

Proof. Let {x,} be a convergent sequence in V and converges to x.
Let {x,,} be a subsequence of {x,}. Since {x,} converges to x, then for every c € E with ¢ > 0,
there exists a natural number n1 such that V n=nq, [x, —xll, < % i.e,
c
”xnk _x”p < 5 Vnp=ni.

Hence {x,,} converges to x.
If possible, suppose {x,,} converges to y.
Then for every c € E with ¢ > 0, there exists a positive integer ngy such that |x,, —yl, < % Y
ngp=ny.
Let N =max{ni,ns}.
Now,
lx=ylp=llx=2p, +xn, = ¥lp
< llxn;, —xllp + llxn, —ylp
c

<<—+E Vnr,=N
2 2

=c¢c Vnp=N.

Let [x—yll, =2. ThenOg <z€E.
Then

Op<z<c Ve>»0p Vnp=N
= |z|<Kol|cl|l VYe>»0 Vn,=N
= |zl <Klcll and |lz]2 <Klc|? Ve¢>0rVn,=N Vac(0,1l.
Since ¢ > 0 is arbitrary, then IIZII}K = ||Z||3 =0asnp—o0,Vae(0,1].
= lzll=0

Thus z =0g.
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ie.,
lx—yllp =0g
= x—y=0y.
So x =y.
Hence proved. O

4. Finite Dimensional Fuzzy Cone Normed Linear Space

In this section, some finite dimensional results are studied on fuzzy cone normed linear space.

Lemma 4.1. Let {x1,x2,...,x,} be a linearly independent set of vectors in a fuzzy cone normed
linear space (V, || ||p) where every elements of P are comparable and P is a normal fuzzy cone
with normal constant K. Then there exists ¢ € E with 0 < ¢, such that for every set of scalars
ax1,09,...,0,,

n
Zlailcs||a1x1+a2x2+...+anxn||p 4.1)
i=1

Proof. Let s=|ai|+|ag|+...+|a,]. If s=0then a; =0V i=1,2,...,n and the above relation
(4.1) holds for any c € E with 0 < c.
Next, we suppose that s > 0. Then (4.1) is equivalent to

|B1x1+ Paxg +...+ Brxnllp = ¢ (4.2)

n
for some c € E with 0 < ¢ and for all scalars f’s with ) |Bi| =1.
i=1

If possible suppose that (4.2) does not hold. Then there exists a sequence {y,,} in V such that

n
lymllp — 0 as m — oo where y,, = " x1 + B5'x2 + ...+ B x, with 'leﬁ?” =1.
1=

Since i I*l=1for m=1,2,..., we have 0<|f7"|<1for i=1,2,...,n and m = 1,2,.... So for
each ﬁl);el:d i, the sequence {#"} is bounded and hence {f]"} has a convergent subsequence by
Bolzano-Weierstrass theorem. Let 1 denote the limit of that subsequence and let {y1 ,,} denote
the corresponding subsequence of {y,,}. By the same argument {y; ,,} has a subsequence {y2 .}
for which the corresponding subsequence of scalars {§5'} converges to f2 (say).

Continuing in this way, after n steps we obtain a subsequence {y, ,;} of {yn,} of the form
Ynm = élé;nxi with élléignl =1and 67" — f; as m — oo for each i = 1,2,...n. So éllﬁil =1.

Let y = B1x1+ Boxa +...+ Pnxy. Since {x1,x2,...x,} is a linearly independent set and not all B;s
are zero. So y # Oy.

Now, 167" x; — Bixillp =167 = Billlx;ll p-

Since 67" — f; as m — oo for each i =1,2,...n, 67 x; - Bix;l, — OF.

Thus for any ¢ € E with g < ¢, there exists a positive integer n1 such that ||6;”xi —Bixillp, < ﬁ
foreachi=1,2,...nand V m =nj.
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Now,

1Yn,m = ¥llp <107 %1 — Prxallp + 1165 %2 — Baxallp + ... + 167 %0 — Brxnllp

C C C C
LK—+—+...— == Vm=ni. (4.3)
2n  2n 2n 2

Since {y, m} is a subsequence of {y,,} and ||yn, |, — 0 as m — oo, it follows that |y, .|, — Or
as m — oo.

Thus for any c € E with 0 < c, there exists a positive integer ny such that
c
”yn,m ”p < 5 V mz=ns. (4.4)
Let N =max{nq,ns}. Then for all m = N, we have

”y”p <ly—=ynm ”p + ”yn,m”p

< §+§ =c¢ using (4.3) and (4.4). (4.5)
Let |yll, =2. Then 0 <z € E.

Then
Og<z<c Vec>0f
= Jzll=Kolcl Vc>0g
= |z} <Klcll and |IzI12 <Klc|®? Vc¢>0g Vae(0,1]
Since ¢ > 0 is arbitrary, then
lzllg = lz1%=0as ¥ a€(0,1]
Izl =0

z=0g

v 4

Iyl p— Ok
= y =0y which is a contradiction.

Hence the lemma is proved. O

Theorem 4.2. Every finite dimensional fuzzy cone normed linear space (V,|| |,) with normal
fuzzy cone P with normal constant K is complete, provided every elements of P are comparable.

Proof. Let (V,|| [|,) be a finite dimensional fuzzy cone normed linear space and P be a normal

fuzzy cone with normal constant K.

Let {x,} be a Cauchy sequence in V.

Let dimV =m and {eq,e9,...,e,} be a basis for V. Then each x,, has a unique representation as
Xy = ﬁ(ln)el + ﬁ(zn)ez +.4+ e,

where ,B(n), (2"),..., (") are scalars for each n=1,2,....

Since {x,} is Cauchy sequence, for any e € E with O < e, there exists a positive integer N such

that
lx, —xllp <e Vnk=N (4.6)
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Then by Lemma there exists ¢ € E with 0 < ¢, such that
m m
e Y 1B = BPI= 1Y (B = Beillp = llen — 4.7
i=1 i=1

Let [lx, —xzllp = unp. Then Og <u,€E.
Then from (4.6) and (4.7), we have
m m
e IR —BPI= Y (B - BFe;| =unp<e Yex0p VnkzN
i=1 i=1
p

m
= Zlﬁén)—ﬁgk)lc«e VOgp<e Vn,k=N
=1

m
k —_
=> 1Y 1B -pPlcl<Kolel Ve>op
i=1
S (n) (k) 1 1
= Y 1B - Pllcll <Kllell and
i=1

m
Y 1B - BPllclZ<Klel: Ve>0g, ¥Yae(0,1l.
i=1

Since e > 0 is arbitrary, then
1 an) k) '
n
218" =B lc
i=1

2
=0 as Vae(0,1] Vn,k=N

o an) k)
n

Zlﬁi =B le

i=1

a

m
= 118" -pPlel=0 Vnk=N
=1

12

a

m
> Y 1B -pPle=0g VYnk=N
i=1

m
= Y 1" -pP=0 Vnk>N (celntP)
i=1

= |,6§”)—,6§k)| =0 Vn,k>Nandforeachi=1,2,...m.
It follows that each of the sequences {,Bgn)} is Cauchy sequence of scalars. Thus each {,Bgn)}
converges and denote their limits by B; for each i =1,2,...m.
Let x = pB1e1+ Boea+...+ fmem. Clearly,x e V.
Now,

llxn _x”p =

(B - Bies
i=1

p
<18 = Billlell, + 185 - Ballleallp + ...+ 1B% = Bullemll,
Since |8 - B;| — 0 as n — oo, for each i = 1,2,...m.

For any ¢ > 0, there exists n; such that

Cc
1B —Billleill, <« — foralln=n;andi=1,2,...m.
m
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So,

c ¢ c
lx, —xll, <« —+—+...+ — forall n >N =max{ni,ng,...np}
m m m

= |x,—xlp<c foralln=N.

Let |x, —xllp = y». Then O <y, € E.
Then

Og<y,<c Vec>»0g n=N
= |y.l=Kolc|l VYe>»0g n=N
= lyall<Klcll and [y,12 <Klcl? VYe>0g ¥Yae(0,1] n=N.
Since ¢ > 0 is arbitrary, then
192l = ly,12 =0asV a€(0,1]1 n=N
= |yul=0 Vn=N
= y,=0g Vn=N
= |lx,—xlp — 0 as n — oo.
Thus every Cauchy sequence {x,} in V is convergent.

Hence (V, | Il,) is complete. O

Theorem 4.3. Let (V| |l,) be a finite dimensional fuzzy cone normed linear space where every
elements of P are comparable and P be a normal fuzzy cone with normal constant K. A subset
M of V is compact iff M is closed and bounded, provided every elements of P are comparable.

Proof. Let M be a compact subset of V.
We will now show that M is closed and bounded.
Let x € M, then 3 a sequence {x,} in M such that }Lrgo Xp =X.
Since M is compact, 3 a subsequence {x,,} of {x,} converges to a point in M. Again {x,} — x, so
{x,,} — x and hence x € M. So M is closed.
If possible, suppose that M is not bounded, then for each ¢, € E with 0 < ¢, and
leally <lensally fori=1,2
where
[enlla =llenlll, lcnl2], a€(0,11, 3 y, € M such that ¢, < lly, - bll, (4.8)
for some fixed b e M.
Clearly {y,} is a sequence in M. Since M is compact, {y,} has a convergent subsequence {y, }
such that {y, } converges to y € M.
ie.
lyn; —¥llp — Ok as j— oo (4.9)

Now,

Cn; < 1yn; = bllp < yn, = ¥llp+1y=blp.
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Let ly—bllp =e and lyn; = yllp = zn;-
Then O <e,z,,; € E and |z, — 0 as j — oo (from (4.9)).
Then
Cnj<zn;te
= llen,ll = Ko lzn; +ell (since P is a normal fuzzy cone with normal constant K)
= llen,ll 5K[||an|| @ llell]
= len,lly <Kllzn, Iz +Klelly and lleq; 1% < Kllzy, |12 +Klell?
where [llcn, 1o = [llcn,lIg, len; 121, Hlzn, e = [zn; 15, 120,121, Llelle = [lelg, lel2], a € (0,1].
Taking limit as j — oo, llcn, i — 00, lzs; /15 — 0, =1,2.
Thus we get ||e||}r = ||e||(21 = 0o, which is a contradiction as ||e||?r must be less than infinity i.e,
lell% < oo.
Hence M is bounded.
Conversely, suppose that M is closed and bounded.
Let dimV =n and {e1,eq,...,e,} be a basis for V.
Choose {x,,} in M. Since M is bounded, there exists e € E with 0 < e such that

lxm —bll, <e forsomebeV and V m. (4.10)
Now,
lxmllp =lxm =0 +bllp < llxm—blp+1blp
< e+|bl, (using (4.10)) (4.11)

Let x,, = ,B(lm)el + /3(2m)e2 +...+ ,Bglm)en where ﬁ(lm), (2'”), . ,,Bflm) are scalars for each m.
Then, by Lemma [4.1] there exists ¢ € E with g < ¢, such that

n n
e IBI=< 1Y BVejllp = Ixmll,
Jj=1 j=1

n
= ¢ ) 1BV lanll, < e+l (4.12)
Jj=1
Let b, =2z. Then Og <z € E.
So,
n
c Iﬁ;m)|<<e+z
Jj=1
n —
= el Y 18" 1=Kolle+zl
j=1
n
= el Y 181 = Klllell @ |21
Jj=1
So,

n
1 1
lellg Y- 1871 <ng
J=1
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and
2 & 2
el Y 18y 1 <%,
Jj=1
where [llclly = [lcll}, lcl2], Tlells = [lell:, lel2], [zl = 21, 12121, [inlle = Uinlk, 19121,
' =Kllel} +K|zl}, i=1,2.
So,
1
Zlﬁ(m)|< and Zlﬁ(m)|<

=1 e ||cr e ||2

It follows that each sequences {ﬁ;m)} (j=1,2,...,n) are bounded.
By Bolzano-Weiestrass theorem, each of sequences {ﬁ;m)} (j=1,2,...,n) has a convergent
subsequence say {,[3;”"‘} vVj=12,.
Let xp, = B e1+ By ea+...+ ,Bn en, where {87*},{8,*},...,{B,*} are all convergent sequence
of scalars and f; = lim ﬁmk, j=12,....n

k—oo J
Let x = f1e1+ Boea+...+ PBren.

Now,

”xmk _x”p =

Y BT =Bpej|| <3167~ Billlejllp
j=1 p J=1

Since I,B;.nk—ﬁjl—>0 as k — oo, foreach j=1,2,...n
For any ¢ > 0, there exists n; such that
|ﬁ7k—/3j|||ej||p<<% forallk=n;and j=1,2,...n
= |lxm, —xlp<c VEk=N=max{ni,n,...,nu}
Let x, —xllp = Ym,. Then 0g < y,,, €E.
So,
Ym, <c VEk=N
= lymI=Kolel VYe>»0g VE=N
= Nym, I <Klicll and llym, 12 <Klcl?2 ¥V c¢>0r ¥ ae(0,1] VE=N.
Since ¢ > 0 is arbitrary,
|3my Nl = 0 and [lym, 17 — 0 as k — oo
= |lym,ll = 0ask— oo
= Ym, ~0gask—oo
= |lxm, —xllp — 0 as k — oo

i.e., {x,;,} is a convergent subsequence of {x,,} and converges to x. Since M is closed, x € M.
Thus every sequence in M has a convergent subsequence and converges to an element of M.
Hence M is compact. O
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5. Fixed Point Theorems

In this section, we study some fixed point theorems for weakly compatible mappings in fuzzy
cone normed linear space.

Definition 5.1. Let A and S be mappings from a fuzzy cone normed linear space (V, || |/,) into
itself. Then A and S are said to be weakly compatible if they commute at their coincident point,
that is, Ax = Sx for some x € X implies ASx =SAx.

Theorem 5.2. Let (V| |I,) be a complete fuzzy cone normed linear space with normal constant
K and A,B,S,T :V — V are mappings satisfying:
(i) A(V)cB(V)and A(V) is a complete subspace of V.
(i1) (A,S) and (B,T) are weakly compatible
allSx—Tyllp +bllAx—Sxllp +cllBy—Tylp < 1Ax—Byllp,
wherea>1,0<b<l,c=-1l,a+b+c>1.

Then A,S,B,T have a unique common fixed point in V.

Proof. Let xo € V. Define a sequence {x,} in X by

Axoni1=Tx2n = yon, Bx2n+2 = SX2n+1 = Y2n+1-

Then,
alSx2n+1—Tont2llp +bllAx2,11 —Sx2n+1llp +cllBont2 — Tons2llp < lAxon+1 —Bani2llp

= allyen+1—Yen+2llp +0lly2n — yon+1llp +cllyens1 — yon+2llp < ly2n — yon+1llp
= (a+o)ly2n+1—yon+2llp < (1 =b)llyen — yon+1llp

= ||y2n+1_y2n+2”p = ml|y2n_y2n+1”p-

Let A=12 Then 0<A<1.

a+c
Thus for any natural number n,

lyn+1 _yn+2||p <AMyn _yn+1||p
< A%yn-1-ynlp

+1
< A" lyo-y1llp-
For m > n,

lym —nllp < lym —Ym-1llp + lym-1—Ym-2llp +---+ | yn+1—yullp

<AL A2 Ao — y1llp
n

< - .
=77 lvo- oyl
Let |ym — Ynllp = 2mn, lyo—y1llp =e. Then z,, ,, e € E.
So,
An

Zmn < 1_)1e
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n

1-1

= lzmall = Ko| e|l (K is the normal constant)

1 A" 1
= lzmnlea SKmllella

and
An
1-1

2 2
lzmnlly <K lelly

where
llella = [lelg, lel31,Uzmnlla = [Zm,nllg: 12mal5]
= ||zm,n||£r—>0 as m,n—oo for 1=1,2
= |lzmull—0 as m,n— oo
= |ym—ynllp >0 as m,n—o0
So {y,} is a Cauchy sequence in A(V). Since A(V) is complete, there exists z € A(V) such that
{yn} converges to z. Since z € A(V'), there exists u € V such that Au = z. Since {y,} converges to
z, all its subsequences {y2,},{y2,-1} converges to z.
Now,
allSu—Txoullp +bllSu—Aulp +cllBxen — Txonllp < |Au—Bxa,llp
= allSu—-yulp+blSu—=zly+clyzn-1—youlp <NAu—yon-1lp =z = yon-1lp
Taking limit as n — oo, we get
alSu—-=zlp,+blSu—-=z|,+0g <0g
= (a+b)|Su-z|,<0g.
Since (a +b) >0,
ISu-zl,=0E
= Su=z.
So, Au=Su=z.
Since (A,S) are weakly compatible, SAu=ASu > Sz=Az.
Since Au € A(V) and A(V)c B(V), there exists v € V such that Bv = Au.
So, Bu=Au=Su=z.
Now,
alSu—-Tvl,+blAu—-Sulp +cllBv-Tvl, < |Au—-Bvll,
= alz=Tvll, +bllz—zlp+clz=Tvlp,<lz-zll,
= (a+o)llz—Tvl, <0g
Since (a +¢) >0,
lz—=Tvlp,=0Eg
= Tv=z.

So, Bu=Tv ==z2.
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Since (B, T) are weakly compatible, BTv=TBv =Bz ="T-z.

Now, we will show that z is a fixed point of A.

For,
alSz-Tvl,+bllAz=Szll, +cl|Bv—-Tv|, < |Az-Bvll,
= allAz-z|,+0g+0g <|Az-z|,
= (a-D|Az-z|,<0g
Since a > 1,
1Az -z, =0k
> Az=z.
So, Az=8Sz==z.
Now,
alSz-Tzll, +bl|lAz-Sz|, +cl|Bz-Tz|, <lAz—-Bz|,
= alz-Bzlp,+0g+0g <|z-Bzl,
= (a—-1lz-Bzl,<06g
Since a > 1,
lz—Bzlp, =0g
= Bz=z.
So,Bz=Tz==z.

Thus Az=Sz=Bz=Tz=z.
Uniqueness: If there exists w € V such that Aw =Sw =Bw =Tw =w.
Now,
alSz-Twl,+bllAz—-Sz|, +cllBw—-Twl, <||Az-Bwll,
=> alz-wlp+O0+0g<lz-wl,
= (a-Dlz-wlp=<0g
Since a > 1,
lz—wllp, =0g
> z=w.

Thus z is the unique common fixed point of A,S,B,T. O

Theorem 5.3. Let (V| |I,) be a complete fuzzy cone normed linear space with normal constant
K and A,B,S,T:V —V are mappings satisfying:
(i) A(V)cB(V)and A(V) is a complete subspace of V.
(i1) (A,S) and (B,T) are weakly compatible.
allSx—Tylp+IlAx—Sxl,1+b[IBy-Tyl,+ISx-Bylp] < |Ax—Byl p, where § <a <1,b > 3

Then A,S,B,T have a unique common fixed point in V.
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Proof. Let x¢ € V. Define a sequence {x,} in X by Axg,+1 = Tx9, = yon, Bxon+2 = Sxon+1 = Yon+1-
Then,

allSx2n+1—Ton+2llp + |1Ax2n+1 = Sx2,11lp1+ blIBonte — Ton+2llp + 1S2n+1 — Ban+2llp]
< Axg,+1—Ban+2lp
= allysn+1—y2n+2llp + 1y2n — Yon+1lp] + 0l y2n+1— y2n+2llp + | ¥2n+1 — y2n+1llp]
< lly2n _y2n+1”p

= (a+b)lly2n+1—Yen+2lp =X =a)lyen — yon+1lp

1-a
=>  |lyen+1—yon+2llp = ——ly2n — yon+1ll
n n p atb n n p

LetA:;%Z. Since%<a<1,2a>1:2a+b>13a+b>1—a:ﬁ<1. Then 0 < A< 1.

Thus for any natural number n,

lyn+1 _yn+2||p < Alyn _yn+1||p
< A2yn-1—ynllp

< A""yo - y1llp.

For m > n,

lym —nllp < lym —Ym-1llp + lym-1—Ym-2llp +- -+ yn+1—yullp
<AL A2 Ao — y1llp

n

< - .
< 1_}Lllyo yillp
Let [lym —Yullp =2mun, ly0—y1llp =e. Then 2z, , e € E.
So,
A/n
Zmon < e
T -2
_ n
= lzmapl=Ko| 7 Aell (K is the normal constant)
/”ln
1 1
=>  lzmnllg SKl_Allella
and
A/n
2 2
12m,nllg SKI_Allella
where

1 2
[lelle =llellg, lelz],
_ 1 2
[“Zm,n”]a = [”Zm,n s ”Zm,n”a]
= |lzmnuly,—0 as m,n—oofori=1,2
= |lzmnull —0asm,n— oo

= ”ym_yn”p—’eE as m,n — oQ.
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So {y,} is a Cauchy sequence in A(V). Since A(V) is complete, there exists z € A(V) such that
{yn} converges to z. Since z € A(V), there exists u € V such that Au = z. Since {y,} converges to
z, all its subsequences {y2,}, {y2,—1} converges to z.

Now,
allSu —Txa,llp + 1Au —Sullp]+ bl Bxa, — Txnllp + 1ISu —Bxgyllp]1 < lAu —Bxa,lp
= allSu—yaulp+lz=Sulpl+blllyen-1—yenllp + 1ISu —x2,-1lp]
<lAu-yon-1lp =z = yon-1llp
Taking limit as n — oo, we get
alllSu—zll, +ISu —zll,1+bl0 + ISu —z|,1 < 0g
= (2a+b)|Su-zl,<0g
Since (2a +b)>1>0,
ISu—zll, =0k
= Su=z.
So, Au=Su==z.
Since (A,S) are weakly compatible, SAu=ASu > Sz=Az.
Since Au € A(V) and A(V)c B(V), there exists v € V such that Bv = Au.
So, Bv=Au=Su=z.
Now,
alllSu—-Tvllp + |Au—Sull,]1+blllBv—Tvl, + |Su—Bvl,]1 < |[Au-Buvl,
= allz—Tvll, +0gl+blllz—Tvl, +0l<llz-zllp
= (a+d)z—Tvl, <0
Since (a +b) >0,
lz—=Tvll, =0g
= Tv=z.
So, Bu=Tv ==z2.
Since (B, T) are weakly compatible, BTv=TBv =Bz =Txz.
Now we will show that z is a fixed point of A.

For,
allSz—-Tvl, +11Az—-Szll,]1+bllBv—-Tvl, +ISz—Bvl,]1< |Az-Bvll,
= allAz-z|, +0gl+blOg +Az—-z|,]<Az~zl,
= (a+b)lAz—-zlp,=<Az-2zl,
Since (@ +b)>1,
lAz —zll, = 0F

> Az=z.
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So, Az=Sz==z2.
Now,
allSz—Tz|,+ 1Az =Szl ,1+blIBz—-Tzl, + 1Sz - Bzll,]1 < |Az - Bz|l,
= allz-Bz|, +0gl+bl0g +|lz-Bzll,]1 < llz-Bz|l,
= (a+b)llz—Bzl,<llz-Bzlp
Since (a +b)>1,
lz—-Bz|, =0g
= Bz=z.
So,Bz=Tz==z.
Thus Az=Sz=Bz=Tz=z.
Uniqueness: If there exists w € V such that Aw =Sw =Bw =Tw =w.
Now,
allSz—Twll, + 1Az = Szll,1+blIIBw—Twl, + 1Sz —Bwl,]1 < Az —=Bwl,
= allz-wll, +0pl+bl0e+lz-wlp <llz-wl)
= (a+dlz-wlp=lz-wlp
Since (a +b)>1,
lz—wlp =0g
> z=w.

Thus z is the unique common fixed point of A,S,B,T. O

Example 5.4. Consider a fuzzy real Banach space (E, || ||) where || || : E — R*(I) is defined by

1 fort= \/x2+9c2
||xll(t)={O 172

otherwise
where E = R2, P = {(x1,x2),x1,x2 = 0} and < as the usual ordering.
Then (V, | ) is a fuzzy cone normed linear space with normal constant 1 where V =R and
I lp:V — E as (|x],|x]) where x € V.
Consider the mapping A,S,B,T from V to V defined by

x+1 forx#0 x+2 forx#0
Ax = Bx =
0 forx=0 0 forx=0

Sx:{%l forx#0 Tx:{% forx#0

0 forx=0 0 forx=0

Here 0,—1 and 0,-2 are the points of coincidence of A,S and B, T, respectively. Note that
AS(0)=SA(0), AS(-1)=SA(-1) and BT(0) = TB(0), BT(-2) = TB(-2).

Thus, the mappings (A,S) and (B,T) are weakly compatible. Now, we show that the above
mappings satisfies the condition of Theoremfor a= %, b= %, c= —%.
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Casel. x=0,y=0.
Then the condition a||Sx —Ty|, +bllAx —Sx|, +clBy —Tyll, < lAx —Byll, trivially holds.

Case 2. x#0,y=0.

Then
alSx—Tylp+bllAx—Sxlp+clBy—-Tylp
3lx+1 1 x+1 1
=2 |===-0| +[x+1- ~=110-0ll,
2| 3 b 2 3 |, 2

1 1

= §||x+1||p+§||x+1||p
5

= g”x+1”p

5
=gﬂx+1Hx+1D

<(lx+1],]lx+1])

=Ax—-Bylp

Case 3. x=0,y#0.

Then
alSx—Tylp+bllAx—Sxlp +clBy—-Tylp
3” y+2 y+2

y+2-2-2

0-2—=
3

3

+1||0 ofl !
2 2 P9

p b

1 1

= §Ily+2||p—§||y+2llp
1

= glly+2||p

= Z(ly+2hly+2)
<(ly+2l,1y+2)
=[|Ax—Byllp
Case 4. x#0,y #0.
Then

alSx—Tylp+bllAx—Sxlp+clBy—-Tylp
3

"2

x+1
3

x+1 y+2

3 3

1 y+2

_ +2__
2”y 3

x+1-—

1
+_
2

p p p

1 1 1
=§le—y—1||p+§llx+1||p—§||y+2llp

1 1
= §le—y—1llp+§[llx+1llp— Iy +2lpl
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<

1
IIx—y—1||p+§||x—y—1||p (x| =yl = lx—yD)

le—y—1lp

[ W< R I R

=—(x—y—1l,|lx—y—-1
6(Ix y=1l,lx—y—10)

s(x—y-1l,lx—y -1

=[Ax—Bylp
Thus, the mappings A,S,B,T satisfies the conditions of Theorem
Consequently 0 is the unique common fixed point of A,S,B,T.

6. Conclusion

In this paper, idea of fuzzy cone normed linear space is introduced in a different approach
considering a fuzzy real Banach space in the sense of Felbin(L = min,U = min). Some
fundamental results and fixed point results are established in such spaces. There is huge
scope of further study such as operator norm, fixed point theory, approximation theory etc. in
such spaces. Since fuzzy mathematics along with the classical ones are constantly developing,
so this concept of fuzzy cone normed liear space can also play an important part inthe new fuzzy

era.
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